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New Variational Principle for Transport Theory 
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A general variational principle of Kahan, Rideau, and Roussopoulos is shown to be applicable to problems 
of transport theory and in particular to the solution of the Milne problem. The variational] principle yields 
directly the flux at every point, not only at infinity, unlike the classical methods for asymptotic densities. 


MATHEMATICAL DEVELOPMENT 


RANSPORT theory has made a great use of 
variational principles, whose inception began 
with the work of LeCaine,! Marshak,? Davison,’ and 
Kourganoff.* Later on, Pryce,> Fuchs,® and Wilson’ 
used variational principles for the determination of the 
critical radius of a neutron reacting sphere, and Corn- 
gold* has done likewise for slowing-down problems. In 
all those problems but the last, a given functional was 
shown to be a maximum. The utility of variational 
principles is, however, not restricted to the cases of 
extrema, and for the purpose of practical computation 
it is sometimes quite sufficient to use functionals 
leading to saddle points. 
Many problems of neutron transport theory are 
given in the form of an integral equation of the Fred- 
holm type: 


$(x) =\ f K(s/)0@)ds!+5(0), (1) 


where the limits are given, and the kernel K (x,x’) is 
real, symmetrical or symmetrizable. The exact solution 
of (1) is often unknown but it is quite easy to find 
approximate solutions u(«#). Given 


er $(x)=u(x}+ q(x), (2) 


1 J. LeCaine, Phys. Rev. 72, 564 (1947). 

2 R. E. Marshak, Phys. Rev. 71, 688 (1947). 

3B. Davison, Phys. Rev. 71, 694 (1947). 

4V. Kourganoff, Compt. rend 227, 895 (1948). 

5H. L. Pryce, Birmingham Report MSP 2A (unpublished). 
6K. Fuchs, Birmingham Report MS 85 (unpublished). 

7A. H. Wilson, Birmingham Report MS 115 (unpublished). 
8 N. Corngold, Proc. Phys. Soc. (London) A70, 793 (1957). 


the problem is to find reasonably accurate values of 
q(x). Introducing (2) into (1), we have 


a(a)=r f KGxxg(e)dx’ +), (3) 
where 


f(x)= Af x (x,x")(x’)dx’ — u(x) +S (x). 


If, on the other hand, G(x o—) is the Green’s function 
of (1), one has 


Gls) =X fK (a)G( a! dal +AK (2), (4) 
Given the integral operator 
L= f [8(e—2)-aK (2,2) dx’, 


Eqs. (3) and (4) take the form 
(3”) 
(4’) 


Lq(xo) = f (xo), 
LG ( Xo) = AK ( X,Xo ) e 


A theorem of Kahan and Rideau’ (generalized by 
Roussopoulos" for the case of unsymmetric LZ operators) 
shows that the two quantities 


d f q(x0)K(x,%0)dxo and . f(x0)G(x9x) dx 


= T. Kahan and G. Rideau, Compt. rend. 233, 1446 (1951). 
 P, Roussopoulos, Compt. rend. 236, 1858 (1953). 
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are equal to the same stationary value (SV), 


df a0) (220d 


f teoeexdae0 


f G(x—>x») f (x0)dxo f (x0) K (x,x0)dxo 
= §V—_—__——- —— (5) 
fe xntateda 





where G(x—>2x) and G(x) are approximate values of 
G(x—<xo) and g(x). The functional (5) retains its 
stationary property independently of the particular 
significance of g(xo), f(xo), G(x—x0), and K (x2). 
An important particular case is the evaluation of 


im fK (g(a) 


If 
limS (x) =0, 


z7D 


limK (x,%;)=0 and 


zo 


we have : 
limG (xox) = uob(x0), 


where yu is a constant factor to be determined in each 
particular case by physical considerations. Under such 
conditions, 


lim f q(x0)K (x,x0)dxo= f f(x0)b(x0)dxo 


=u f fladu(darotn f fladgladdee (6) 








DEVOOGHT 


It is quite evident from inspection of (3) that the last 
term can be evaluated by means of the Schwinger 
variational principle 


CS G(x0) f(xo)dxo P 
SG(x0) LG(xo)dx9 





J Heeoaladan = SV. 


It has not been possible to determine the direction 
of the error in (5). However, in the case of (7) it can be 
shown’ that under specific conditions imposed on Z and 
f(x), the functional (7) is a maximum. 

We remark also that the functional (5) give us an 
estimate of g(x) for every point in the interval of 
integration, in contrast to the methods expounded in 


(1), (2), and (3). 


THE MILNE PROBLEM 


We shall apply the functional (5) to the determi- 
nation of the neutron (or photon) flux in a semi-infinite 
isotropically scattering and noncapturing medium, 
which is bounded by vacuum and which sustains a 
constant current from infinity, i.e., the Milne problem. 

We have \=1; S(x)=0; K (x,x’)=4E,(|x—<’|), and 
the diffusion approximation gives us u(x)=<x, that is 
f(x)=4E3(|x|), with 


© e-tlz| 
atta oe 
TN, 


Since lim,...K (x,x’) =0, we could as well apply (7) with 
a(%)=lim f K(x,2)9(x)ae, (8) 


since lim,..,f(x)=0 and obtain 


a(@) =" f Ea(a)ade tn sv|| f szacataee] / fF acerasl a00)-3 fBi(\2—x'atevae | : (9) 


Physical considerations*"" show that n.=3. Solution (9) 
is nothing but the well-known variational estimate of 
the extrapolation length. 





If, on the other hand, we want to determine q(*) by 
(5), we take @(x)=zo and replacing G(x—2x») by 
(x0) =X9+20, obtain 





a(=)=SV lim] f (aot) Ea todo f fooE(|2—xol dey / f (sos) 4 f B( |x|) a}, (10) 
wid 0 0 0 


which gives us by straightforward integration 


This result is dependent on the normalization chosen 
for g(x) [through ¢(x) ] but if we take a value consistent 


1B. Davison, Neutron Transport Theory (Oxford University 
Press, New York, 1957), p. 210. 





with an iteration scheme, we must take zo=q() 
which gives us immediately 


1 
(o)=—=0,.7071; 
paride 


this differs by less than 0.5% from the exact value 
0.7104. LeCaine! found, with a constant trial function 





TRANSPORT 


q(x) in (9), the value g(*)=0.7083 which is slightly 
more precise. 

Let us determine g(x) for every point of the medium 
by means of the functional (5). Since the Green’s 
function for the diffusion approximation in a non- 
capturing half-space is 


2! x+x9! —2n|x—x»l, 
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we choose the following approximate Green’s function: 


G(x) = 2m| x+29| —2m|x—x0!+4rqg(~), (11) 


which has the property that 


limG (a—x») =4n[xot+q(~) ], 


i.e., w= 42. The conjunction of (5) with (3) leads to 


f [|a+a|— |2— a4] +2q(s0 )HEa(sdazo f LEy(|x—x0| )dxo 


0 
q(x) E3(x) +— ae 


0 


(12) 





; [|x+a| — | x—xo| +2¢( 0) }}Eo(x0)dxo 
0 


We shall omit the resulting integrations which are long 
but straightforward, giving the final result 


q(x) =3E s(x) +9(@ )[1—3E2(x) ] 


[: 12E; (x) OF, (x) 





ee 
4q(2)+3 3q(2%)+2 


which has the correct asymptotic form 
q(x)=q()[1—4E2(x) J+423(x). 


The value at the boundary ¢(0)=7/12=0.584 differs 
by 1% from the exact value 0.577. The error never 
exceeds 1.5% at other points. It is expected that the 
greater error near the boundary is caused by the rather 
incorrect form of the Green’s function at the boundary. 


CONCLUSION 


The use of the new variational principle—whose 
precision is satisfactory for mo&t purposes—has two 
interesting properties: 


1. We make no use whatsoever of any hypothesis on 
the development of (x) in a series of functions, and 
moreover we reach’satisfactory accuracy with the rough 


trial function g()=29. Much greater precision could 
have been obtained if we had taken a development of 
g(x) in a series of functions £,(x) with unknown 
coefficients. 

2. We have no extremum to compute and we avoid 
the rather cumbersome work of computation of the 
coefficients of E,,(«). 


In general the method expounded above could equally 
well be applied to problems of transport theory whose 
exact solution is unknown (e.g., the slab or sphere 
problem), in contrast to the classical methods’ valid 
for asymptotic densities. We have found a direct 
determination of g(x) through (5) and not through 
q(*), which would moreover be impossible in the 
case where all the points of the reacting medium are at 
finite distances. The approximate Green’s functions 
G(x9—>x) could always be taken as the Green’s functions 
pertaining to the diffusion approximation, which are 
quite easy to construct for a great number of problems. 
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I 


HE ergodic problem of classical mechanics was 

attacked in a series of papers by von Neumann, 
Birkhoff, Hopf, and others.' The fundamental researches 
of these authors started from the “general dynamics” 
and from the formulation of classical mechanics in 
Hilbert space, due to Koopman? and von Neumann.’ 
The condition of ergodicity required for the validity 
of Birkhoff’s theorem is metric transitivity of the 
dynamical system. The important problem of singling 
out the class of the metrically transitive systems, whose 
existence is not forbidden by topological reasons,‘ is 
still open. 

Shortly before the development of the classical 
ergodic theory, von Neumann! investigated the quan- 
tum-mechanical ergodic problem. In his approach the 
condition of ergodicity was the absence of degeneracies 
and resonances in the energy spectrum. By averaging 
over all macro-observers and making some qualitative 
assumptions on the density of quantum states in the 
“phase-cells,”” von Neumann was able to prove the 
ergodic theorem (and the H theorem). 

Pauli and Fierz® simplified von Neumann’s proof and 
evaluated explicitly the probability of finding a non- 
thermodynamical observer, i.e., an exceptional macro- 
observer for which the ergodic and H theorems do not 
hold. 

Recently Fierz’ objected to von Neumann’s definition 
of entropy and suggested a somewhat different defi- 
nition; according to this the H theorem can be proved 
to follow from a weaker ergodic theorem than von 
Neumann’s. This ergodic theorem was derived by 
Fierz without the assumption of no resonances in the 
energy spectrum. In his paper the analog of the classical 
metric transitivity was the absence of degeneracies. 
He strongly emphasized, however, that the assumption 


1E. Hopf, Ergodentheorie (Springer-Verlag, Berlin, 1937). 
2 B. O. Koopman, Proc. Natl. Acad. Sci. U. S. 17, 315 (1931). 
3 J. von Neumann, Ann. Math. 33, 587 (1932). 
4T. Oxtoby and S. Ulam, Ann. Math. 42, 874 (1941). In this 
paper is also recalled a plausibility argument according to which 
“almost every” measure-preserving continuous transformation is 
metrically transitive. 

5 J. von Neumann, Z. Physik 57, 30 (1929). 

6 W. Pauli and M. Fierz, Z. Physik 106, 572 (1937). 

7M. Fierz, Helv. Phys. Acta 28, 705 (1955). 


(Received April 9, 1958) 


Landsberg and Farquhar have shown that the von Neumann-Fierz approach to the quantum ergodic 
problem does not give any criterion of ergodicity. 

In this paper it is shown that von Neumann’s procedure of averaging over the macro-observers is sufficient 
by itself to “justify” at every time the use of the quantum microcanonical ensemble. It is then proved 
that the time behavior of the system is completely irrelevant to the demonstration of the von Neumann 
and von Neumann-Fierz ergodic theorems. It is concluded that the quantum ergodic problem must be 
attacked on entirely new lines. 
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of equal a priori probability of all macro-observers is 
completely unfounded from a physical point of view 
and consequently proposed to abandon von Neumann’s 
approach, 

Later, Landsberg and Farquhar* removed from the 
von Neumann-Fierz theorem also the assumption of no 
degeneracies, thus reaching the important conclusion 
that the von Neumann-Fierz approach fails to give any 
criterion of ergodicity. Consequently every system 
would be ergodic, provided that its quantum states are 
sufficiently numerous in every “‘phase-cell.”’ 

In this paper we prove that the von Neumann and 
von Neumann-Fierz ergodic theorems follow solely 
from the averaging over the macro-observers, while 
time evolution of the system is completely irrelevant 
to the validity of the theorems and could even not be 
governed by the quantum equations of motion. In 
other words, the averaging over the macro-observers 
is a kind of statistical procedure, which only “‘accounts” 
for the ergodic theorems. 

The inadequacy of the von Neumann’s approach is 
therefore mathematically proved. A satisfactory proof 
of the quantum ergodic theorem is still lacking. 


II 


Let us consider an isolated dynamical system 
characterized by a Hamiltonian H. Let Y(t) be the 
state-vector of the system in the Schrédinger picture. 
We shall denote by ‘“‘macro-observer” an observer who 
can make measurements with limited accuracy only. 
The statistics of the energy determined by a macro- 
observer is well represented by the macro-energy 
operator =) -_ &aPmq. In this formula & is the 
energy value found with certainty by a macro-observer 
when the state-vector of the system belongs to the 
S-dimensional manifold M, (‘energy shell’), whose 
projection operator is Pama. 

We shall assume, for the sake of simplicity only, 
that the state-vector belongs to the manifold M,. The 
measurement of a set of commuting macro-observables 
made by a macro-observer results in projecting the 
vector ¥(/) in a s,-dimensional subspace of the energy 


8 I. E. Farquhar and P. T. Landsberg, Proc. Roy. Soc. (London) 
A239, 134 (1957). 
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shell (1<s,<.S). This subspace is called a “phase cell,” 
and all the cells corresponding to the possible eigen- 
values of all the commuting macro-observables consti- 
tute the S-dimensional unitary space, which we have 
called the energy shell. Let us suppose that the energy 
shell contains NV cells; evidently 


This subdivision into cells of the energy shell character- 
izes a macro-observer. We shall refer the v cell to an 
orthonormal basis {w,, ;} (/=1, All the vectors 
@y,; (v=1, V; j=1, ---s,) constitute a basis of the 
energy shell. 

Let us consider now a second macro-observer, who 
makes measurements on a different set of commuting 
macro-observables, with the same accuracy as the first. 
We shall obtain a second subdivision of the energy shell 
into N cells, the » cell containing s, quantum states. 
Again we refer every cell to an orthonormal basis, 
obtaining in this way another basis {w’,, ;} (v=1, ---N; 
j=1, --+s,) for the energy shell; and so on for all 
possible macro-observers. 


III 


We expand the state-vector V(/) with respect to a 
basis {w,, ;} of the energy shell, which diagonalizes all 
the macro-variables measured by a certain macro- 


observer. We obtain: 


8 


b> Tx (t)wx. 


k=l 


N &y 
¥O= LL 1,5 Yor, j= (1) 


v=1 j=1 


When this macro-observer makes a maximal macro- 
measurement, he finds the system in the » cell with a 
probability : 


u,(t) = : | 7», 5() |?= x [Yor 1? (2) 


7=1 


We shall now prove that the probability at a given time 
t, u,(t), equals the microcanonical value s,/S for mos} 
macro-observers. 

To this end we recall that by “average over all 
macro-observers, considered to be equally likely” is 
meant an average over all bases {w,, ;}—favoring no 
basis over another. Now, given a basis {w,, ;} of the 
energy shell, any other basis {w,,;} can be obtained 
by transforming the first with a unitary operator U. The 
average over all macro-observers, i.e., over all bases 
{w,, ;}, is therefore equivalent to an average over all 


QUANTUM MECHANICS 


U transformations.’ As we have 


8 


(Y(), Uo, = 2 
k 


k’=1 


) (0) (v,7)* 
Wk! Yay: v9) 


7.) (t) (wy 0 


8 


=i (0) (t)a, (, o”. 


(3) 


the average J)tover the macro-observers can be written 
as follows: 


Mu (N]H=S XS re re *(OMLa #0}, (4) 


j=1 k,k’=1 


If we split the numbers a,°’) into their real and 
imaginary parts, a,“’/) and @,") respectively, and 
make use of the relation 


8 


d Ia 


k=1 


=F La} P+ (8)? ]=1, (5) 


we can evaluate the expression J)t(ax ":?)*a,-"'? ] by 
integrating over Ai spherical surface of radius 1 
defined by Eq. (5). Thus we obtain 

May” *a, I |= (1/ S)bx%', (6) 


from which it follows that 


ee. 


s S 1 
Mw (J= Hx ¥ |r. (|? —=— 
j=1 k=1 


(7) 
ss 


It should be noticed that this result does not require 
any hypothesis on the magnitude of the quantities s,. 

In order to prove that the relation u,=s,/S holds for 
the greatest part of the macro-observers, at any given 
time, it is sufficient to show that 


ML (2 My Se sy] mM We (u,* 


—s, 1S 
—< (8) 


2/S? ‘sf 3 


This might be done in a way similar to that used in 
obtaining Eq. (7). We prefer, however, to transform 
the average over the macro-observers into an average 
over all the vectors U-'W(t), making use of the relation 


(V(t), Ua, 5) = (U-W (0), 5). (9) 
If we put 


s 
UV ()= VIO Dar, - (10) 
k=1 


anu) 30 ( > |s,, er) ] 


j=l 


we have 
(11) 


® The Schur-Weyl method of group integration [see, e.g., F. D- 
Murnaghan, The Theory of Group Representations (The Johns 
Hopkins Press, Baltimore, 1938), Chap. VIII] gives a unique 
way to perform this average. In the following we shall use the 
equivalent geometrical technique developed by von Neumann.§ 
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It is not difficult to show that! 


Sp « $y(sy+1) 
an| ( * 01") |- = 
j=l S(S+1) 


follows, provided that 


(12) 


from which Eq. (8) s,>>1 
(v=1,---N). 

We notice now that relations (7) and (8) remain 
obviously valid when averaged over time. But time- 
averaging M and averaging $))t over the macro-observers 
are commuting operations when applied to w,?(t)." It 


follows that 
sy IML (u,—s,/S)*] 
MM[u,(t)]=—; ~1. 
S sf/S* 





(13) 


These relations constitute von Neumann’s ergodic 
theorem. 

It is now evident that von Neumann’s method of 
justifying the microcanonical ensemble is not accept- 
able, because his result is a mathematical consequence 
only of the averaging over the macro-observers. In 
other words, von Neumann’s ergodic theorem holds 
independently of the time evolution of the system, 
i.e., it holds for any “trajectory” of the extreme of the 
state-vector W(/) in the energy shell, even if this 
“trajectory” does not satisfy the Schrodinger equation. 

Lastly we remark that the inequality 


MLM (uy) —s,/S}} 
eae 
ws 


1 (14) 


is a consequence of the second of relations (13). In 
fact, owing to the Schwarz inequality, we have 


M[(u,—s,/S)?|>[(M(u,)—s,/S . 


(15) 


We have recalled formula (14) because it is a basic 
formula in the von Neumann-Fierz approach. Actually, 
inequality (14) is sufficient to prove the H-theorem, 


10 Equations (6) and (12) may be also derived with the methods 
of probability theory, as Professor Landsberg has kindly pointed 
out to us. We have preferred to stick to the geometrical treatment 
since this will make more intuitive the further considerations of 
the paper. 

Jn fact, «,*(t) is given by the following expression: 

8y 8 
u,?(t) =2; jh, Kw TR (7 O* (Ory (1) re * (0) 
“tail 


(*,7)q,,(%, 7)*® 


X Can * a, ay ay” 4); 
therefore, since M acts on (---) and 9 on [---], the final result 
is the same if one performs first M and then 2 or vice versa. 
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provided that we assume Fierz’s definition of entropy 
instead of von Neumann’s. But our procedure shows 
that also formula (14) holds independently of the 
“trajectory” of the extreme of the state-vector, being 
a pure consequence of the averaging over the macro- 
observers. 

IV 


If the extreme of W(t) filled densely and uniformly 
in its time evolution the whole surface K defined by 
Eq. (5), the following relations would hold: 


s, M[(u,—s,/S)*] 
M(u,)=—; neem 
S styh3* 


(sy>>1). (16) 


<1, 


In this case, time-averaging would coincide with the 
averaging over the macro-observers, and consequently 
the latter would be quite superfluous. 

It is well known, however, that in no case will the 
extreme of the state-vector show the above behavior. 
To prove this, it is sufficient to expand W(¢) in the 
energy eigenvectors ¢, and to notice that the existence 
of the S “constants of motion” | (V(t),¢,)|? (n=1, 
-- +S) prevents the extreme of Y(t) from filling densely 
the whole surface K. 

The averaging over the macro-observers “corrects” 
the “wrong” time behavior of the vector W(t). This 
averaging is in fact equivalent to an average performed 
on all the vectors of the energy shell and is by itself 
sufficient to “justify” the use of the microcanonical 
ensemble. Von Neumann’s approach is therefore unable 
to put statistical mechanics on a purely mechanical basis. 
The quantum ergodic problem should be approached in an 
entirely new way. 

As a conclusion we might remark that the mathe- 
matical classical analog of the averaging over the 
macro-observers would be as follows. Let (p(¢),q(t)) be 
a phase configuration at a time ¢ and /(,g) any function 
of the variables p, g. Let us average /(,q) over all the 
transformations which map (,q) into all the points of 
the microcanonical ensemble. Such a procedure is 
equivalent to an average over the microcanonical 
ensemble and leads therefore to the laws of statistical 
mechanics, but obviously it cannot give a proof of the 
ergodic theorem. 
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The transient growth of currents in a one-dimensional Townsend gas discharge system under uniform dc 
field conditions is examined. It is shown that a general solution for arbitrary external conditions can be given 
in terms of a ‘‘unit pulse” solution. Two cases are examined in detail; in one case the discharge is initiated by 
a single pulse from the cathode, in the second case the discharge develops under constant external illumina- 
tion of the cathode. Expressions are derived which permit reasonably rapid calculation of quantities pertinent 
to the transient characterization of the discharge. For the two cases considered in detail, numerical illustra- 
tions are given and comparison is made with the results of other investigators. 


I. INTRODUCTION 


N the past five years there has been a considerable 
revival of interest in the theoretical analysis of 

transient phenomena in an idealized Townsend dis- 
charge.’* Reference to the earlier literature may be 
found in the references cited. The current interest in the 
Townsend model seems to be twofold in origin. The 
idealized Townsend model is certainly the simplest 
model of a dc gas discharge amenable to reasonably 
rigorous analysis. Furthermore, recent improvements in 
experimental techniques have shown that the predic- 
tions of the Townsend model at steady state, below 
breakdown voltages, is in very good agreement with 
observation. It is therefore of considerable interest to 
examine experimentally whether transient behavior in a 
carefully controlled discharge can be approximated by 
the predictions of the Townsend model. 

Unfortunately, the transient analysis of the idealized 
Townsend model turns out to be fairly complicated in 
comparison with the steady-state analysis. Although the 
authors cited below all treat essentially the same model, 
they have used somewhat different approaches in ob- 
taining the solution, and their results are not readily 
comparable. The principal objection which may be 
raised, however, to previously published results is that 
they have invariably been presented in a form that is 
not particularly transparent to the experimentalist 
desiring to compare his observed results with those 
calculated from theory. 

In the present paper we shall attempt to present a 
systematic development of certain transient phenomena 
encountered in the Townsend model. Most of the results 
to be presented have already appeared in one form or 
another; however, it is hoped that by collecting these 
results in one place it will be possible to achieve suffi- 
cient mathematical transparency to aid the experi- 
mentalist. 

After a description of the model we present a brief 


1 Dutton, Haydon, Jones, and Davidson, British J. Appl. Phys. 
4, 170 (1953). P. M. Davidson, Phys. Rev. 99, 1072 (1955); 103, 
1897 (1956). 

2H. W. Bandel, Phys. Rev. 95, 1117 (1954). 

3P. L. Auer, Phys. Rev. 98, 320 (1955); 101, 1243 (1956). 

4Y. Miyoshi, Phys. Rev. 103, 1609 (1956). 


description of the formal solution. It will be shown that 
in principle, the general transient characterization of the 
idealized Townsend model can be constructed from the 
solutions of the “unit pulse” case; we term unit pulse 
the situation where the avalanche process starts off 
with a unit pulse of charge and no other charge enters 
the system from external sources after inception. In the 
following section we shall develop in considerable detail 
the solution of the unit pulse case. For purposes of 
mathematical tractability, we shall consider in detail 
only situations where a single secondary mechanism is 
operative. It will be shown that for short times the 
rigorous solutions may be obtained from a rapidly con- 
vergent infinite series. For long times the solutions may 
be obtained from a formula equivalent to the one 
originally proposed by Davidson; the time variation 
here is given by a single exponential term. 

In addition to the unit-pulse case, we shall also in- 
vestigate in some detail the case of constant illumina- 
tion. The last section will discuss the results of numerical 
computations. The application of the present analysis to 
experimental results will be postponed for a subsequent 
publication. 


II. IDEALIZED TOWNSEND MODEL 

We shall consider a discharge gap bounded by infinite 
plane parallel electrodes, such that the discharge may be 
considered unidimensional. The origin of the coordinate 
x is placed at the cathode and the anode is at 6 cm from 
the cathode. At some time éo, a constant dc voltage is 
placed across the electrodes and it is assumed that a 
spatially uniform field develops throughout the gap. 
The field remains constant and uniform during the 
current buildup ; space-charge distortions are neglected. 
At the same time that the voltage is applied, an elec- 
tronic current is made to appear at the cathode. This 
current may be induced by any external agency, such as 
ultraviolet irradiation of the cathode, cosmic rays, etc. 
The externally induced current density is denoted by 
io(t) and may be an arbitrary but specified function of 
time, ¢, after inception at éo. 

In the idealized Townsend model, the secondary 
mechanisms which regenerate electrons in the discharge 
gap are restricted to the cathode. Ordinarily two mech- 
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anisms are considered important, one due to positive 
ions impinging on the cathode, another due to photo- 
electron emission due to photons generated in the gap 
by molecular excitation, ionization, or recombination. 
Still another mechanism important in certain gases is 
secondary production by energetic neutrals reaching the 
cathode. We shall consider the first two only, in general, 
and restrict the detailed analysis to one, in particular. 
The following notation will be used: 


i(x,t)=electron current density in gap, 
j(x,t)=positive ion current density in gap, 
io(t) =externally induced electron current density 
at cathode, 
v=electron velocity, 
— w= positive-ion velocity, 
u=wv/(w+v)=mean velocity. 


(1) 


According to the Townsend model the equations of 
continuity become 

1di oa 

-—+—=al, 

vdOt Ox 

1aj dj 


w ot 


Ox 


—ai, 


where a is the primary ionization coefficient and has 
units of reciprocal length. 

If initially there is no charge present in the gap, the 
solutions of (2) are subject to the boundary conditions 


i(0,)= f(d, 
j(6,t) =0, 


(3) 


where f(t) is zero for t<to and is specified through the 
secondary mechanisms. Physically, of course, f(t) is 
simply the cathode electron current density. The most 
general solutions of (2) are 


i(x,t)=0, t<x/0; 
i(x,t)= f(t—x/v)e**, 


j(x,t)=0, 


t>x/0; 


t<x/0; 


u(t+2z/w) 
ja)=af i(s; t+x/w—s/w)ds, (4) 


z 
t+2/w<6/u; 
5 


j (x,t) -af i(s;t+2/w—s/w)ds, t+x/w26/u; 


where we have set the starting time ¢o equal to zero. 

If initially there is a distribution of negative charge 
density n(x) and positive charge density p(x) present in 
the gap, we shall have to add expressions 


vn (x—vt)e** (5a) 


i 
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to the electron current in (4), and 


wp(x+wt) (Sb) 


to the positive-ion current in (4), with the requirement 


n(x)=0=p(x), x<O or x>6. (5c) 


The inclusion of initial charge in the gap complicates the 
analysis of the secondary process to some extent and 
will not be included in the present discussion. It could be 
included, however, by an obvious generalization of what 
will follow. 

In order to discuss the secondary process, it is useful 
to introduce the definitions of the electron and ion 
transit times: 


7,=6/v=electron transit time, 
72=6/w=positive-ion transit time, (6) 
73=6/u=T1+72. 
The expression in (4) for the positive-ion current 
density may be rewritten 


t—z/v 
j(a)=au f ds f(s)er™(ttz/w—al u) 
t—rat+x/w 


(7) 


f()=0, t<0. 


Considering the photon and positive-ion secondary 
mechanisms only, the Townsend model postulates in 
general that 


w 6 
f(t)=io(t)+-j0,)+8 f i(x,t)dx; 
a 0 


io(t)= f()=0, t<0. 

Some authors denote y,=w/a, y,»=8/a; the first 
quantity represents the ion secondary coefficient, the 
second represents the photon secondary coefficient. 
With the use of (4) and (7), (8) becomes in the absence 
of initial charges in the gap 


f(t) =io(t) +o f ert") (s)ds 


t—ra 


+60 f en f(s)ds, (9) 


oats | 


The above equation represents an integro-difference 
equation. It is complicated by the fact that two different 
transit times, 7; and 73, are present. For purely mathe- 
matical convenience we shall consider only the case 
where one secondary is operative; in particular we 
assume it to be a photon mechanism. To convert from 
a pure photon case to a pure positive ion case, it is only 
necessary to interchange the roles of 8 and w, v and u, 71 
and 73, in the integral equation. It is obvious from (4) 
and (7) that once a solution to (9) is obtained, the cur- 
rent characteristics of the gap are fully specified. Before 
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considering detailed solution of (9), we wish to discuss 
the current in the external circuit. 


Ill. EXTERNAL CIRCUIT CURRENTS 


In an experimental investigation of transient dis- 
charge characteristics, one ordinarily observes the cur- 
rent in the external circuit. In a dc discharge not 
limited by external resistance, the electronic contribu- 
tion and ionic contribution to the external current are, 


respectively, 
6 


1Ay=5f i(x,t)dx, 
0 


6 


T,(t)=6 f j(x,t)dx. 


0 


With neglect of initial charge in the gap, (10) may be 
recast with the aid of (4) into the form 


t 
I(t) a raf err(t-9) f(s)ds, 


t-—nr 


, ' 
1,)=7ef [ear(ts) — gau(t—s) ] f(s)ds 


t—r 


See i | 
tee f Cex®—exu(t#) ] f(s)ds. 


t—rs 


The second of these expressions is obtained after an 
integration by parts and some rearrangement. It will be 
noted that the lower limit of all integrals is to be taken 
as zero when the indicated limit is less than zero, since 
f(t)=0 for <0. For times less than an electron transit 
time, the second integral in J, is identically zero. The 
total observed current in the external circuit, /(¢), is the 
sum of J, and Jy. The expressions given by (10) and (11) 
are valid for any combination of secondary mechanisms. 
Experimentally, of course, one usually observes the sum 
of the electronic and ionic components. On the basis of 
(11), however, it is possible to have them contribute on 
different time scales. For purposes of rough estimation 
we can assume that 


T2/Ty~v/u~ 100. 


The first integral in J, as given by (11) is then always 
negligible in comparison with J,. The variation of the 


second integral in J, relative to 7, depends in detail on 
—_ 


the nature of the secondary and on the extent to which 
the gap has an overvoltage or undervoltage. We post- 
pone a fuller discussion of this point until we obtain 
solutions of the integral equation for f(?). 


IV. UNIT PULSE SOLUTION 


We shall now treat the case where only a photon 
secondary is active. The relation of this situation to the 
one where a pure ion secondary exists has already been 
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discussed. The following notation will be useful : 
£=t/r,;=time in units of 7, 
o =ad=avalanche size, (12) 
\=86=7,0 =size of secondary. 

For an arbitrary externally induced current, io(¢), the 

pertinent integral equation becomes 


g 
f(8)=i0(8)-+A f en f(n) dn; 
&-1 


(13) 


f()=i0(')=0, E<0. 


For initial times (¢<7,), the lower limit of integration 
in (13) is zero and the equation is readily inverted to 
give 


g 
f= i+ f e+ Viola)dns OSES. (14 
0 


Thus, in the interval 0 to 7; for pure photon secondary, 
or in the interval 0 to r3 for pure ion secondary, (14) 
presents a complete solution to the transient charac- 
terization of the discharge. 

For arbitrary times one can readily verify that the 
solution of (13) may be written in the form 


é 
f(0= f io(&—n)e(n)dn; (15) 


where the quantity g() is the unit pulse solution and 
satisfies the equation 


gE 
e(é)=8(8) +A f erg (n)dn, 


&-1 


(16) 


with 6(¢) denoting the usual delta function. 

As examples, consider first the case where the source 
of io(t) is a finite charge density of size go appearing at 
the cathode at only zero time. Then, according to (15), 

io(t) =qob(t) ; 
f(&) = tog (€), 


10= 0/71. 


t>0; 


‘ 


(17a) 


On the other hand, consider the case where io(/) arisés 
from a constant source of background illumination. 
Then 


io(t) =to=const, t>0; 


é 17b 
f()=to i) g(n)dn, 120. om 


The above two cases are the ones which have been 
treated by Miyoshi.‘ The other authors'* have treated 
primarily the case described by (17b). On the basis of 
(15), however, the unit-pulse solution, g(¢), provides a 
method for the construction of solutions for arbitrary 
variation of io(t). 
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The initial time span solution reduces in the case of 
the unit pulse to 


g(t) =8(E) pre", OS EXCL. (18) 


For times greater than zero it is useful to define a new 
function according to the scheme 


g(&)=Au(Ee"®, E>. (19) 


Substituting (19) into (16) for €>0 and differentiating 
with respect to yields a difference equation: 


u’ (€)=d[u(é)—u(E—1) ], 


u(é)=e%, 


&>0; 
(20) 
0<é<1, 


where the prime denotes differentiation and the bound- 
ary condition for «(£) is obtained from (18). 

If we integrate (20) beyond the initial time span, we 
notice there is a discontinuity in w(&) and g() at &=1: 


limu(1—«)=e’, 
e>0 


limu(1+e«)=e—1, 


e>0 


lim[g(1—«)—g(1+e) ]=)e’. 


«>0 


Physically, the reason the discontinuity appears is 
simply because the finite starting pulse leaves the dis- 
charge system after a unit transit time and its contribu- 
tion to the secondary avalanche process disappears. 

There are two convenient ways for solving (20). One 
is by the method of generating functions as discussed 
previously,’ the other is by the method of Laplace 
transforms. We shall use the second method in this 
paper, since it can yield directly the results of all four 
authors cited previously. 

We define the Laplace transform of u() by 


u(p)=P f e~ §u(é)dé, 


0 


« l—e a 
pf =lim f +f : 
0 “v9 l+e 


The integral in (22) is the principal-value integral ; this 
must be used because of the discontinuity given by 
(21). One may verify independently using the method 
of generating functions that (22) is the proper way to 
describe the Laplace transform. 

Applying (22) to (20) we obtain, with the aid of (21), 


1—e? 


ene (23) 
“A(l—-o 


ii(p)= 


We may recover the results of the method of generating 


L.. 
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functions by expanding (23) as 


1—e-? A \* 
ie -—E (-»-(—) on; (24) 
ih Pum 


and (24) may be inverted by standard techniques to 
yield the final solution 


n (\71(7—€)")—— 7h 7-8) 
u(t)=e— pa ae @ a, 
j=l (j—1)! j! 


n<é&Kn+1. (25) 
The solution given by (25) is exact but not very useful 
for computation purposes when £ becomes greater than 
a few transit times. The trouble is that (25) is an 
oscillatory series and numerical calculations rapidly 
encounter significant-figure difficulties as & increases. 

The problem in ease of computation can be rectified 
as follows. Using a Burmann-Lagrange series expansion® 
for e* in powers of (Ae~*), we obtain the identity 


» [hP-1(7—E)*) (7 —£)? 
w= > J ‘) + §)! GO, (26) 
7=1 j! 


Substituting (26) in (23 


\~ a aa - li ee) 
oe RL pe ace © a ES e€ G-Or 
1 


he 


j= nt 


u(é)= 


(j—1)! j' 


nQtgn+1. (27) 
The series given by (27) is not oscillatory. Some 
numerical examples given at the end of this paper will 
demonstrate that the series is quite rapidly convergent 
—for all 1. The expansion given in (26) is not proper 
for \>1; however, the situation \=7,a5>1 is rarely, 
if ever, encountered in practice. 

In order to obtain an asymptotic formula for «(é) 
and at the same time recover the result of Miyoshi for 
the unit-pulse case, we wish to invert directly the 
Laplace transform given by (23). This may be done by 
the standard methods of the calculus of residues. We 
find 


ent 


co) Pn 
u(é)= > =")! , 28) 
n=0\ 1—A+ x 


where the , are the roots of the transcendental 
equation 


Pn 


1—¢- 9 


(29) 


When A>0, there is one positive real root and an 
infinite number of complex roots which occur in pairs 


5L. P. Smith, Mathematical Methods for Scientists and Engineers 
(Prentice-Hall, Inc., New York, 1953), p. 184. 
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as complex conjugates. We label these roots as 


Po A—Ao, 
(30) 


Pn=A—HXnF yn, n>O; 


where the Ao, xn, yn are all real positive. The roots are 
then given by the set of equations 


Noe =A), 


Xn _ Vn ( OLVn, 
Xne*™=e™ COSYn. 


Two cases may be distinguished, depending on the 
magnitude of \. They are (a) \<1<Xo, and (b) Ao<1<A. 
As indicated previously, case (b) may be neglected since 
it is not physically interesting. For case (a) one can 
readily see on the basis of (31) that 


A<1; 1<An<%1°** <<4q°°: (32) 
where the x, have been sorted according to size. The 
important fact is that |po| as defined in (30) is the 
smallest root and all roots have negative real parts. The 
quantity «(&) decreases with time for A<1 and its 
asymptotic behavior is given by the term containing po. 

After some rearrangement, (28) becomes with the aid 
of (30) 


Ee \tnr ADE 


H A\o—A 2 
aw(e)= (= )e NEL 2 F° —— 


wey nat (Xq— 12+ yg? 


X {L(an—-A) (4a- 


XcosynE—(1—A)y, sinyng}, (33) 
where the pertinent roots are to be found from (31). 
The above expression has been derived for a pure yp 
secondary but is equally valid for a pure y; secondary 
upon the proper change in symbols. It is equivalent to 
Miyoshi’s result® and is the unit-pulse analog to 
Davidson’s original result for constant i.* For purposes 
of numerical computation over finite time spans, we 
have found the expression given by (27) somewhat 
more convenient than the equivalent form given by (33). 

The asymptotic form follows from (33) and the 
previous discussion : 


d\o—A 
limAu(£) = (— )e (Mo DE 
i do—-1 


This is the unit-pulse analog of Davidson’s original 
simple exponential expression. Numerical comparison of 
(34) with exact results will be given in the last section. 
The results of (27), (33), and (34), along with (18) and 


(34) 


6 Our expression corresponds to Miyoshi’s exact results. In his 
detailed discussion Miyoshi uses only the approximate form given 
by our asymptotic formula. 

* Note added in proof.—The author has been advised (Davidson, 
private communication) that Davidson’s original result (reference 
1) contains the unit pulse solution as a special example. 
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(19) provide the complete solution of the unit-pulse 
case. 

The criterion for breakdown is readily derived from 
the asymptotic form of g(é). We find, from (19) and (34), 


Ao—A 
( z Jeo AoE 
do 1 


When the exponent in (35) is negative, all currents 
decay to zero eventually ; when the exponent is positive, 
the currents grow without bound and breakdown results. 


limg(£) (35) 


gma 


Threshold is obtained at 
Ao=Ato. (36) 
One can easily obtain on the basis of (31) that the above 
is equivalent to the familiar Townsend criterion 
y(ew®—1)=1, 


where y denotes either y, or y;. It is interesting to note 
that at threshold the unit pulse case leads to an asymp- 


totic constant current, while immediately below or 
above threshold the current decays or grows with time. 


V. CONSTANT ILLUMINATION 


The results of the previous section allows us to find 
expressions for the cathode current under a variety of 
external conditions. We shall be particularly interested 
in the case of constant external illumination described 
by (17b). In general the relation in (15) states that 


t 


f(é)= f 1(E—n)g(n)dn. 


0 


(15) 


In many instances the easiest way to evaluate this 
integral is to take the Laplace transform. Using the 
convolution theorem, we find 

I (p) =t(p)z(p), 38) 
where the symbols denote Laplace transforms. 

The Laplace transform is easily computed from previ- 
ous results. It is proper, in this case, to use the con- 
vention that the Laplace transform of the delta function 
is unity. Thus 


1+Au(p—c) 
p-o 
$—0-—Mi-—-e ) 


2(p) 


39) 


If the Laplace transform of io(£) exists, one can usually 
invert (38) with little labor and thereby find the 
asymptotic form. 

For the case of constant illumination, we have 


io(p) =10 p, 


which may be.combined with (39) and inverted by the 


(40) 
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calculus of residues to yield the final result 


1 N\o—A eto—odé 
fle) =iol +( ) 
1—y(e*®—1) Ao 1 A+a—)o 


Pn el Pato’ (41) 
eve ees | 
n=l 1—A+)n Prto 


Pn=A—XaF In. 








The quantities Ao, Xn, Yn, are the same as the ones dis- 
cussed in the preceding section; the quantity y repre- 
sents either 7, or y:, depending on which secondary is 
operative. If the complex roots p, are used for computa- 
tion, both pairs of complex conjugates must be included. 

The asymptotic form can be obtained from (41) by 
the same arguments as used previously: 


lim f (&)=toLA+Be**], 


A=[1-y(e8—1)}, 
AoA 

B=( 
do 1 


a=d+o— Xo. 


)D+e—ah, 


The same breakdown criterion is obtained from (42) as 
in the unit-pulse case. When a<0, B is negative and a 
steady state is reached as given by A. This is the 
familiar Townsend result. When a2 0, B is positive and 
the current grows without bound until breakdown. 

An alternative expression for f(£) analogous to the 
series results of (25) and (27) in the unit pulse case may 
be obtained by expansion of the Laplace transform /(p) 
before inversion..This result may also be derived from 
recurrence relations obtainable from the «(£) difference 
equations of (20). We find 


of 1—(p/q)" 
pa 
ne gl 1—(p/q) 


n&E<n+1, (43) 


An 
+-¥ (p/qhiu(t— jee? 
qg 7-0 


pare, 
g=A+o. 


The expression given in (43) is an equivalent form of 
an expression derived previously for this case’ and is the 
correct version of an expression proposed subsequently.® 
If tabulated values of the u() functions are available, 
(43) may be simpler than (41) for computation purposes. 


7P. L. Auer, Phys. Rev. 98, 320 (1955), Eq. (3.14). 
8 Pp. L. Auer, Phys. Rev. 101, 1243 (1956), Eq. (2). 
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VI. CURRENTS IN THE UNIT-PULSE CASE 


The last two sections have been devoted to developing 
general methods for the calculation of the cathode 
electron current density. According to the results of the 
first three sections the formal solution to the transient 
analysis is complete once the cathode electron current 
density is known. In the present section we wish to apply 
these formal results to the calculation of the pertinent 
currents for the unit-pulse case. In order to save space 
we shall not attempt to generalize these calculations to 
other external cases. However, it is hoped that the 
exposition to follow will enable interested readers to 
extend these results to other cases of particular interest. 

It has been our experience that the simplest consistent 
way to apply the formal analysis of the first three 
sections to the computation of currents is to use the 
convolution theorem of Laplace transforms in conjunc- 
tion with the unit-pulse solutions of Sec. IV. Direct 
inversion can usually be accomplished readily by the 
method of residues. This has the advantage that the 
constants of integration are found automatically. Also, 
by picking out the dominant roots, one can obtain 
asymptotic relations with a minimum of labor. Con- 
venient forms for short-time behavior, on the other 
hand, may be obtained by expanding the Laplace 
transform before inversion in the appropriate power 
series. 

In the case of the unit pulse, (17a) gives the desired 
form for the cathode electron current density: 


f(&) = tog (&) = tol 6(E) +Au(E)e**], E>. 
The electron current density in the gap becomes 
i(x,t) = f(Lé—2/6 Jride**, 


The electronic contribution to the external current in 
the event of a pure y, secondary follows immediately 
from the original integral Eq. (9): 


T(t) = (85) “Lf () —io(d) J, 
T.(é) =igu(é)e™®, E=t/r1>0. 


(44) 


t>x/v. (45) 


(46) 


The positive-ion current density at the cathode is 
given by the expression 


t 
j(0,)=au f eru(t—s) f(s)ds; (47) 


t—r3 


and in the case of unit pulse with pure y, secondary this 
becomes 


é 
1(0,8)=igarem taf 
é 


eto" (n)dn f, 
(48) 


—p7 
p=u/v=w/(w+). 
In actual practice, uw<1, w->>1, and the lower limit of 


integration remains zero for a large number of electron 
transit times. 
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TABLE I. Values of the unit-pulse function u(é). 


(a) X=107%, Ao =9.1191296, wlll =1.123042 K10%e~* 1181296 


0.5 1.0 1.2 1.5 2.0 


1.0005 1.000 X10-? 8.004 10-4 5.008 X10~* 5.007 X10~7 1.255 X1077 1. 10710 
1.255 X1077 


5.007 X1077 
5.007 1077 
135.1 X1077 


1.0005 1.000 X10°% 8.004 x10~* 5,008 X10~4 


11.76 123.2103 12.90 X10~4 


3.0 35 4.0 4.5 

4x<10-" 
4.188 X1074 
4.188 X107'4 
16.24 X1074 


2.10 X107" 
2.103 X10"! 2.666 X107!5 
2.666 X 10715 


1.70 K10715 


1070 8.413 X107!8 


14.81 X10 17.81 X10718 


(b) \ =1072, Ao =6.48460, wlll =118.050¢~6-474608 


1.0 1.5 2.0 2.5 


5.075 X107% 
5.075 X10" 
5.075 X10°3 
7,149 X10°% 


5.067 K10~5 
5.067 X10~5 
5.067 X10 

28.07 X10~° 


1.005 X10~2 
1.005 X1072 
1.005 X1072 
18.20 X10~2 


(c) Av 
1.0 1,5 2.0 


5.725 X10 


0.1052 3 
5.645 K1073 
3 
3 


0.1043 
0.1052 
0.3243 


5.800 «1072 
5.747 K10°2 
5.799 K1072 
5.881 X10°? 


5.714 X10 
7.891 X10 


71495, wlll =13,31se 


3.0 3.5 4.0 4.5 5.0 


1.702 X1077 
1.702 X10-7 
1.702 X1077 
4.329 X1077 1.552 


2.34 X1078 
2.341 X10-8 3.243 X107"! 


3.245 X107" 


9.147 X107% 
9.149 X10748 
10.30 X107-% 


4.387 X10710 
4.388 X10710 
x10-8 6.676 X10718 


3. 61495 


3.0 4.0 4.5 


84 x1074 
37 X10~4 
84 X1074 
97 


‘ 6.805 X10~¢ 
x10~4 


6.523 X10~6 
6.800 x 1076 
6.991 X10~8 


2.1 
2.1 
24 
2.5 


1.757 X1077 
1.877 X1077 
1.882 X1077 


1.031 X10~6 
1,148 X10~¢ 


=0.5, Ao =1.756432, wlll =3,32199e 


0.5 1.0 ‘ 1.5 


0,992 
0.9361 0.4285 


0.5504 


0.4031 
0.5129 


0.3341 
0.4332 


0.9457 0.7355 0.5046 


When ¢ is less than r3=71+72, expressions already 
derived may be used for the quantity represented inside 
the curly brackets of (48). It is only necessary to 
substitute (1—u)o for o in the expressions given by 
(41) to (43) of the previous section to obtain the correct 
solution for this quantity. For times greater than 73 we 
can obtain an expression for /(0,t) by the Laplace 
transform method: 


J e P§7(0,)dé 


0 


bo 


(1—e- (7-0!) F(p). (49) 


p—wuo 
The above expression follows from (47). In the case of 
the unit pulse (49) becomes 


p-o ) 

pho 
Note that the residue at uo disappears for />73 and 

the simple exponential term e“’§ disappears with it. The 


expression in (50) may be readily inverted to yield the 
desired formula for 7(0,¢), 


; k AoA 

ie 

Ao— 1 A+ (1—p)o—Ao 
n Pn 

+iquc >> (- - 
n=l 1—A+ Pn 


1—e~lpnt(l—v)o}/a 


1—e (p-uo)/ mp 


j(p) =1ouo (50) 


p—o—XA(1—e- (>) 


1 — e+ 4) odo] / 4 
ete doe 


- . e! pnto)g 
Pat ( 1 —p)o 
Pn=A—XnF1yn. 


By arguments previously advanced, the asymptotic 


2.0 3.0 4.0 5.0 

6.213 X10-4 
1.063 X10~3 
2.968 X1073 
4.680 X1073 
5.945 X1073 
6.210 X107% 


2.182 X10-2 
0.675 X107? 
1.346 X10? 
1.820 X10°2 


7.558 X1072 
3.391 X1072 
5.474 X107? 
6.715 X10°2 


0.1421 
0.1976 
0.2268 


0.2692 7,663 X1072 2.181 X10°2 


form is given by the first term in (51). Similar expres- 
sions can be derived for j(x,t), but they are of little 
practical interest. The Ao, *,, Yn, appearing in (51) are 
the same as defined in Sec. IV. 

In terms of quantities already defined, the ionic 
contribution to the external current becomes 


M . 
Pet Jig 7(0,&) 
l—p l—pz 


P t 
“ 
im §- 


When /<7,, the integral in (52) vanishes. For 71<t<73, 
the lower bound of the integral is zero and its value for 
the unit-pulse case has already been computed; it is 
only necessary to substitute £—1 for ¢ in the expressions 
given by (41) to (43) to evaluate this integral. For times 
greater than 73, the integral may be written as the 
difference of two integrals both starting at zero, and the 
results of (41) to (43) may be used once more to evaluate 
it. 

From results previously obtained, asymptotic expres- 
sions for the external current can be obtained readily 
for the unit-pulse case: 


do—A 
imd.(¢)=id( 
si ho-1 
AoA 


m 
limZ »(&) =to - K( eto—roé 
as 1—p Ao— 1 


e~ Ato—ro) — ¢ (A+o—)Ao)/ us 


l 
f(n)dn. (52) 


po 


eto—o)é 


A+o—)o 


1— e+ wero] / 4 


K=1+ e’ 


=f 


A+ (1—u)o—DAo 
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In the next section we shall present the results of 


numerical computations based on formulas obtained in 
Secs. IV-VI. 


A+ .00! 
o=o,; 9.181296 
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Fic. 1, Unit-pulse solution for \=0.001, (a) threshold; 
(b) undervoltage; (c) overvoltage. 


Before presenting the numerical results a few remarks 
about pure ion secondary and mixed ion-photon second- 
ary mechanisms may be appropriate. The case of pure 
ion secondary mechanism is probably of no practical 
interest. The results of the preceding presentation are 
readily applicable for this case, however. For pure ion 
secondary the notation becomes 


g=1, 73, (54) 


where io designates the externally induced current for 
the unit pulse case. 

The electron and ion current densities at the cathode 
are, respectively, 


i(0,£) = io 6(E) +Au(E)e**], 

j(0,€) = ioou(é)e*. 
The contribution of the electron and ion currents to the 
total external current may be written 


g 


T(&) = (to/p) ev(&-/ 4g (m)dn, 
gu 


A\=0b=y0, M=71/T3, 10=Qo/T:s, 


(55) 


1 


BM ees 
T,()= ( ua 5(0,€) 
1—yu 1—yu 


e” gh 
+id( ) f g(n)dn. 
Ips Ye 


(56) 


The above formulas apply to the unit-pulse case. 
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Considerable simplification can be obtained for the 
case of a pure ion secondary over time intervals less 
than 73. From previous results we obtain, for !< 73, 


=.01 
o:0,=> 6.4746 


























Fic. 2. Unit-pulse solution for \=0.01, (a) threshold; 
(b) undervoltage; (c) overvoltage. 





g(é)=5(E)+Au(Ee% 
=5(E) Arete, (57) 


Ane Substituting (57) into (56) we obtain, for OS ¢< 71, 
70, * 640985 


10 ‘iM 
I .(€) =————_[(1—p)oe"t/#—preOtM8]; = (58a) 
o—p(A+c) 


for 71<t& 73, we obtain 


Ne@toé 
I .(§)=tr ——[ er? #040) —1], (58b) 
o—p(A+c) 
There is a discontinuity at = 7, in J,(£) equal to (io/n)e” 
due to the fact that the initial pulse is lost to the 
avalanche system at this point. 
For times less than 7;, the integral in the expression 
(56) for J,(£) is zero; and for times 7; <<¢< 75, it becomes 


e? r 
z( J+ ——teorne »—1)| (59) 
1—y A+¢e 


The above expression combined with (58), (57), and 
(56) gives the required result for J ,(é). 

In the event that both a photon and ion secondary are 
active, the appropriate notation becomes 




















A=fb=ypo, E=t/71, w=T71/73, V=w/B=Yi/Yp. (60) 
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The fundamental integral equation (8) for the cathode 
electron current takes the form 


er f(n)dn 


g 
+ mr f 
& - 


—~#B 


gE 
f(8) =i0(8)-+0 f 


1 


ere(E—") f(m)dn. (61) 


There are no conceptual difficulties in obtaining a 
solution for Eq. (61). The methods presented in Secs. 
IV and V are directly applicable. However, the solutions 
of (61) are considerably more complicated than the 
cases treated previously because of the additional pa- 
rameters u and v. A further objection to the practical use 
of (61) arises from the fact that the experimentalist 
rarely has precise values of v available. One ordinarily 
observes the sum of y; and y,, not their ratio. We have 
not considered it practical to discuss the general solution 
of (61) because of these mathematical and experimental 
inconveniences. 


VII. NUMERICAL EXAMPLES 
Example I 


The unit-pulse function u(£) is tabulated for four 
different \ values in Tables I(a)—(d). With appropriate 
notation, the results are equally valid for pure y; or yp 
mechanisms. The quantity marked w! is calculated 
from (25); the quantity (w!"),,) is calculated from (27) 
using the first k terms of the series. When significant- 
figure difficulties occur in the use of (25), the number of 
significant figures in u! and wu" will differ for given 


A= .10 
o:0,)* 3.61495 














Lb. 


AUER 


1 


Meu 
disk. Ye 3.57880 

















Fic. 3. Unit-pulse solution for \=0.1, (a) threshold; 
(b) undervoltage; (c) overvoltage. 


values. The quantity u'! is the asymptotic formula 
of (34). 
It will be noted that for \<0.1, the convergence of the 
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ull series is quite rapid. Since in practice one usually A= 86386 x 10° 
finds \<10-*, we may conclude that the w!! series is oy eas 
most useful for calculation of short-time behavior. 
When A210, the uw"! series does not converge rapidly 
enough for convenient computation. However, in this 
region the simple asymptotic expression «!!! rapidly 
becomes a very good approximation to the true value 
of u. 


d= 8.6386 x10 © 
0, * 14.321 10 
1658 x 108 10%'g(g) 
e 











Fic. 4. Unit-pulse solution using Miyoshi’s breakdown parameters, 
(a) threshold; (b) undervoltage 1%; (c) overvoltage 1%. 





Example II 


OV: 124.45 





In Figs. 1-3 we have drawn the quantity A~'g(£) 
=u(£)e’§ as a function of ¢ for three different \ values. 
The oscillatory curves represent g functions obtained 
from true « values; the smooth curves labeled u!! 
represent the asymptotic formula for g obtained from 
(34). For a given A value three different o values were 
chosen. In each case, figures marked (a) represent 
1s asses x's threshold conditions where ad=o,=Ao—A; the figures 
@) + 13.4630 marked (b) represent conditions of slight undervoltage 

with ad=o;=0.990,; and figures marked (c) represent 
conditions of slight overvoltage conditions with ad=o» 
=] 010}. 

It will be noted that the unit pulse solution g(é) 
oscillates inside an envelope whose breadth decreases in 
time. The asymptotic formula for g runs approximately 
down the middle of this envelope. As time increases the 
amplitudes of oscillations decrease and eventually the 

true solution coincides with the asymptotic solution. 
ore For a pure Yp mechanism the quantity X~'g(€) repre- 

sents I,(¢)/io according to (46) and also X~i(0,£)/to 
according to (44). For a pure y; mechanism the quantity 
\~1¢(£) represents o!7(0,£)/io. 
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Example III 





In order to compare numerically our results with 
those of Miyoshi,‘ we have taken his expressions for a 
and computed A~'g(é) for his three cases of threshold, 
t% undervoltage, and 1% overvoltage. The results are 
given in Figs. 4 (a)—(c), respectively, and are to be 
compared directly with Miyoshi’s Fig. 9. Miyoshi plots 
only the initial transit time and does not mention the 
discontinuity. There appears to be a slight discrepancy 














STEADY STATE 


d= .00 
o, = 9.026948 





(a) 


d=,00 
= 9,2093109 








Fic. 5. Constant illumination for \=0.001, (a) undervoltage; (b) overvoltage. 


between our numerical results and Miyoshi’s for the 
initial transit time. We are not certain whether this 
discrepancy is due to the fact that Miyoshi is using 
approximate expressions for his computation or whether 
there is an arithmetic error in his calculations. 

The curves labeled u!" denote the asymptotic formula 
for g(£) and are drawn in for comparison. Because of the 
scale chosen, the lower bound to the envelope is dis- 
torted in Fig. 4. For the sake of reference we quote 
Miyoshi’s a values: 


a/p=A(E/p—B)’, 


where A = 1.048 10~ (cm mm Hg/v), B=27.38 (v/cm 
mm Hg), p=760 (mm Hg), 6=1 cm, and V,=31 kv. 
The constant value of y is obtained from the threshold 
condition y(e**—1)=1 with the V, value of a. 


Example IV 


In Figs. 5(a) and (b) we present the computational 
results for the quantity f(£)/io for the cases of under- 


voltage and overvoltage, respectively, corresponding to 
the unit-pulse functions shown in Figs. 1(b) and (c). 
The curve labeled I represents the true value of f(£) as 
obtained from (43), while the curve labeled III repre- 
sents the asymptotic formula according to (42). The 
quantity f(€) may be interpreted as either 7(0,£) for 
constant illumination or as 7(0,£)/uoe"* for the unit 
pulse case with y» mechanism. [Strictly speaking the 
quantity f(£) represents 7(0,£) only if we substitute 
(1—)o for o in the f(£) formula; see (48). ] It will be 
noted that the oscillations in f(£) are very small com- 
pared to g(£) and the discontinuity at £=1 appears only 
in the derivative of f(¢). The asymptotic formula is 
always a reasonably good approximation to the true 
function except in the initial interval. 
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We consider the quantum-mechanical problem of a particle bound to a configuration of spherical poten 
tials, each of finite range. If the Schrédinger equation can be solved for each potential by itself, then it is 
shown how to solve it for the configuration, provided the potentials do not overlap. The energy levels are the 
zeros of a determinant of formally infinite order, but in practice this is always well approximated by a finite 
determinant and often by one of small order. As illustrative examples we consider some states of a particle 
bound to three square wells with the configuration of an equilateral triangle, and to two truncated Coulomb 
potentials. The possibility of extending an approximate version of the method to overlapping potentials is 


pointed out. 


I. INTRODUCTION 


N a recent paper! we have treated the problem of the 
scattering of a wave from several scatterers, under 
the assumption that one could solve the problem of the 
scattering from each taken separately. It is more or less 
obvious from this work that the same point of view can 
be used to solve the problem of a particle bound to more 
than one potential, providing that the potentials do 
not overlap and that one can solve the bound-state 
problem for each of the potentials taken separately. 
In the present paper we spell this out in some detail. 


II. THE GENERAL FORMULAS 


In this section we write down an infinite secular de- 
terminant, whose roots give the energy levels of the 
particle. 

To begin, we suppose that we have WN spherically 
symmetric potentials fixed in space, in some definite 
configuration. The potentials need not all have the same 
shape, i.e., some may be square wells, and others cutoff 
Coulomb potentials, etc., but we assume that they all 
have finite radius, the ith potential having radius a,, 
and that they do not overlap. For each potential we set 
up a spherical coordinate system with origin at the 
center of the potential and for the ith potential, coordi- 
nates r;, 0;, ¢;. These coordinate systems need not have 
the same orientation; in general, the most convenient 
orientation will be dictated by the specific problem. 

We then write the general solution to the Schrédinger 
equation inside each of the spherical regions 1,2,---N 
as follows?: 


VO =P A yb, (71) V mi (O1,61) 


m,l 
: : : (1) 
WH=> Am ep (N (rv) ¥ mi(On,on). 


m,l 
* This work was done while the author was on leave from 
Lincoln Laboratory as a National Science Foundation Senior 
Post Doctoral Fellow. 
'L. Eyges, Ann. phys. 2, 101 (1957). 
2? We use the notation of P. Morse and H. Feshbach, Methods 
of Theoretical Physics (McGraw-Hill Book Company, Inc., New 
York, 1953). The real spherical harmonics they define are di- 


In these equations the A,,;‘" are arbitrary constants. 
The functions ©,“ (r) are assumed to be known. They 
depend, of course, on the energy E which we are trying 
to find. For a square well, for example, ®; is just j:(«r) 
where «=[(2m/h?)(Vo—|E|) }!, and j; is a spherical 
Bessel function. 

Now we write a general solution of the wave equation 
for the region of space ouiside all the potentials, i.e., 
for r;>a,, for all 7. Exactly as in the problem of multiple 
scattering,’ we can take the field VY, (subscript e for 
external), in the region external to all the potentials, to 
be the sum of the fields produced by the individual 
potentials, i.e., 

V,=V,! +. ++ WD, | Ny), 
where 
VO =P> Bar hy (iki) ¥ mi(O1,01), 


mt 


VM = TO Bray (ikry) ¥ mi (On,oy). 


m,l 


This expression for ¥, is certainly a possible solution of 
the free space wave equation, since it is simply a linear 
combination of such solutions. In these equations the 
Bm are arbitrary coefficients, the functions /; are 
spherical Hankel functions of imaginary argument, and 
k= (2m| E| /h?)}. 

Now we require that the wave function and its radial 
derivative be continuous at each of the boundaries 
=), °:'fv=ay. For matching at r;=a;, say, the 
internal solution V“ is in suitable r;, 6;, 6; coordinates. 
But of the total exterior wave function ¥,, only ¥,“ is 
in 7;, 0;, 6; coordinates, so to apply the matching condi- 
tions we must express all the other V,‘”, 747, in these 
coordinates. The basic formula for these transforma- 
tions is, referring to Fig. 1, that for expressing the 
solution h;(ikr’)Vm:(6’,6) in terms of new variables 
r, 0, ¢, which are spherical coordinates in a coordinate 
system with the origin a distance d from the first but 


vided into two classes, the even ones Y,;¢ and the odd ones I,,,,’. 
For the general development it is convenient not to put in the 
superscripts and to leave it understood that Y,,: refers to either 
an even or odd harmonic to which there corresponds coefficients 
Am and Ami”. 
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Fic. 1. Illustrating the geom- 
etry involved in expressing 
solutions of the wave equation 
hi (ikr’)Y¥mi(0’,o) in terms of 
functions of the unprimed vari- 
ables r, 8, and ¢. 


with the same orientation as the first. This formula is,! 
for r<d: 


hi(ikr’) V mi(8’,) 
ea l 
=D(l) & Y (nt+/+}) 
n=0 s=0 
Jisn(ikr) 
C,,'+4(cos#) ———_ 
(ikr)! 
(—)**(14+m) ! 
(l—s) !(m+s) ! 


his,(tkd) 


“) Vine(O,b), (3) 
d 


where D(/) = 2'+4(2/x)'f (/+4), ['(Z) is the gamma func- 
tion, and C,'+4 is a Gegenbauer*® polynomial. This is 
expressible completely in terms of spherical harmonics 
VY m’s'(0,o) if we write 


C,,'+4(cos8) V ms (0,0) -_ » Ew Dat, ms, ater ate (6,0), (4) 


and get the coefficients Dy, ms, m’s’ by the orthogonality 
of the Ym». By the addition theorem for spherical 
harmonics, we can always reduce the problem of trans- 
formation for two arbitrary coordinate systems to that 
for two coordinate systems with the same orientation, 
and for which Eq. (3) applies. Thus we can always 
transform from the jth to the ith coordinate system in 
a way which we can write symbolically as 


hy (ikr ;) Vm’ (0;,0;) 
= } aE Fot, m'l’, ij(7i,Rij) V mi (9:03), 


where R,; is the distance between potentials 7 and J, 
and where the Frm, m’v,i; are functions of the relative 
orientations and separations of the two coordinate 
systems, and are calculable once these are prescribed. 
Although one could write a specific expression in the 
general case of N potentials for these functions, it is 


75<R;;, (5) 


3 These are defined in different ways by different authors. We 
use the definition given by A. Erdelyi in Higher Transcendental 
Functions, edited by Bateman Project (McGraw-Hill Book 
Company, Inc., New York, 1954), Vol. 2. 
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too clumsy to be instructive. In any particular case 
they can be worked out. 

Now, the condition that the wave function be con- 
tinuous at r;=a, can be written 


7 A mi Ob, (a;) V mi(8i,0;) 
m,l 
= _ Bry hy(ika;) V mi(9i,;) 
m,l 


+ > Bary OF mi, mv, ij(@iyRiz) ¥ mi(Oi,9i)- (6a) 


mlm’ V9 
j#i 


The condition that the radial derivative be con- 
tinuous is 


0 
2 Am (—#,°(a)) ¥ mi(9i,0;) 
m,) Or; 


te) 
aaa , Bai (—ivita, ) Y mi(9i,0i) 
m,l . 


Or; 


0 
+ :% Bare’? ( Fw, ( 0s) ) 
Or; 


m,l,m’ l’,j 
jFi 


x V mi(9:,0i), (6b) 


where, e.g., (0/0r;)®;(a;) means, of course, 


0 | 
—,(r,)| 
Or; rj =a; 
For each of the N potentials we have an equation like 
(6a) and one like (6b), 2N equations in all. In each of 
these 2N equations we equate to zero the coefficients of 
spherical harmonics. This gives the following infinite 
set of homogeneous linear equations which hold for all 
i, m, and I, for the amplitudes A)" and By: 


A m8, (43) — Brrr hy (ika,) 
-— Bre OF mi, ml’, ij(@;,Ri;) =Q, 


m'\'5 
jAt 


0 0 
An (—4(a) ) ~ But(— Chita) ) 
or; Or; 


0 
_ 8 Bay 


m'V'j Or; 
jI#* 


(7a) 


Frnt, m’v’, ij(Qi,Rij) = 0. (7b) 


We then equate the determinant of this set of equations 
to zero and the energy levels we seek are the roots of 
this secular equation. The rows of this determinant are 
labeled by the sequence?® 


VY oo(1), V o0(1’) a Yoo(N), 
Vor?(1)-+-Yort(N’); 


Voo(N’); 
Vor°(1)-+-Yor°(N"); -°°, 
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where Y,n:() refers to the equation got by equating to 
zero the coefficients of Y,,; in the ith one of Eqs. (6a) 
(function continuous) and Y »;(i’) to the corresponding 
equation of Eqs. (6b) (derivative continuous). The 
columns of the determinant are labelled by the sequence 


d { 00" é Boo .™ Ao), Boo™ ; 


Aq ¢- + + Boe: ere. 


Ay ++ Bye; on 


This labeling is arbitrary, of course. One can inter- 
change the rows and columns of the determinant at will. 
The most advantageous labeling will be determined by 
the properties of the state functions that one is looking 
for. If in particular examples, one knows something 
about these properties in advance, e.g., from group 
theory, then one can use this information to advantage 
in labelling the determinant. It is hard to indicate how 
this is to be done in general. But this question is closely 
connected with the question of how in practice the 
infinite determinant breaks down to a finite one, and 
this is discussed in the next section. 


III. QUESTIONS OF CONVERGENCE 


The infinite secular determinant we have described 
is not useful unless it is accurately approximated by a 
reasonably small finite determinant. This is so, in 
many practical examples. The basic reason is the be- 
havior for large order /+-n of the Bessel functions 
jun that occur in the transformation equation (3). 
In the argument ikr of these functions, k is real and r is 
always set equal to some radius a, so we have to deal 
with functions ji,,(ika). Now these functions become 
very small for /+-n>>ka, and hence the terms in (3) for 
which this condition is satisfied can be neglected. This 
has a consequence that the determinantal equation 
does not involve spherical harmonics of high order, and 
is to a good approximation a finite one. The question of 
just how much greater /+m must be than ka in order 
to make the approximation we have indicated is one 
that cannot be answered in general. It depends of 
course not only on the value of ka but on the accuracy 
that one seeks and on the value of kd. The dependence 
on kd is usually weak, however, and it is the numerical 
value of ka that dominates the series. 

The fact that only a finite number of Bessel functions 
need be taken into account is closely related to the fact 
that the scattering of plane waves of wave number k 
from an object of size a involves to good accuracy only 
the first ka partial waves. The reason for this is, of 
course, that the transformation formula we use is very 
similar to the formula for expanding a plane wave in 
spherical coordinates. For example, Eq. (3) for /=0 
is the expansion of a point source in-a spherical coordi- 
nate system a distance d from the source, and it is easy 
to see that when d approaches infinity it becomes the 
expansion for a plane wave. Of course, for the scattering 
problem the argument of the Bessel functions is real, 
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TaBLE I. Illustration of the convergence of the expansion of 
Eq. (3) for 1=0. ho(ikr’) =2Zneo AnPn(cosd), where An= (2n+1) 
Xjn(ikr)hn(tkd). 


kd =3.0 
An/Ao, kr=1.0 An/Ao, kr=1.5 


kr =0.5 


An/Ao, 


1.000 
0.478 
0.138 
0.0308 
0.00651 
0.00114 


1.000 
1.168 
1.441 
0.980 
0.546 
0.300 
0.161 


1.000 
1.252 
0.710 
0.313 
0.123 
0.0454 
0.00164 


Oke WRK OS) 


a 


and for the bound-state problem it is imaginary, but 
this does not make an essential difference. 

The size of the secular determinant is determined 
then by the convergence of the series in Eq. (3). To 
illustrate the kind of convergence to be expected in 
practical problems we give in Table I the coefficients 
in the expansion of ho(ikr’) for some representative 
values of the parameters. ka is often of the order of 
unity for practical problems. 

Even though one has an idea of the convergence of (3) 
for various values of the parameters, an important 
question remains: how can one determine in advance 
where to cut off the secular equation? There is a circu- 
larity that must be cut through. That is, the effective 
size of the secular equation is determined by the energy, 
that is to say by ka. On the other hand, the energy 
is not given a priori but is determined by the secular 
equation. Where does one start? 

Effectively, the answer is that one must make a guess 
from the physics of the specific situation and then see 
if this guess is consistent. It is, of course, impossible to 
describe how to do this in general ; each case is different. 
Some light is thrown on this question in Sec. IV, where 
we treat some specific examples. It is worth noting that 
this method is in some respects easier to apply in finding 
excited states of the system since ka gets smaller and 
smaller for higher and higher excited states. This is an 
unusual result in that ordinarily the ground state is 
easiest to treat in most approximation methods. 


IV. SOME ILLUSTRATIVE EXAMPLES 
a. Three Square Wells: S Waves Only 


We now consider some illustrative examples. We 
begin by considering some states of a particle bound to 
three identical square wells whose centers form an 
equilaterial triangle of side d. The potential energy V 
in each well is V= — Vo for r<a, and is zero for r><a. 
We assume d> 2a. 

For comparison, we first state the well-known results 
for a single square well. For this we define the internal 
wave number k;=[(2m/h?)(Vo—|E|) ]}! and the ex- 
ternal wave number k,=[(2m/h?)| E| ]!, where E is, 
of course, negative for a bound state. We also define 
the parameters £=k,a, n»=k,a. Then the internal solu- 





686 


tion for a spherically symmetric state is jo(k) and the 
external solution is 4o(ik.r). The condition that the wave 
function and its derivative be continuous at r=a leads 
to the pair of equations 


g coté= —1, (8a) 


+7°=)?, (8b) 


where 
= Voa?2m/h*. 


The properties of the solutions of this set of equations 
depend of course on the value of X. 

Now we come back to the three square wells. For the 
sake of a simple example, let us suppose that is such 
that for a single well there is a spherically symmetric 
state which is very weakly bound, i.e., one for which 7 
is small compared to unity. This is always possible for 
an appropriate choice of \. If the three potentials are 
very far apart there are states of this kind corresponding 
to a particle localized around, i.e., bound to, any of 
these three wells. And there is, of course, a state of the 
same energy which corresponds to a linear combination 
of these localized states. If now the wells are brought 
together the energy of this state will become lower, 
and it is this we shall calculate. We also expect that if 
the energy remains sufficiently small, the wave function 
remains spherically symmetric inside each of the three 
potentials. 

As a consequence of the symmetrical geometry, and 
the assumed symmetry of the state, we can confine 
ourselves to matching the wave function at only one 
boundary, say r;= a. Hence we write, with the assump- 
tion of S waves only, 


YWO=A jo(Rinr) ‘ 


This is of course a special case of the general Eqs. (1); 
Eqs. (2), for the solution in the region of space outside 
all the potentials become, using only the lowest order 
spherical harmonic, 


V.= Bl ho(iker:) +ho(tkr2)+ho(ikers) |. 


For satisying the continuity conditions at r;= a we put 
ho(ikr2) and ho(ikrs) into r; coordinates, using only the 
first term in the expansion (3) for /=0; i.e., near ri=a 
we use ho(ik.r2)~ jo(ikei) ho(tkd), and similarly for 
ho(ikrs). 


Fic. 2. Geometry 
for a particle bound 
to two truncated 
Coulomb potentials. 
In region I the po- 
tential is —é*/r;; in 
region IT it is —é/re, 
and in region III it 
is zero. 
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With these simplifying assumptions the infinite de- 
terminant becomes the following transcendental equa- 
tion determining the energy 


jo (E) _ ho’ (in) | 1+2jo' (in)ho(iked)/ho’ (in) | 
=in paomommenieinns E 
jo(é) "ho(in) 1+-2j0(in)ho(ikd)/ho(in) 


If we express the Bessel functions in terms of trigonom- 
etric functions and exponentials we get 





€ coté=1—(1+7) 
Ff saa a ™V/Lyn(n+1)] 


n= (4 © 
1+ (e"—1)e-7"/yn 
where y is the ratio of the separation of the potential 
wells to their radius, i.e., y=d/a. For y>, we see 
that the expression in the curly brackets in (9) becomes 
unity and we get back the transcendental equation (8a) 
corresponding to a particle bound to a single well. 
Since we have assumed 7 small, we can consistently 
expand the expression in the curly bracket in (9) in 
powers of it; in lowest order this expression is inde- 
pendent of and is just equal to (1+2/y)~'. In this 
approximation the transcendental equation becomes 


—n+(2/y) 
& cote=——— ; 
1+ (2/7) 


We can get a specific expression for the new energy by 
expanding this equation about its value when y is 
infinite. That is, we assume &= £o+£’, n=no-+n’, where 
now we use £ and 7 to mean the solution of Eq. (8). 
We get to first order in mo 


2 
n=not—(1+ 0). 
: 


This result shows that » (which is proportional to the 
square root of the energy) remains small only if y is very 
large. Thus, even though po is small, i.e., even though a 


: single well has a very weakly bound level, this will not 


be the case for three wells when they are at all close 
together. Physically this is not surprising. If a particle 
is bound to a well with very small binding energy, this 
energy is small because the mean kinetic energy is very 
nearly equal to the mean potential energy; there is 
almost an exact balance. If now the shape of the poten- 
tial energy contour is changed, e.g., by bringing up a 
second (and third) well from infinity there is no reason 
in general why this balance should not be upset and 
why the binding energy should not become appreciable. 

It goes without saying that this simple example far 
from exhausts a complete description of the states of 
this system. In general, however, calculation of the 
energies can only be done numerically, for definite 
prescribed values of the parameters \ and d. This is true 
even for a particle bound to a single well, and the system 
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we discuss is very much more complicated. This example 
is meant only to be pedagogical and to illustrate the 
general result of Sec. II in a simple way. 


b. Two Truncated Coulomb Potentials : 
S and P Waves 


As a second illustrative example we take the problem 
of a particle bound to two truncated Coulomb poten- 
tials. We refer to Fig. 2. The potential within region I 
is proportional to —1/r; for r1<7ro. It is convenient to 
get into familiar units by taking the constant of pro- 
portionality to be e?, where e is the electron charge. 
Thus, within I the potential is —e?/r; for r1<1ro0, and 
similarly within II. The potential in region III is zero. 
To begin, we write down the known results for the 
solution of the Schrédinger equation for a region of space 
in which there is a Coulomb potential. We use atomic 
units: radial distances r are measured in units of the 
Bohr radius ao; energies E in units of rydbergs, e?/2ap. 
Then the solution C;(e,x) of the radial Schrédinger equa- 
tion for an attractive Coulomb potential, for E negative, 
and for angular momentum /, is‘ 


Ci(€,x) = x'e—*!2F ,(€,x), 
where 
e=1-—1/({E|)#, x=2(|E|)%s, 
and F;(e,x) is a hypergeometric function defined by the 
series 
2l+e 


F,(¢,x) =1+——2x+ 
+2 


(21-+-€) (i+ e+1)x2 
-21(2-4-2)(21+3) _ 

(+6) (2-+e+1)(+e+2) | 
3 \(2+2)(U+3)(2+4) 


For reference in what follows we write the trans- 
cendental equation determining the ground-state energy 
for a “cutoff hydrogen atom,” i.e., one for which the 
potential is Coulomb for r<ro and zero for r>ro. For 
such a system the interior solution for /=0 is 


Vin= ¢~7/*Fo(e,x), 


and the exterior solution is 


ena? 


: x/2 


Continuity of the logarithmic derivative at xo= 2(| £|) ro 
gives an equation for the energy, 


Fo (€,%0)/Fo(€,%0) = —1/x0, (10) 


4P. Morse and H. Feshbach, Methods of Theoretical Physics 
(McGraw-Hill Book Company, Inc., New York, 1953), p. 632. 
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where a prime means differentiation with respect to the 
variable x and then setting x equal to xo. 

Now we return to the problem of the ground state of 
a particle bound to two truncated Coulomb wells. We 
assume that it is sufficient to take only the first two 
spherical harmonics in the expansion of the wave 
function inside region I; this will be adequate if ro is not 
too large, since the parameter that determines the con- 
vergence is xo= 2({ Z| ro and when ro decreases, E also 
decreases, and as a consequence so does xo. Of course, 
this is not the way that problems usually present them- 
selves in practice. Ordinarily a quantity such as ro would 
be prescribed in advance, and then we would be faced 
with the problem mentioned before, of determining 
where to cut off the secular equation. But for the sake of 
illustration we can invert this procedure and assume 
that we know that ro is small enough to justify our 
keeping only S and P waves. With this simplification 
the solution inside region I is 


yo= A oe *!/2F'o(€,43) +A ye~™! "Fy (€,41) P, (cos@) 


and because of the symmetry of the ground state we 
can take a similar solution, with x; and 6; replaced by 
x2 and 62, inside region II. 

We then take for the solution in region III 


WV .= Boho(ix:/2)+ Byhy (ix1/2) Pi (cosd;) 
+ Boho(ix2/ 2) + Byhy (t22/2) P, (cose), 


and it suffices, by the symmetry of the problem to 
match the wave function and its derivative at r1;=1r0. 

To do this, we express Y, completely in x; coordinates 
using Eq. (3). Since we have taken only S and P waves 
inside region I, we need include only terms through 
P,(cos#;) in these formulas. We get for r<d, with 
yo= kd, 


V, = Bol ho( 1X} 2) +jo( 1X} /2)ho( iyo) 
+371 (i%1/2)h1 (iyo) Pi(cosd) | 


3f:(ix1/2) 
——y(iy0) 


+B hati ‘2) P1 (cosy) + 
1X1 
15jo(txy /2) 
+—— ——h»(iyo) P:(cos6;) 
1x,/2 


_. _Aa(tyo) 
_— 341 ( ix,/2)———P (owt) 
1Y0 


The determinantal equation is then as follows. Note 
that a prime on a function means differentiation with 
respect to xo, and not with respect to the argument, 
which may be ixo/2. This convention simplifies the 
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formula a bit. 
e~70/2F'o(€,x0) —ho(ixo/2) 
—jo(ixo/2)ho(iyo) 


e~70/?[ Fo’ (€,x0) 
— 2F o(«,%0) J 


— hy! (ix/2) 
—jo (ixo, ‘2)ho(iyo) 


391 (ix0/2)hi (iyo) 


391’ (ixo/2)h (iyo) 





We can write this in a form that resembles Eq. (10) 
if we expand the determinant in minors of the first 
column. This gives 


Mi ( €,X0) 
Moy(€,x0). 


Fo! (€,x0) 
i 
Fo(€,%0) 


(11) 


where M,; and Mz; are the minors of the 11 and 21 
elements of the determinant. When d becomes infinite, 
this equation becomes identical with Eq. (10). As for 
the preceding example this equation can only be solved 
numerically, once ro and d are prescribed. We shall not 
do this here. Suffice it to say that for ¢ small the right- 
hand side of (11) is weakly dependent on e, and it is 
then not much more difficult to solve (11) than to 
solve (10). 


Fic. 3. Illustrating the division of space into regions appropriate 
for an approximate treatment of overlapping potentials. 
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— ¢~ 70/24 Fs (€,x0) 


— ¢~ 70/2 (x6 2) F y' (€,x0) 6 
—Fy(exe™"(1—fa) 
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3j1(ixe/2) 
= —h, (iyo) 
ixX/ 2 


2 , ) 371 (ix9) 
—( — 3j1' (ixe/2)+—— )intivd 


1X9 Xo 


391 (ix9/2) ‘ 
senme i- hy (iyo) 
1X0, 
15j2(ixo/2) 
——h?z(iyo) +hi(ixo/2) 

1X0, 


's(ixe/2) 
( ix" ns = Jintivd 


1X09 Xo 


307, ja(ie/2) 
+-—{ je’ (t2e/2)-——_ ition) 


1X0 Xo 


+hy' (ixo 2) 








V. OVERLAPPING POTENTIALS 


One can apply an approximate version of this method 
to overlapping potentials, if it is possible to break space 
up into spherical regions, inside of each of which one 
can approximate the overlapping tails of the potentials 
by their average values. To illustrate this, consider 
the problem of a particle moving in two Coulomb fields, 
e.g., the problem of the hydrogen molecule-ion, where 
an electron moves in the Coulomb potentials due to 
two protons. We refer to Fig. 3. The potential energy 
for an electron moving in the field of two protons is, 
in atomic units, —2(1/r1:+1/r2). Now we divide space 
into four regions I, II, III, IV by drawing two spheres 
of radius ro, one centered at each proton, and a third 
sphere of radius 2r9 with center at the origin. A possible 
procedure is to approximate the potentials in each of 
these regions, to solve this approximate problem 
“exactly” (in the sense of the previous sections), and 
then to take the difference of the true and approximate 
potentials into account by first-order perturbation 
theory. 

We discuss some possibilities. The correct potential 
in region I, say, is just 


(12) 


2 1 bed Lal 
-[=+- y ”) Pi (cos) | 
Lal 


ro =0 \2r9 


If we can approximate the potential in I by taking 
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only the first term in the series in (12), i.e., by taking 
the average value of potential II into account in region 
I, and vice versa, we are left with a soluble Schrédinger 
equation: the potential in I remains spherically sym- 
metric and the extra constant term 1/r9 makes for no 
difficulty in its solution. With this, the approximate 
potential is 3/ro at point A instead of the correct value 
of 4/ro, and at point B the approximate potential is 
3/ro instead of the correct value of 8/3ro. These are 
the worst cases, in the sense that the approximate po- 
tential is much less accurate at these points near the 
boundary of region I where 1; is large than it is for 1 
small. 

Similarly we still have an exactly soluble problem if 
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we take into account the average value of the potential 
in region III, and neglect the tails of the potentials 
completely in region IV. For if we write the wave func- 
tion in III as the sum of two wave functions, one in r, 
coordinates and the other in r2 coordinates, we can 
always express this wave function in (7,8) coordinates 
and match this to the free-space wave function in 
region IV. One sees from this point of view that although 
potentials like the Coulomb potential which are slowly 
varying have the disadvantage that they cannot be 
solved exactly by the method of the previous section, 
they have the advantage that they can be well approxi- 
mated by their average values over appreciable regions 
of space. 
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Recurrence Time of a Dynamical System 


P. Cur. Hemmer, L. 


C. Maxrmmon,* anp H. WE ep AND 
Fysisk Institutt, Norges Tekniske Hégskole, Trondheim, 1 


Norwa y 


(Received January 21, 1958) 


Poincaré cycles of a many-particle system are exemplified by the motion of a linear chain. It is shown that 
the recurrence time increases in an approximately exponential way with the number of degrees of freedom, 


and as a power of the sharpness with which the recurrent state is specified. 


An explicit formula is given 


which is applicable to other separable dynamical systems as well. 


INTRODUCTION 


N an interesting paper by Frisch,! the old questions 
of Poincaré cycles have been reconsidered. Besides 
Liouville’s theorem, with which it is intimately con- 
nected, there is probably no other theorem of general 
dynamics so simple and so well founded as Poincaré’s 
about the recurrence of all bounded mechanical motions. 
Far from creating a paradox to the mechanical theory of 
heat—as held by Zermelo in the famous discussion with 
Boltzmann—it can on the contrary be made a pillar in 
the foundation of statistical mechanics. 

Corresponding recurrence theorems in quantum 
mechanics were given in a recent paper by Bocchieri 
and Loinger.? However, as was pointed out by Frisch,! 
very little is known about the actual magnitude of the 
recurrence times. It is the purpose of the present paper 
to supply an explicit calculation, albeit for a very 
special system, viz., a linear chain. To be sure, the 
linear chain, like any separable mechanical system, is 
ergodic only in the space of the angle variables, but that 
does not detract from the meaning of a recurrence. For 
the calculation one needs only those dynamical features 
which are common to all separable systems, but for 


* On leave from Brown University, Providence, Rhode Island. 
Present address: Department of Theoretical Physics, The Uni- 
versity, Manchester, England. 

1H. L. Frisch, Phys. Rev. 104, 1 (1956). 

2 P. Bocchieri and A. Loinger, Phys. Rev. 107, 337 (1957). 


definiteness we shall write down the formulas appro- 
priate to the linear chain. 


1. DYNAMICAL STARTING POINT 


Let the chain consist of N equal mass points, har- 
monically coupled neighbor to neighbor, and consider 
their longitudinal displacements u, (k=0,1,2, ---N—1). 
If we assume the end points of the chain to be free, the 
normal coordinates, 


Q=L C jxttr, 
k 


are given by 


(j=0, 1, ---N—1) (1) 


Cya= (€;/N)! cos[(k+3)x,/N], 


where the mode j=0, representing a free translation of 
the whole chain, is of no interest for our problem. The 
corresponding frequencies are 


(3) 


where wo is a maximum frequency related to the spring 
constant and mass of the particles. Compounding 
momenta and coordinates in the complex vectors 


Z; = pjt+imwq;, 


the entire motion is expressed by 


@,=wo sin(rj/2N), 


= .piwit 
Z;=a;e%', 
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Fic. 1. Motion of the normal coordinates. 


where the amplitude constant a; determines the phase 
and the (immutable) energy of the jth normal vibration. 


2. RECURRENCE 


Thus the mechanical state is naturally depicted by a 
set of vectors Z;, Z2---Zy_1 rotating with uniform 
angular velocities ww»: --wn_-1 (see Fig. 1). 

Now in the theory of numbers a famous theorem due 
to Kronecker® can be stated as follows: Given such a 
set of rotating vectors, it is always possible by choice of 
the time parameter / to restore any situation within finite 
latitudes: 


gj SargZj< ¢gitAg;, ( j=1, 2, ~s -N—-1) (6) 


provided that the frequencies are rationally inde- 
pendent, that is, that the equation 


Nywwi+Nwet «+ -+NN-wN-1=0 (7) 


is insoluble in integers ; (not all zero). 

Clearly, re-entrance into some specified vicinity of 
the angles ¢;=w,i+6; means recurrence of mechanical 
state within some latitude, whatever are the coordinates 
used for its description. But it should be noted that 
although the recurrence time is independent of position 
in the space of the angles, it is not independent 
of the state in general. The concept of recurrence is 
relative to the specification of state. We shall here 
be concerned only with the simplest type pertaining 
to the linear chain, viz., the average duration be- 
tween two consecutive passages through an angular 
interval {Ag,, Ags, ---, Agn_i}. 

Let us define the recurrence time by 


TRec= lim (t,/r), (8) 


where /,=time of the rth recurrence. Kronecker’s 
theorem asserts that there will be recurrences. It does 
not, however, tell us how long one must wait for such an 
event, and this we are now to determine. 


3. LEMMA 


Consider two of the vectors (4), Z; and Z2 say, with 


the periods 
T,=2rn, ‘w< T.=2rn, we, (9) 


and the times when they pass given initial positions. 


3A proof of the theorem in the form which is suited for our 
purpose is given by H. Bohr, Proc. Math. Soc. (London) 21, 315 
(1923). This proof as well as several others may also be found in 
Collected Mathematical W orks of Harald Bohr (Matematisk Foren- 
ing, Copenhagen, 1952), Vol. 3. 
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Look especially at the delay: nT7,;—mT>2, between the 
nth passage of Z; and the next preceding one of Zo, 
which we denote as the mth. This delay is then cer- 
tainly <T»: 


nT \—mT2.=eT», (10) 


where 0< <1; or, by definition (9), 


N(w2/wW))—-mM=e. (11) 


From Eq. (11) it follows that m is the integer part 
[ mw2/w,] of the number nw2/w1: 


(12) 


Nae w1—[nwe, w | =e(n). 


In the course of 7 revolutions the angle between Z, and 
Z2, when Z; is in the specified position, will assume 
values between 0 and 2 proportional to e(m). Ac- 
cording to a theorem of Weyl,‘ the remainder (7), 
n=1, 2, ---, will be uniformly distributed in the in- 
terval (0,1) if wo/w; is irrational. Under this condition, 
then, we see that all relative angles, ¢;— ¢;, are equally 
probable over long times. 

The question remains as to whether every two proper 
frequencies w ;, w, as given by (3) are incommensurable. 
This is so far already implied by the rational inde- 
pendence (7) which we have assumed. Whether, for a 
given N, the frequencies given by (3) really are ration- 
ally independent is not directly evident. It has been 
pointed out to us by Professor Ernst Jacobsthal that 
there are certain, though rare cases, e.g., VN =105, for 
which there is indeed dependence. This mathematical 
question will be analyzed by Professor Jacobsthal in a 
forthcoming paper in the Proceedings of the Kongelige 
Norske Videnskabers Selskab in Trondheim. 


4. RECURRENCE TIME 


According to the aforementioned feature of inde- 
pendence and uniform distribution of the angles ¢;, we 
may now proceed as follows: The probability to find a 
specified situation at an arbitrary time is 


N-1 Ag; 
Paabs (+> selaglGoteiigr sh BI (—), (13) 


j=l 2r 


and this is again equal to the fraction of a long time 
during which the vectors Z; are simultaneously inside 
their prescribed latitudes Ay;, or as we shall say in 
“coincidence” : 


Prob=lim (14) 


tn 


(= in a) 


total time 


Dividing now numerator and denominator of the right- 
hand side of (14) by the number r of coincidences and 
remembering the definition (8), we obtain 


T wine A¢; 
-11(—*). 
a ae T Ree ar 


‘H. Weyl, Math. Ann. 77, 313 (1916). 


(15) 





RECURRENCE TIME 
where Tine is the mean life of the recurrent state. The 
trick is that it is easier to find Toine, whereby our 
problem is solved. It turns out that the reciprocal mean 
life is equal to the sum of the reciprocal passage times, 
1/t;=w;/Ag;, of each vector through its interval : 


1 H.0 1 
E seins ty lo 


(16) 


tn-1 


Accordingly we find by (15) and (16) for the recurrence 


time 
N-1 or N-1 w; 
Tree= I] (—)/ » Pie 
i=l \Ag; int Ag; 


It was here presumed that all the normal vibrations 
were excited; if not, the sum and product should only 
be extended over those modes which are excited in the 
motion. In the extreme case where only one normal 
vibration is excited, the formula (17) reduces to 


(17) 


T Ree= 27/W;3 (18) 
the recurrence time degenerates to the period 7; as 
it must. Likewise if the chain degenerates to a simple 
oscillator 0: VN =2. 

Of particular interest is the rate at which the recur- 
rence time increases with the number of degrees of 
freedom and the sharpness in the definition of the state. 
Formula (17) illustrates quantitatively what was con- 
cluded on general grounds by Frisch,' that Tre~Ag* 
(more accurately ~N~'-Ag*-*). A numerical example 
will indicate how enormous the recurrence times of this 
type are, even for quite small systems and a state of 
relatively broad latitude: For a chain of V =10 atoms, 
a maximum frequency of wo=10/sec, and a common 
angular latitude Ag=7/100, one finds TRe~10" years. 


APPENDIX 


I. Calculation of the Mean Life of the 
Recurrent State 


Let us first consider the simpler problem of coin- 
cidence between only two vectors Z; and Z2. The times 
of transit through their intervals are t;=Ag)/w, and 
te=Ageo/we, respectively. We shall then show that the 
mean duration of a coincidence: argZ,;C Ag; and 
argZ2C Ags, is 


bie=tyte/(ti+te). (19) 


Assuming that Z; passes the midpoint of its interval 
a time r before Z, passes the midpoint of Ags, coin- 
cidence will take place if, and only if 


—$F (Atte) <r<3 (htt). (20) 


In order to determine the coincidence time ¢;. as a 
function of r we distinguish the three situations indi- 
cated in Fig. 2. 

According to the uniform distribution of r following 
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Fic. 2. Lifetime of coincidence t;2 as function of r. 


from (12), we have then for the mean life of a binary 
coincidence 


1 (ti+t2)/2 bilo 
lyn f the(1)dr=—, 
hits 2 hitte 


wv —(ty+te)/2 


(21) 


The corresponding procedure is still manageable for 
the triple coincidences, giving 


1 


bios ty 


and indeed the general formula is 


. aon +—., (23) 
bina: ty & th 


But a proof by induction does not seem quite easy. 
It is tempting to argue as follows: The coincidence of 
n—1 vectors is equivalent to a simple evident of dura- 
tion ty2...n-1 Which is to coincide with vector Z, being 
within its interval (passage time ¢,). Thus we should 
have for the -fold coincidence 


(24) 


However, because of the distribution of the times this 
argument is not complete. We shall therefore prove (23) 
by two independent methods. The first one of these can 
even give some information about the distributions 
instead of just mean values. The second method is more 
special but has the merit of simplicity. 


II. First Proof 


The proof desired in the preceding Appendix I is 
clearly contained in the solution of the following 
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problem: On a line segment, of length Z, we place at 
random m line segments of lengths t;<fo<és< ---<ty. 
By “at random” we mean that the line segments are 
placed independently, and that all positions of any 
line segment are equally probable. We shall make L 
large, but it is convenient to have it finite. We want 
to calculate the mean length of intersection of all line 
segments, 


anon f xP lite -+tn3 X|tylo- + +t, intersect)dx, (25) 


where P(tyte---tn; x|tyt2---int) is the probability that 
the segments have a common interval of length between 
x and x+dzx, given that all of them intersect. 

We have then 


P(tite- + +tnj | tite + +t, int) =— =a 
P(tyte: + -tp int) 


Here P(t;t2---t,;*)dx=the probability that all the 
segments overlap over an interval of length between x 
and x+dx and P(t t2---t, int)=the probability that 
all m segments intersect. It may be noted that 


P(t: 


"by; X) 


tl 
-{ P(t,:: 
0 
th 


‘tn—13 Yn—1)dYn_1P(Yn—1, tn} X) 


y2 
-f P(tyto; yo)dye f P(yots; ys)dy3 


0 0 
Yn-2 
f P(yn-2, ba13 Ya—1) 


¥3 
x f P( yale; ya)dya- 
0 0 
X dyn1P(yn—itn} X). 


The upper limits are obtained from the observation that 
P(¥ntnsij Yn41) =0 for Ynii>Yn. In similar fashion we 
have 


P(tyte- **ha int) 


ti y2 
-{ P(tyte; yo)dy2 f P(yats; ys)dys 
0 0 


Yn-2 
x: f P(Yn—2, tn—1; Yn-1) 
0 


Xdyn1P(yn—-1, tn int). (27) 
All the probabilities on the right-hand side are now of 
the form P(t;l2; x) or P(t:t, int), and by considering a 
figure one easily finds (L>>t:+/2) 


P(tyte int) = (t; +12) is 
and 
2/L, O<x<t, 
P (tite; o={ornit r=h 
0, x>t, 
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or 
P (tite; x) =[24+ (t.—-hh)b(a—th) /L,  x<h. 


The 6 function is defined so that f$" 6(*—4)dx=1. 
With only two segments we find 


mo 4 P (tite; x) tilts 
i= f x —fa——, 
o P(t, int) title 
The (n—2)-fold integral in (27) is evaluated by 


induction. Denoting the integral up to an including 
that over yj; by 7;, we have 


1 Yn-2 
Iam f (Yn-1 ttn) 
I? Jy 
X [2+ (tn-1— Yn—2) 5 (Yn—2— Vn—1) 1d n—1 


~~ 1 1 
cs WO Gas 
P bn tn—1 


Assuming 


tatn—1°° *bn—j41 


I,-;= 


dyn; 
X [2+ (tn—j— Yn—j-1) 8 (Yn _j—Yn—j-1) } I 


tabn—1° ‘ *be-j 
gf | ae 
1 1 1 
x] tyra —+ +-+—)] 
bn bas tn—j 


Thus the expression for J,_; is valid in general. There- 
fore, (with y:=4), 


P (tito: - +t, int) 


tnln—1°° *le 1 1 
=],;=— [ita(—+--=)] 
aes tn lo 


tito: --t,fl 1 1 
= |-+-+- ' —| 
lL th, te Se 


Finally, to obtain tys...n, we need also 
t1 
f XP (ty: ++tn; x)dx 
0 


ti v2 
-f Plutss dy f P(yots; ys)dys 
0 0 
Y¥n-2 


> rr P(yn-2, ba—13 Yn—1)dVn—1 


0 


Yn-1 
xf xP(yYn—1, tn; x)dx. 
0 
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The last integral is simply equal to 
P(yn—1, tn int) Xtie(Yn—1, tn). 


The integral over y,_; is thus exactly of the same form 
as the integral over x, apart from a constant factor 
t,/L, and the same holds for all the remaining integrals, 
giving 

ti 
f XP (ty: + ts X)dx=hle- + +ty/L™. (29) 


Thus, the combination of this with (26) and (28) gives 
the desired result 
7-2 1 
+>: 
hh ty bn 


By a similar iteration procedure one can also obtain 
the higher moments of the distribution function. 


III. Second Proof 


Instead of looking at the V—1 vectors Z; (Fig. 1) 
separately rotating in their circles, we can map the 
complete motion ¢)(t) ¢2(/)---¢y-1(4) on an V-dimen- 
sional sphere. Let .V-dimensional polar coordinates be 
defined by 


*; =r cos’, 
x2 =rsind, cosds, 
: (30) 
Xn_1=r7 Sind, sind: - -sindy_2 cos®, 
xy =r sind, sind: - -sindy_» sin®. 
We have then }-x7=r* and the surface r=const. is 


covered once when the angles describe the intervals 
0<d8;<m and 0<#<2r. For the line element, one has 


ds? =dr'+r[dd.°+sind dds?+ - -- 
+ (sind; sinds: - sind y_3)*ddy_? 


+ (sind; sind,- - -sindy_2)d], (31) 


all cross terms cancelling by orthogonality. Accordingly 
the volume element is the product of the components 


ds, =dr, 


ds; =rdv, 
: (32) 


ds ; =r sind, sinds- - -sind ;_,dd ;, 


dsg=r sind, sinds: - «sind yd. 


For the present purpose we need only the surface ele- 
ment on the unit sphere, 


dQ= (sind,)*—* (sind:)*-*- - . 
X sind y_odd ;ddo - : -d3 y_od®. (33) 
Identifying now v1, eo, oe Oy_2, ® with on 2, ¢,/2, 


+++ gy_2/2, gn-1/2, respectively, the polar angles will 
be defined modulo x when the corresponding angle 
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variables are defined mod 27. The situation of the V—1 
normal coordinates Z; is thus uniquely specified by a 
point P on the unit sphere in V dimensions. 

» The velocity of the point P is the time derivative of 
the line element. It has the components 


%, =0,, 
v; =sind, sind.- - -sind ;_W;, 


Vn_1=Sind, sinds: - -sind y_A, 
where 
0 j= 90; @=wy_}. 


” 


We have in this way a velocity field (34) over the 
sphere, which is determined both in direction and mag- 
nitude everywhere (except at the poles 3 ;=0). The sec- 
tors Ad;, corresponding to the latitudes Ag;=w,t; of 
the mechanical state, will delineate a surface element 
AQ on the unit sphere with mutually orthogonal edges: 


vt; (j=1,2---N—1). 


We are now prepared to compute the coincidence 
time. A coincidence, ¢;<argZ;< ¢;+Ag; for every 7, 
is equivalent to the event PC AQ, and the mean lifetime 
of a coincidence is equal to the mean time of transit of 
P through AQ. This mean time of transit is equal to the 
mean segment | of the reentrant orbit inside AQ, 
divided by the absolute velocity : 


T woine= b/\t (35) 
where 

v) =(vP+oe+-+-oy_?)!. 
Because of the complete symmetry it will now suffice 
to illustrate the calculation by means of the case V =2. 
Then AQ is just the 2-dimensional surface element 
sin@d@d® on an ordinary sphere (Fig. 3). 

Over long times, all positions ©, ® are equally 
probable and independent according to the auxiliary 
theorem of Sec. 3. The passages of P’s orbit will there- 
fore fill up AQ with uniform density when the number 
of recurrences gets large. Hence the mean segment | 
must be equal to the area AQ) divided by the projection 
of AQ in the direction of the velocity upon the (N —2)- 
dimensional subspace perpendicular to it: 


l=AQ/Projection of AQ along v. (36) 


Proj. (aQ) 


Fic. 3. Passage of orbit through AQ. 
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This projection will be (Fig. 3) 


Vv) Ve 
Proj(AQ) = —ASi+—AS2, (37) 
v | 0) 


where AS; is the surface element whose normal points 
in the direction of v;. But because of the orthogonality 
we have AQ=s,;AS; for any j, so that we may replace 
AS; and AS» in the denominator of (36) by AQ/s, and 
AQ/se, respectively. 

The expression (36) for the mean segment will then 
take the form 


(38) 


P 2 
l= /( 
Si 
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where the denominator is just the sum of the reciprocal 
passage times 1/f;=v,/s,, and 1/t,=v2/s9. The exten- 
sion to more dimensions is now immediate, and so we 
have generally 


(39) 
T eine 


as was to be shown. 
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A kinetic equation governing the time dependence of the cor- 
relation function of flux is established for dilute gases and is in- 
tegrated to yield a relation between the correlation time and the 
transport cross section. The spectrum of the binary collision 
operator is determined for spherically symmetric forces between 
molecules, which, for the hard-core model, consists of two discrete 
values in the classical limit; hence it is shown that the question 
of validity of approximating the correlation function by an 
exponential decay depends upon the type of intermolecular force 
and the temperature of the system. Approximate eigenvalues of 
the master collision operator are obtained corresponding to the 


1, INTRODUCTION 


HE typical examples of the molecular theory of 
transport phenomena, such as the viscosity of 
dilute gases and the electrical conductivity of metals, 
are usually based on the Maxwell-Boltzmann integro- 
differential equation for the velocity distribution func- 
tion of molecules! or its modification. The extension of 
the kinetic method to the treatment of transport phe- 
nomena in dense gases and degenerate quantum gases 
has not been made in the general case. 

On the other hand, according to the recent theories 
of transport processes,?* we can obtain molecular ex- 
pressions for transport coefficients or kinetic coefficients 
which are valid over the same region as the thermo- 


*This work was supported in part by the U. S. Air Force 
through the Air Force Office of Scientific Research of the Air 
Research Development Command. 

1$.Chapman and T. G. Cowling, The Mathematical Theory of 
Nonuniform Gases (Cambridge University Press, Cambridge, 
1939). 

2R. Kubo, J. Phys. Soc. Japan 12, 570 (1957). 

3H. Mori, J. Phys. Soc.4Japan_11, 1029 (1956). 


fluxes of viscosity and thermal conduction, and their relations 
to the macroscopic transport coefficients are derived. These 
relations lead to a new approach to the transport properties of 
dilute gases, which is different from Enskog-Chapman’s method, 
but yields the same results in the classical limit. An expansion 
formula for the canonical transformation describing the motion 
of dilute gases is obtained and is employed to clarify the assump- 
tion of random a priori phases in the momentum representation 
for spatially uniform gases; this is done by formulating the 
quantum-mechanical equivalent of Brout’s idea in the classical 
derivation of the master equation. 


dynamics of irreversible processes.‘ The most remark- 
able feature of the theories is the formulation of the 
transport coefficients in terms of the correlation func- 
tions of the equilibrium fluctuations of the corresponding 
dynamical fluxes F, 


Wr, r(t)=}(FF(t)\+F (OP), (1.1) 


where the angular brackets mean the average over the 
canonical ensemble of the system, and F(f) is the value 
of F after time ¢ and should, in the quantum-mechanical 
case, be read as the Heisenberg operator. For example, 
the coefficient of shear viscosity of isotropic fluids can 
be expressed as*.5.6 


n=(1/VET) f dt Vr, v(t), (1.2) 
0 


*S. R. de Groot, Thermodynamics of Irreversible Processes 
(North-Holland Publishing Company, Amsterdam, 1951). 

5M. S. Green, J. Chem. Phys. 22, 398 (1954). 

* In the classical limit, Eq. (1.2) agrees with Green’s expression® 
except that the average in (1.1) is made with the canonical en- 
semble whereas, in his expression, with the micro-canonical 
ensemble. The latter situation causes a serious difference in the 
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N N WN 
F= } PizPiy m+> z (rij)e(Fis)y, 


i=] i<j 


(1.3) 


piz and (r;;), being the « components of the momentum 
of molecule i and the relative coordinate between i and j, 
and (F;;) v the y component of the intermolecular force 
between 7 and j. T is the temperature, V the volume, 
\V the number of molecules, and & the Boltzmann 
constant. 

By determining the time dependence of the correla- 
tion functions, therefore, we may calculate the transport 
coefficients. Interesting studies along such a line have 
been carried out in several important cases.*:7: 

Green’s® investigation of classical dilute gases is 
based on the assumption that the temporal develop- 
ment of a conditional average value of the flux F(t) in 
the correlation function is governed, in a certain 
manner, by the linearized Maxwell-Boltzmann equa- 
tion. Thus, although he has shown the consistency of his 
approach with the kinetic theory based upon the 
Enskog-Chapman solution of the Maxwell-Boltzmann 
equation, the molecular picture of the time-dependence 
of the correlation functions has not been clarified. 

In Kubo-Tomita’s’ theory of magnetic resonance 
absorption and Nakano’s* method of calculating elec- 
trical conductivity, it has been assumed that the correla- 
tion function decays exponentially in time, and the 
relaxation time has been calculated by the second- 
order perturbation theory. It is necessary, however, 
to discuss the physical aspect and the limit of validity 
of this approximation, which will be seen to depend 
upon the Hamiltonian and the thermodynamic state 
of the system concerned. 

The principal purpose of the present paper is, there- 
fore, to investigate the time dependence of the correla- 
tion functions of fluxes from the standpoint of molecular 
dynamics. As a typical example, we consider the vis- 
cosity and the thermal conductivity in nondegenerate 
quantum gases of one component with spherically 
symmetric forces between molecules. 

We set up in Sec. 2 two problems which are the main 
subjects of the following sections; one is to establish a 
kinetic equation for the diagonal elements of the 
Heisenberg operator of the flux, and the other is to 
determine the spectrum of the binary and master 
collision operators in the kinetic equation. These 
subjects are essential to the analysis of the relaxation 
processes in momentum space and their relations to the 
macroscopic transport coefficients. In Sec. 3, the spec- 
calculation of the transport coefficients; for example, the 2nd 
term of the flux of thermal conduction (3. 23) is missing in his 
corresponding expression. Equations (1.2) and (3.24) will be 
proved exactly, in a forthcoming paper, with the assumption that 
the macroscopic motion of the fluids can be described by one 
velocity, one temperature, and one mass-density field. 

7R. Kubo and K. Tomita, J. Phys. Soc. Japan 9, 888 (1954). 


8 H. Nakano, Progr. Theoret. Phys. (Japan) 15, 77 (1956); 17, 
145 (1957). 
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trum of the binary collision operator is obtained, and 
the fluxes of viscosity and thermal] conduction are shown 
to be approximate eigenfunctions of the master collision 
operator. On the basis of these results, the time de- 
pendence of the correlation functions of fluxes and the 
relaxation processes in momentum space are investi- 
gated. In Sec. 4, Enskog and Chapman’s expressions for 
the viscosity and the thermal conductivity are derived 
from the corresponding eigenvalues of the master 
collision operator, and it is pointed out that our theory 
may be regarded as a generalization of Maxwell and 
Boltzmann’s original theory of transport in dilute 
gases. Sections 5 and 6 are devoted to establish the 
above-mentioned kinetic equation from the principles 
of statistical mechanics. A linear operator governing 
the change in time of the Heisenberg operator is in- 
troduced, and an expansion formula for it is obtained. 
This enables us to derive the kinetic equation without 
the repeated use of the assumption of random a priori 
phases. 
2. PRELIMINARY DISCUSSIONS 


We first present a simple and practically convenient 
method of obtaining a kinetic equation for the correla- 
tion function and a molecular expression for the relaxa- 
tion time. 

In gases of low density, the contribution due to the 
intermolecular part to the viscosity flux, (1.3), may be 
neglected in comparison with that due to the first part: 


(2.1) 


N 
F=)° pizbiy/1 
i=1 


Therefore, by neglecting the interaction energy in the 
Hamiltonian in the Boltzmann factor, the correlation 
function can be written as 


Vr, r(t)=({F (pF (4) | p)}), 


where 


(B)=>_)B exp(—E,/kT)/>_, exp(—E,/kT), (2.3) 


where F, and E, are, respectively, the eigenvalues of F 
and the kinetic energy H» corresponding to the eigen- 
state of the total momentum, p=(p:, ---, py), and 
(p| F(t)|p) are the diagonal elements of the iii 
operator F(/) in the momentum representation. 

The Heisenberg operators at different times 
related to each other as 


F(t)=U(s)tF (to) U(s), 


are 


U(s)=exp(sH/ih), (2.4) 


where H is the total Hamiltonian of the system, U(s)t 
the Hermitean conjugate of U’(s), and =¢o+s. In order 
to obtain a kinetic equation for the diagonal elements of 
the Heisenberg operator, we make use of the postulate 
of random a priori phases® in the following manner. 


*R.C. Tolman, The Principles of Statistical Mechanics (Claren- 
don Press, Oxford, England, 1938), Chap. XI; D. ter Haar, 
Elements of Statistical Mechanics (Rinehart and | Company, New 
York, 1954), Appendix I. 
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The value of (p|F(t)|p) depends upon all the matrix 
elements of F (to) at a previous time. If, however, we 
may neglect the contribution due to the off-diagonal 
elements of F (to), then Eq. (2.4) leads to 


(p| F(t) |p)=Xip W(p',p; s)(p’ | F (to) |p’), 
where we have defined 


W (p’,p; s)= |(p’| U(s)|p)|?, 


(2.5) 


(2.6) 


with the corresponding matrix element of the U(s) in 
the momentum representation. W (p’,p; ¢), ({>0, p’¥p), 
expresses the transition probability of the system from 
state p to state p’ after time ¢.!° By taking the unit 
operator instead of F in Eq. (2.5), we obtain the con- 
servation law of probability, 

(2.7) 


1=W(p,p;s)\+ > W(p’,p;s), 


p’ (¥p) 
which is inserted into (2.5) to give 
(P| F()|p)=(p| F(%)|p)+ 2 W(p'p; 8) 
p’ (¥p) 


X {(p’| F (to) |p’)—(p| F (to) |p)}, (2.8) 
which describes the change in time of the diagonal 
elements in terms of their increments due to the transi- 
tion processes. We note here that Eq. (2.8) is rigorous 
when fo=0, because F is a diagonal matrix in the 
momentum representation and therefore the use of the 
assumption of random a priori phases is unnecessary 
in this case. 

Now we consider a dilute gas whose molecular motion 
can be analyzed in terms of binary collisions. The inter- 
molecular interaction is assumed to be a spherically 
symmetric force of short range. The mean free time 
and the mean collision time are denoted, respectively, 
by 7; and 70, and we assume that ror, (the assumption 
of instantaneous collisions). In a time much shorter 
than the mean free time, each molecule collides with 
at most one other molecule. By a binary collision 
between i and j, the state p is transformed to 


A;;(I)p= (pi, -*-, pit (p;—p,) “Il, ery 


p;— (p;—p,) ll, ---, pw), (2.9) 


where | is the unit vector in the perihelion direction. The 
corresponding transition probability can be expressed 
in terms of the usual scattering cross section," because, 
according to the definition of the binary collision, the 
wave packets of i and j do not overlap those of the other 


1” The density matrix p(t) satisfies p(t)=U(#)p(0)U(#)t. There- 
fore, under the initial condition (p’| (0) | p)=P(p)5p’, p, we obtain 
an equation for the density matrix analogous to (2.5), which gives 
(p|o(t)|p)=W (p,po; #), if P(p)=dp,p.. From this, the foregoing 
follows. 

1D. Bohm, Quantum Theory (Prentice-Hall, Inc., Englewood 
Cliffs, New Jersey, 1951). 


HAZIME 


MORI 


molecules; namely, 


(2xh)**— 
W (p'.p; ) =w(pi;’ pis; ov | 


X5(peii’—Peis) I] 5(pe’—px), 


k(#i,7) 
0 O(a) 
w (Pi; Pis5 ¢ dpi; 
j j (2x)? j 


t 2pis 
” (-)( Jor ij,0)8(Ex,! — Exj)d 24 Ex, 
V m 


where pi), Pcij, and /;; are, respectively, the relative and 
center-of-mass momenta and the relative kinetic energy, 
and dQ the element of solid angle in the direction of 
scattering (0,¢), and o(p;;,@) the scattering cross section 
in which the symmetry effect due to the collision of 
identical particles has been taken into account. The 
dE;;' should be of the order of magnitude of #/t. There- 
fore, by taking into consideration all possible binary 
encounters, Eq. (2.8) leads to 


(p| F(t)! p)= (1—rA)(p| F(t— 1) |p), (2.11) 


for such a short time interval that r««7r<zr,;. Here, we 
have defined the following collision integral operators 
familiar in the kinetic theory of dilute gases”: 


N N 
A= 2. A;;, 


i=l j=i+1 


(2.12) 


2r cd 2p; 
Aig(p) = — (1/V) f dy f d6 sind-——o(p;;,0) 
0 0 m 


X {g(A:()p)—g(p)}, 


which will be called, respectively, the master and binary 
collision operators. The condition ro«<r means that the 
majority of collisions concerned start and end during 
the time interval 7 so that the change of the diagonal 
elements in r can be described sufficiently in terms only 
of the scattering cross section. Thus, with the use of the 
assumption of random a priori phases in the above 
manner and the assumption of instantaneous collisions, 
we obtain 


(p| F(t) |p)=exp(—#A) F,, (2.13) 


which is substituted into (2.2) to give 
Wr, r(t)=(F, exp(—tA) F,). (2.14) 


2M. Kac, Proceedings of the Third Berkeley Symposium on 
Mathematical Statistics and Probability (University California 
Press, California, 1956), Vol. 3, p. 171. 

3 We note here that Eq. (2.14) is valid only for ¢>0 and does 
not satisfy the relation Vr,r(t)=Wr,r(—?), which is obtained 
from (1.1) with the aid, in the classical case, of the Liouville 
theorem and, in the quantum-mechanical case, of the identity 
TrAB=TrBA. In order to clarify the origin of this inequality of 
the direction of time axis, we consider (2.11) with t=7r. Since (2.8) 
is rigorous when f)=0, the origin is in the procedure of obtaining 
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When the average de Broglie wavelength of molecules 
becomes of the order of magnitude of the average 
molecular distance at very low temperatures, then 
multiple collisions appear so that the binary collision 
approximation may be invalid. 

Next we consider a formal condition under which 
these equations can be expressed approximately in 
terms of one relaxation time. We introduce an average 
value of the master collision operator for the viscosity 
flux, 

— (FF Y_\/(F 2) 715 

Ae=(F pA p (f pr)» (2.15) 

which is positive."* Then, the correlation function (2.14) 
can be written as 

Wr, p(t) =(F,") exp(—A,)[1+u()], (2.16) 


where we have defined 


u(t) =>> (—2)"u,,/n!, 


with the nth moment about the average value; 


n= (Fy(A—)x)"Fp)/(F). (2.18) 


If all the moments yu, (#22), vanish, then the correla- 
tion function decays exponentially to zero. The neces- 
sary and sufficient condition for this is the requirement 
that F, be an eigenfunction of the master collision 
operator and \, be the corresponding eigenvalue, 


A Fy=)oFp. (2.19) 


This condition will be shown to be satisfied rigorously 
by the Maxwell model of intermolecular force in the 
classical limit. In general, especially in the quantum- 
mechanical cases, Eq. (2.19) cannot be satisfied exactly. 
It is nautral, however, to consider that the deviation 


u(t) may be neglected as the first approximation ; 
u(t)|<1. (2.20) 
Eq. (2.10) which is valid only for ¢>0. Thus the inequality turns 
out to be due to the adiabatic approximation in the theory of 
collision (see reference 30), which is introduced so that the states 
before and after collision can be expressed by definite eigenfunc- 
tions of the kinetic Hamiltonian, and, therefore, which is related 
essentially to the process of interaction of the quaantum-mechanical 
system with a classically describable system, an apparatus of 
measuring the kinetic Hamiltonian, in the theory of quantum- 
mechanical observation (See reference 11, Secs. 18.9, 22.14). Such 
relation to the process of observation is important to clarify the 
statistical-mechanical picture of kinetic equations. In the present 
paper, we shall not consider it further. It should be emphasized, 
however, that the assumption of random a priori phases introduced 
just before (2.5) has no primary relation to the inequality of the 
direction of time. 
44 With the aid of microscopic reversibility (6.24), we obtain 


1 “Or ° . 
(g(p)Ag(P)) =55 2 S, dg J, d0 sin 
i<j 


x (72)o (oii (g(Assp) —8(P) ). 
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Then, substitution of (2.16) into (1.2) gives 


((F,2)/VRT) pe 


for the viscosity coefficient of dilute gases. The straight- 
forward calculation of (2.21) will be shown to yield, 
in the classical limit, Enskog and Chapman’s expression 
for the viscosity in the first approximation.! 

As has been seen in the above, the crucial points 
about the correlation function to be investigated 
further are the following: 


(I) the eigenvalue problem of the master collision operator ; 
(II) the physical meaning and the limit of validity of the 
assumplion of random a priori phases in the momentum 
representation. 


These problems themselves are of great interest and 
have been, respectively, investigated in a number of 
papers. The question (I) is closely correlated to the 
eigenvalue problem of the collision operator in the 
linearized Maxwell-Boltzmann equation'® which has 
been solved for the Maxwell molecules in the classical 
case. The spectrum of the master collision operator 
has been investigated by Kac,” but has not been 
obtained even for his simplified model, a kind of one- 
dimensional Maxwell model. Our particular intention 
is to obtain the eigenvalues of A and A;; which give the 
relaxation times of the fluxes of viscosity and thermal 
conduction, and to know how the eigenvalues depend 
upon the type of intermolecular force and the thermo- 
dynamic state of the system. 

The problem (II) is a central subject of the recent 
investigations of the statistical mechanics of transport 
processes. Van Hove'® has clarified this question by 
deriving a kinetic equation with the requirement of the 
postulate of random a priori phases at the initial time 
only. His derivation is based on the recognition of the 
fact that the perturbation responsible for the irre- 
versible behavior possesses remarkable properties which 
result from the largeness of the system. The classical 
counterpart of this situation has been established by 
Prigogine and Brout.'’ These derivations, however, are 
based on perturbation techniques which may become 
invalid if the interactions between particles of the 
system include forces of repulsion as the hard-core or 
Lennard-Jones’ potential. As has been pointed out 
before, the derivation of (2.13) does not need the as- 
sumption of random a@ priori phases if ¢ is a short time 
interval in which successive binary collisions do not 
occur. This means that the assumption of random @ 


165 L. Boltzmann, Vorlesungen tiber Gas Theorie (J. A. Barth, 
Leipzig, 1895). A review on such problems in the kinetic theory of 
gases is given by G. E. Uhlenbeck, Higgins lectures given at 
Princeton University, 1954 (unpublished). 

16L. Van Hove, Physica 21, 517 (1955). 

17 R. Brout and I. Prigogine, Physica 22, 621 (1956); I. Prigo- 
gine, Can. J. Phys. 34, 1236 (1956). 
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priori phases is related to successions of binary collisions. 
The second purpose of the present paper is to clarify 
this situation, which will be done by formulating exactly 
Brout’s'*® idea in the classical derivation of the master 
equation to the quantum-mechanical case. 


3. EIGENFUNCTIONS AND EIGENVALUES OF 
THE COLLISION OPERATORS 


We first determine the spectrum of the binary 
collision operator. From (2.1) and (2.12), we obtain 


AijF p=Aij(PizPiyt Pizp iy)/m. (3.1) 


It is worth while to notice here that m;+m,, p,;+p,; and 
p?+p7? are eigenfunctions of the binary collision 
operator A,; and the corresponding eigenvalues are zero 
according to the laws of conservation of mass, momen- 
tum, and energy in binary collision. Using the relative 
and center-of-mass momenta, we have 

P= (p;—pi)/2, 

P°=Pit Pi, 

(PizPiyt P jizP iy) ‘m= pipy Ut ps py’ 'M. 


Equation (3.1) can be written as 


Ai FP p=AiWis, 


(3.3) 


(3.4) 
with 


Wis=Prpy ‘a, (3.5) 


which will be shown to be an eigenfunction of A;;. De- 
noting the spherical angular coordinates of p by (0,®), 
Eq. (3.5) is written as 
Vis= (ip?/12u) V2, 2*(0,6)—V2,2(0,6)] (3.6) 
in terms of the spherical harmonics": 
Y m,1(O,2) = P;'™! (cos) exp(im®) (3.7) 
=/7_,. "(6 #). (3.8) 


If the relative momentum after collision is denoted by 
p’ = (p,0’,®’), then Eq. (3.4) may be written as 


1 2r p 
A wii=— f d6 sin@ —a(p,0) 
V Jo m 


x f dgly:;(9,b)—y,;(0'.#’)}, (3.9) 


where we have expressed in y;;(0,®) its angular de- 
pendence explicitly. 

In order to calculate the integral with respect to ¢, 
let us now consider a spherical harmonic of degree /, 


l 
Y(0,6)= XO CrVn,(0,®), 


m=—| 


(3.10) 


18 R. Brout, Physica 22, 509 (1956). 
19 P. M. Morse and H. Feshbach, Methods of Theoretical Physics 
(McGraw-Hill Book Company, Inc., New York, 1953), p. 1271. 


HAZIME 


MORI 


where the C,,’s are constants which may be functions 
of the invariants of the collision, such as yu, p*, and p?. 
Let the axes of coordinates be rotated so that the new 
z axis passes through the direction of p and the angular 
coordinates of p’ become the scattering angle (6,¢) in 
the new coordinate system. Then, according to the 
transformation (©’,6’)—>(6,¢), the Y,(0’,®’) goes into 
a new function of @ and ¢ which is a spherical harmonic 
of the same degree /. This can be seen easily from the 
fact that spherical harmonics are eigenfunctions of the 
square of the quantum-mechanical angular momentum"! 
which is invariant to a rotation of the coordinate system. 
Therefore, we can expand Y;(0’,®’) as 


l 
Y(0'.6)= YL Dn¥m.i(4,¢). 


m= I 


(3.11) 


The coefficients D,,, depend upon the angle and direction 
of rotation. If we put @=0, then Yo,.(0,¢)=1 and 
Y m.1(6,¢)=0, (m0), so that Do= Y,(0,®). Thus, in- 
tegration of (3.11) with respect to ¢ gives 


9 


1 2r 
— f dy Y,(0',®’)= P,(cos@)V (0,8). (3.12) 
0 


2r 


This result means that a spherical harmonic is an 
eigenfunction of the binary collision operator, because 
substitution of Y;(0,®) for ¥,;;(0,®) in (3.9) leads to 


Ai; Vi(0,8) =d,;;Vi(0.®), (3:13) 
where 


p 
d6 sin® —o(p,0){1—Pi(cos@)}. (3.14) 


bu 


Since the absolute value of the Legendre polynomial is 
not larger than unity, the eigenvalues are always 
positive or, for the trivial case, zero; 


dj =0, j>0, (121). (3.15) 


For the rigid elastic molecule with a force range a, these 
become in the classical limit 


Ai; =0, 


ae : 3.16) 
gj? = (xa?/ J (p/n), ( 


(121), 


since o(p,0)= 4a. The quantum-mechanical case is not 
so simple because the cross section depends upon the 
angle and wavelength in a complicated manner." 
Another special example is the Maxwell molecules in 
the classical case. In this case the eigenvalues become 
independent of the relative momentum, because 
{ po (p,0)} becomes a function of @ only.' 

By making use of the above results, approximate 
eigenfunctions and eigenvalues of the master collision 
operator can be obtained readily. Equation (3.6) is a 
spherical harmonic of the second degree so that (3.13) 
gives 


Ni is=dij Yi. (3.17) 
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We now assume that, on the average, the deviation of 
the eigenvalue \,;° is small from some average value 
of it with respect to the relative momentum, ((A;;°?)). 
Then, from (2.12), (3.4), and (3.17), we obtain 
approximately 
A F,=\.F py (3.18) 

with 

Av=3N((AG;)), (3.19) 
where we have put the total momentum, P=} ,-1" pi, 
to be zero in the equation 


Y vij=4N(F,—P2P,/mN}, 


i<7 


(3.20) 


because the total momentum is invariant to collisions 
between molecules and expresses the uniform translation 
of the whole system so that it is of no primary im- 
portance to the discussion of the law of motion of F(t). 
Equation (3.18) is inserted into (2.13) to lead to 


(p| F(t)| p)=F,, exp(—A,). (3.21) 
Equation (3.18) shows that the viscosity flux (2.1) is an 
approximate eigenfunction of the master collision 
operator and its eigenvalue is given by (3.19). According 
to (3.21), the inverse of the eigenvalue, 7,=1/A,, 
turns out to be the relaxation time for the diagonal 
elements of the viscosity flux to decay in time. In the 
case of the Maxwell molecules and the classical limit 
h—0, since \,;°) becomes independent of the relative 
momentum, the assumption introduced before (3.18) is 
exactly satisfied so that (3.18) and (3.21) become exact 
and the exact eigenvalue is given by 


\,= 391A (a/2m)3(N/V), (3.22) 


where A =0.436 and the intermolecular force has been 
taken to be a/r*®. Equation (3.22) agrees with the in- 
verse of the relaxation time computed by Maxwell.!*.”° 
We next show that the following quantity is also an 
eigenfunction of the master collision operator: 


N 
G= > (p2/2m—h) piz/m, (3.23) 
i=1 


h being the enthalpy for one molecule. This is the 
z component of the flux of thermal conduction, and the 
thermal conductivity is given as*.® 


(3.24) 


k=(L, ver) f dt Vg g(t). 
0 


In the same way as for (3.4), we obtain 


ees Ai Gp=ij Hi; (3.25) 


2 J.C. Maxwell, The Scientific Papers of J. C. Maxwell (Dover 
Publications, New York, 1952), Vol. 2, p. 26. 


PROCESSES 


with 
$;,= (p°- pp:— 3P"p.") uM 


= (p?/6uM)[(p.°—ipy’) V1, 2(0,®) 
+ (peo t+ipy’) V1, 2*(O,b)+4p.°V 0,2(0 ®) |. (3.27) 


(3.26) 


The second term of (3.26) is invariant to collisions and 


hence gives no contribution to (3.25) but it is added 


so as to yield (3.27). Equation (3.27) is a spherical 
harmonic of the second degree so that (3.13) gives 


Aisi; 

which leads, in parallel to (3.18), to 
A Gy=ArGp, 

Ar=4N((AG;°)), 


2 


=i, (3.28) 


(3.29) 
(3.30) 


where, as in (3.20), the total momentum has been 
taken to be zero in the equation 


Dd i5=4N{(G,+(P./m)(h—-X ip2/mN) 
<j 


+P. (Spipiz)/2m2N}. (3.31) 


Thus it turns out that the thermal conduction flux 
(3.23) is an approximate eigenfunction of the master 
collision operator and Eq. (3.30) gives its eigenvalue, 
which is different from that of the viscosity flux; 


Ar N= 2/3. 


In order to calculate these eigenvalues it is necessary 
to determine the average value ((A,;;°)) introduced 
before (3.18). This can be done in the following way. 
When P+0, we have, from (3.20), as the extension 
of (3.18), 


A Fy=)»(F,>—P2P,/mN), (3.33) 


which means that F,’/=F,—P.P,/mN is an eigen- 
function of A. By multiplying both sides of this equation 
by F, and taking the average of it over the canonical 
ensemble with (2.3), we obtain 

(F,AF,)=)o((F,”)—(F pP2P,)/mN). (3.34) 


On the other hand, we have 


(DizPivP izPi ») - (pizXPizXPivPey) =0, if 


which gives 


i~j, (3.35) 
(F,P.P,)/m=(F;”). (3.36) 
Therefore, (3.34) becomes 
(1/A»)(F AF,)=(F,?)(1—1/N), (3.37) 
which leads, by taking J infinite, to 
A, =(F,AF;)/(F,”), (3.38) 


which agrees with Eq. (2.15). Equation (3.38) de- 
termines, with the aid of (3.19), the average value 
((Ai;)), whose explicit form will be given in next 
section. 
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By making use of the above results, we discuss the 
time-dependence of the correlation function (2.14). The 
average over the canonical ensemble, (2.3), extends 
over systems with P+0 arising as fluctuations about 
the average value (P)=0 due to the interaction with 
the heat reservoir. For such systems, Eq. (3.21) should 
be modified, with the aid of (3.33), as 


exp(—tA) F,=P,P,/mN 
+ (F,—P.P,/mN) exp(—f,). 


However, with the aid of (3.36), we have, corresponding 
to (3.37), 


Wr, r(t)=(F,’){1/N+ (1—1/N) exp(—A,)} 
=(F,") exp(—f\,), as 


(3.39) 


(3.40) 
(3.41) 


N- @, 


which means that the contributions of the above 
systems to the time-dependence of the correlation func- 
tion can be neglected in the limit of V+ . Comparison 
of (3.41) with (2.16) leads to the fact that y(t) is 
exactly zero in the case of the Maxwell molecules and 
the classical limit, since in this case the only assumption 
necessary to derive (3.41), ie., the assumption in- 
troduced just before (3.18) is exactly satisfied. In other 
cases, the magnitude of u(t), namely, the accuracy of 
the approximation (2.20) depends upon the magnitude 
of the dispersion of \,;° about its average value. The 
magnitude of this dispersion can be determined by the 
momentum dependence of the scattering cross section 
and of the momentum distribution function. Therefore, 
the accuracy of the approximation (2.20) depends upon 
the type of intermolecular forces and the temperature 
of the system. A typical example of the temperature 
dependence is given by the fact that, when the tem- 
perature becomes low so that the peak of the distribu- 
tion moves to be at low energy requiring the quantum- 
mechanical treatment of the scattering cross section, 
we cannot expect the zero dispersion even for the 
Maxwell molecules. 

The spectrum of the master collision operator de- 
scribes the relaxation processes in momentum space.”:!° 
The eigenvalues are the decay constants of the different 
modes of relaxation. To see the physical significance 
of the eigenvalues A, and Az in this aspect, we con- 
sider a nonequilibrium isotropic gas of one component 
whose attainment of uniformity in coordinate space 
can be described by the hydrodynamical equations. 
Take a uniform small portion of macroscopic size in the 
gas, and cut off the interaction with the neighboring 
small portions. Then this uniform portion approaches 
complete internal thermal equilibrium rapidly by re- 
laxation in momentum space. The spectrum of this 
relaxation consists of the lowest few eigenvalues of the 
master collision operator, which did not die out due to 
the influence of the neighboring portions, namely due 
to the coupling with the hydrodynamical process of 
attaining equilibrium between small portions. What 
eigenvalues or what modes of relaxation are excited de- 
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pends upon the detailed behavior of the above coupling 
between the relaxation in momentum space and the 
hydrodynamical process. In our case, these eigenvalues 
turn out to be A, and Az. This is a consequence of the 
fact, as will be shown in a forthcoming paper,® that 
the coupling is characterized, in a certain manner, by 
the fluxes of viscosity and thermal conduction. We thus 
arrive at the fact that there exist two modes of the 
relaxation in momentum space in the previously-men- 
tioned gas, and these modes can be given by the auto- 
correlation functions of the equilibrium fluctuations of 
the fluxes of viscosity and thermal conduction. 


4. COMPARISON WITH ENSKOG AND 
CHAPMAN’S THEORY 


The calculation of the eigenvalues of the master 
collision operator, (3.19) and (3.30), leads to explicit 
expressions for the coefficients of viscosity and thermal 
conductivity with the aid of (1.2) and (3.24). In this 
section, this is shown and the results are compared with 
Enskog and Chapman’s theory of transport in dilute 
gases. 

The straightforward calculation of (3.38) leads to 


Av= (1/30) (N/V) (u/RT)X(g90 (g))), (4-1) 


with the notations 


QM (g)= an f d6 sind o( p,0){1—P:(cos#)}, (4.2) 
0 


iy « °F 2 ug? 
«s)=4-(—) B exp( - = ) eas, (4.3) 
m\2kTS J Yo 2kT 


where ((B)) means the average over the relative speed 
g=p/u. Equation (4.2) is related to the eigenvalues of 
the binary collision operator as 


Aaj = (1/V) gO (g). (4.4) 


The Q®(g) in (4.1) is $ times the 0 (g) of Hirschfelder 
et al., which is sometimes called the transport cross 
section. It is interesting to note that the average value 
((Ai;@)) in (3.19) can be determined alternatively 
from (4.1) to be 


((riz™)) = az (Wis)?)/( Wis)”), 


which has a form similar to (3.38). 

Since the density-dependent symmetry effects due to 
Bose-Einstein and Fermi-Dirac statistics can be 
neglected, we obtain from (2.1) 


(F,2)= (N/m?)(pi2Xpiy?) = N (RT)? (4.6) 


Therefore, Eq. (2.21), resulting from (3.41) and (1.2), 
leads to 


(4.5) 


n=P/dz, (4.7) 


21 Hirschfelder, Curtiss, and Bird, Molecular Theory of Gases 
and Liquids (John Wiley and Sons, Inc., New York, 1954), p. 675. 
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where P=(N/V)kT is the pressure. This relation 
between the viscosity and the relaxation time has been 
derived a long time ago by Maxwell on the basis of a 
phenomenological consideration.” Equation (4.1) is 
inserted into Maxwell’s relation (4.7) to yield the 
quantum-mechanical equation for the viscosity coeffi- 
cient. This expression differs from the classical one 
only in the fact that the classical cross section has been 
replaced by the quantum-mechanical counterpart.'! 
In the same way as for (4.6), we have from (3.23) 


(G,2)=5N (kT)8/2m, (4.8) 


where use has been made of the relation h=5k7/2 for 
nondegenerate gases. It is interesting to note that 
although the second term of (3.23) is invariant to 
collisions between molecules so that it gives no con- 
tribution to the eigenvalue A7, (3.30), this term gives 
an important contribution to (4.8) as a result of its 
fluctuations due to the interaction with the heat 
reservoir; if we neglect that, then (G,”) becomes § times 
as large as (4.8).° The thermal conductivity is obtained 
by inserting the equation, 
Vo, a(t) =(G,") exp(— Ar), 
into Eq. (3.24). Thus we have 
((G,”)/VRT*) 
(oe 


Ar 
= SC, P/3X9r, 


(4.9) 


(4.10) 


(4.11) 


where C,=3k/2m is the heat capacity per unit mass. 
Equation (4.11) gives the relation between the thermal 
conductivity and the corresponding relaxation time in 
momentum space. The relation between the two relaxa- 
tion times, (3.32), leads to 


x= (5/2)Cun, (4.12) 


which agrees with Chapman’s relation between the 
coefficients of viscosity and thermal conductivity.' 

The mean time between collisions, i.e., the mean free 
time, is well defined only for the hard-core molecules. 
To obtain the physical picture of the transport processes 
in gases, it is convenient, however, to define the corre- 
sponding quantity for other short-range forces. It may 
be defined as! 


r= 1/24(N/V)Q(T)S, (4.13) 


where @ is the mean speed of molecules and Q(T) is the 


“effective” total cross section defined by 


O(T) =ra022)*, (4.14) 


where 2°.2)* is the quantity defined by Eq. (8.2-8) of 
reference 21 and becomes unity for the hard-core model 
with the diameter a. Then, we obtain from (4.1) 


Ty=1/Ay= (5/4)ry. (4.15) 


Thus it turns out that the relaxation times of the fluxes 
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of viscosity and thermal conduction are of the same 
order of magnitude as the mean free time. 

So far we have neglected the density-dependent 
symmetry effects which come from the overlapping of 
the wave packets of more than three molecules. This 
leads to remarkable modifications of the average value 
of the square of fluxes and the relaxation times. The 
influence of Bose-Einstein or Fermi-Dirac statistics on 
the average value of the square of the fluxes can be 
evaluated straightforwardly and yields a qualitative 
analysis of the recent experiments of the viscosity of 
He’®.” The results of the consideration of both effects 
for extremely degenerate Fermi gases can be shown to 
agree with Tomonaga’s work.” Details of these studies 
will be presented in a subsequent article. 

Our investigation of the transport properties of 
gases, as Maxwell and Boltzmann’s theory,!®° was 
based on the detailed analysis of the relaxation processes 
in momentum space. The macroscopic transport coeffi- 
cients were connected with the corresponding relaxation 
times by simple relations, such as Maxwell’s relation 
and Eq. (4.11), which were derived from the relations 
(1.2) and (3.24). Thus, our theory may be regarded as 
a generalization of Maxwell and Boltzmann’s theory. 


5. TEMPORAL DEVELOPMENT OF THE 
HEISENBERG OPERATOR 


In order to proceed to the problem (II) stated in the 
end of Sec. 2, we investigate some important properties 
of the canonical transformation governing the temporal 
development of the Heisenberg operator. 

Equation (2.4) may be written as 


F(t)=T(t,to)F (to), (5.1) 
with 
(5.2) 


T (t,to) =expl (t—to) LZ], 


where L is the commutator operator generated from the 
Hamiltonian as? 


LF={F,H}=(FH—HP)/ih. (5.3) 


This is seen from the fact that Eq. (5.1) satisfies the 
Heisenberg equation of motion. In the classical limit, Z 
becomes the Poisson bracket, 

. 


lim L= ¥ [ (Voi) - Vri— (Wri) - Voi]. 


h-—0 i=] 


(5.4) 


The algebraic properties of the Z operator are parallel 
to those of the commutator bracket." In Eq. (5.3), 
replace H by observables H; and H2, and denote the 
L operators thus obtained by Z; and Ls, respectively. 
If {H;,H2}=0, then we obtain 


Lile= Lely, 
exp( 1) exp (L2) = exp(Z;+ Ly). 


2 R. Dean Taylor and J. G. Dash, Phys. Rev. 106, 398 (1957). 
% S. Tomonaga, Z. Physik 110, 573 (1938). 


(5.5) 
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T(t,to) gives the Heisenberg operator at time ¢ from 
that at time fo, so that it should satisfy 


T(t,to) =T(1,t’) T(t to). (5.6) 


The motion of the system consists of the free motion of 
molecules and the interaction between molecules. Let 
us denote the interaction part of the Hamiltonian by H: 


H=H)(t)+H,(2). (5.7) 


The total Hamiltonian is a constant of the motion, but 
its parts change in time according to Eq. (5.1). Let us 
now define 


Lo()G={G,Ho(t)}, (5.8) 


and, in order to separate the free motion from the effect 
due to the molecular interaction which is responsible 
for irreversible processes, let us introduce a new operator, 


K (t,to)=exp[—tLo(t) JT (t,to) exp[toLo(to) ], (5.9) 


which satisfies 


K(t,t)=1, isi 
cies : d. 
K (t,to) = K (t,’) K (¢ to). 


The physical picture of the K operator can be made clear 
by the following argument for its classical analog. 
Consider a classical system and denote its phase point 
at time ¢ by X(é). There is a unique phase X, which 
goes over into the phase X(t) after time / by a free 
motion of the system obtained by cutting off the mole- 
cular interaction. This point is called a hypothetical 
initial phase in contrast with the initial phase X (0). 
The K (t,to.) operates on a hypothetical initial phase X to 
and expresses a free motion from Xt» to X(t), a sub- 
sequent actual motion from X(t) to X(t) and then a 
free backward motion from X(t) to X;. 

If there is no interaction between molecules in a time 
interval f to ¢;, then we have 


K (t,to) =1, (t9<t<h). (5.11) 


Therefore, the deviation of K from unity expresses 
effects due to the molecular interaction. 

Now we divide the system into two groups of mole- 
cules, A and B; 


H=H4(t)+Ha(t)+Haa(t), (5.12) 


where H, is the Hamiltonian of the subgroup A sepa- 
rated from the subgroup B, and H4,» the interaction 
energy between the subgroups. With the aid of the 
operator 

La()QG=(G,Ha()}, (5.13) 
we define 


T 4 (t,to)=exp[ (t—to)La (to) }. (5.14) 
If we cut off the interaction between A and B at time fo, 
then we have a hypothetical motion of the subgroup 
A governed by the Hamiltonian H4. Equation (5.14) is 
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the T operator for this motion. The K operator for this 
isolated motion of the subgroup A is denoted by K 4 (t,to). 
If there is no interaction between A and B in a time 
interval fo to 4, then we obtain 


T (t,to) = T 4 (t,to)T p(t,to), (to<t<h), (5.15) 


corresponding to the fact that the temporal develop- 
ment of the system can be described by the Hamiltonian 
H’=H,+Hs, {Hs,Hs}=0, in that time interval. 
Substitution of (5.15) into (5.9) yields 


K(t,to.)=Ka(t,to)Kp(t,to), (to<t<ty). (5.16) 


Equation (5.16) is an operator form of the decomposi- 
tion condition of the phase-space transformation func- 
tion which has been used in a quantum-mechanical 
derivation of the Maxwell-Boltzmann equation by 
Mori and Ross.” 
By making use of Eqs. (5.11) and (5.16), we derive 

a simple expansion formula of K(t,0) for dilute gases 
whose molecular motion can be analyzed in terms of 
binary collisions. For this purpose, let us suppose, for a 
while, a dilute gas in which, on the average, one pair of 
molecules at most makes a collision in a short time 
interval r. If, in a time interval ¢ to t+7, there is a 
collision between molecules i and j, then Eqs. (5.16) 
and (5.11) lead to 

K (t+7, t)=1+6W;;(0), (5.17) 
where we have defined 

bW ,;(t)=K,;(t+7, t)-1 (5.18) 


with the K operator of the subgroup of molecules i and j. 
Therefore, by taking into consideration all possible 
encounters, we obtain 


N N 
K(t+7,)=14+> ¥} 6W,;(0. 


i=l j=i+1 


(5.19) 


Let us write 
6K (t,0)=K (t+7, 0)—K (4,0). (5.20) 
Then, with the aid of (5.10), Eq. (5.19) leads to 


6K (t,0)=[L 6W,;(t) JK (4,0). 


i<j 


(5.21) 


We let + become infinitesimally small (but 7>7», 
7o=mean collision time)* so that the 6W’s and 6K may 
be regarded as differentials. Thus, by integrating (5.21), 
we obtain 


K(t,0)=1+ 


i<j Vo 


% H. Mori and J. Ross, Phys. Rev. 109, 1877 (1958). 

25 Tt has been assumed, as in Sec. 2, that the duration of a colli- 
sion is instantaneous relative to the mean free time. Thus, the r 
may be treated as an ordinary differential as far as, for —. 
time intervals comparable to the mean free time are concerned. 


W(t’) K(t,0), (5.22) 
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which can be solved, by iteration, to yield 


t 


KQ)=145 5-5 | wants) --- 


n=l i1<71 in<in VQ 


tn-1 
xf 5W inin(tn), (5.23) 
0 


t 


=expo| ) await) | (5.24) 
i<j 


0 


The notation of Eq. (5.24) is a kind of ordered 
exponential.?® It should be noted, however, that 
>t o> --->t, in Eq. (5.23).?7 Namely, Equation (5.23) 
does not include those products which contain more 
than two 6W factors defined at the same time, such 
as OW 5 ;(t)bWir(t’), and OW ini1 (t,)OW injo(t’ OW igis(t’), 
etc. This is a consequence of the fact that more than 
two collisions do not occur simultaneously in the above 
hypothetical gas. 

To generalize Eq. (5.23) for the description of an 
actual dilute gas, we require, however, that Eq. (5.23) 
includes these products except those in which two 
6W factors defined at the same time have the subscripts 
of the same molecule, such as [6W,;(#’) ]", n22, and 
SW 5; (t)6Wia(t)6W jm (t’), etc. Then, it can be shown, 
with this requirement, that Eqs. (5.23) and (5.24) hold 
for the dilute gas, in which any molecule collides with 
at most one other molecule in a short time interval 
(namely, the binary collision approximation is valid), 
but the simultaneous occurrence of any number of 
disjoint binary collisions is possible. We prove this in 
the following. The binary collision approximation 
leads to*# 


K(i+r, =I] Ki;(t+7, 0, (5.25) 


for time intervals r<r,, where [[,;;) means the product 
over all pairs of molecules which interact with each 
other in the time intervals. Therefore, by taking into 
consideration all possible combinations of disjoint 
pairs, we obtain, with the use of (5.18), 


inz= 


K(t+7r,)=1+ D—2D’::: LD’ 


n=1 mn! <i in<in 


XK 6Wii(t) +++ DWingn (8), (5.26) 
where }°’ii:<j; means the summation over all pairs 
under the condition that 7, j1, 72, ---, and j, represent 
molecules different from each other corresponding to n 
disjoint binary collisions. The factor 1/m! removes the 
repetition arising from the m! permutations of the pairs 


26M. L. Goldberger and E. N. Adams II, J. Chem. Phys. 20, 
240 (1952). 

37 This can be seen clearly from the fact that the above pro- 
cedure is a mathematical technique of inserting Eq. (5.19) into 
the equation K(t,0)=K(t,t—r)K(t—r,t—2r) --- K(r,0), and 
arranging the terms thus obtained in the form of (5.23). 
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(i171) --- (injn). Equation (5.26) is an extension of 
Eq. (5.19). With the aid of the assumption of instan- 
taneous collisions, it is shown in the Appendix that 
Eq. (5.23) with previously-mentioned requirement 
yields Eq. (5.26) for short time intervals in which no 
succession of binary collisions occurs. This guarantees, 
according to Eq. (5.10), that Eq. (5.23) can be obtained 
alternatively from Eq. (5.26) as an infinite product of 
the K operators for time intervals infinitesimally small 
(but larger than the mean collision time”) (see ref- 
erence 27). Thus it turns out that Eq. (5.23) with the 
requirement stated before Eq. (5.25) is valid for the 
description of collisions in a dilute gas. It is interesting 
to note that the above expansion has some resemblance 
to Mayer’s expansion of the Boltzmann factor in the 
equilibrium theory of gases.”* 

We designate a binary collision between 7 and 7 as 
(ij). The nth order term of Eq. (5.23), 6Wisii(t) --- 
XbW inin(tn), (4:2¢o= --- S#t,), arises from all succes- 
sive and disjoint binary collisions which contain (inj,) 
at time tn, ---, (i2J2) at fe, and (%:7:) at #1, and which 
will be called, for convenience, the associated successive 
and disjoint collisions, respectively. Furthermore, it 
should be noticed that the ordered exponential (5.24) 
cannot be reduced to the exponential even in the 
classical limit. 


6. KINETIC EQUATION FOR THE 
DIAGONAL ELEMENTS 


The Heisenberg operator for the dynamical variable 
F can be written as 


F(t)=exp[tLo(#) JK (4,0)F. (6.1) 


In accordance with the relaxation times of the viscosity 
and thermal conduction fluxes, our main interest is in 
the temporal behavior of Eq. (6.1) for time intervals of 
the order of magnitude of the mean free time. With the 
aid of the assumption of instantaneous collisions, there- 
fore, we may neglect effects due to pairs of molecules 
in collision at instants 0 and ¢. Since, therefore, Ho(¢) 
=H,(0), the diagonal elements of the Heisenberg 
operator can be written, with the aid of the relation 
(p| {G,Ho}|p)=0 for an arbitrary quantity G, as 


(p| F(¢)| p)=(p| K(t,0)F | p) 


2 t tn-1 
n=O) i1< 71 in<jn 0 0 


X (p| 6Wissi(t)) eee 5W inin(tn)F | p), 


(6.2) 


(6.3) 


where Eq. (5.23) has been inserted. We discuss in this 
section how we can derive the kinetic equation (2.13) 
from Eq. (6.3), to clarify the problem of the use of 
the random phase assumption. 

As has been pointed out in Sec. 2, the random phase 


28 J, E. Mayer and M. G. Mayer, Statistical Mechanics (John 
Wiley and Sons, Inc., New York, 1940), Chaps. 12, 13. 





704 


assumption introduced before Eq. (2.5) is related to 
successions of the binary collisions, which appear in the 
higher order terms of Eq. (6.3). To analyze the higher 
order terms, it is convenient to classify the terms into 
the following three types; the type A, in which both of 
two molecules of a 6W;; are not contained in any other 
6W factor appearing to the right of the 6W;;, and the 
other type B, in which one of two molecules of each 
6W;; is contained in at least one other 6W factor 
appearing to the right of the 6W,;. The type B is divided 
into BI, in which one of two molecules of each 6W;; is 
not contained in any 6W factor to the right, and BIT, in 
which both of two molecules of a 6W;; are contained 
to the right. 
As an example of the type BI, we consider 


(p| 8W24(ts)8W 13(t2)dW 12(t1)F | p), (6.4) 


where #3>f:>#;. Let us write down F as 
F=>> |p) Fp (p! 


with the use of Dirac’s ket and bra vectors | p) and (p| ,” 
representing the eigenvectors of the total momentum of 
the system. The products |p) (p| are the projection 
operators of the set of eigenvectors. Denoting the 
eigenvector of the momentum of molecule i by |p,), 
we have 


|p)=|p:) |p2) --- | pw). (6.5) 


If & is different from i and j, then we obtain 
5W [| px) A (pi| J=|pe)L6Wi:A Koi - 


Therefore, since the subscript 4 is not contained in 
any 6W factor to the right of 6W2, Eq. (6.4) may 
be written as 


(6.6) 


(pips! f | Pips), (6.7) 


f= X (pops! Weal | pa’)Goe'(pa’ |] | pops), (6.8) 
pa’ 


where 


Gp =>- 3 E 5W sl | ps’)(W 12! pr'po’) 
Pi’ po’ p3’ 
X Fp1'po’ps’ps'(Pi po’ |)(ps’| J, (6.9) 


F py’po’ps’pa’ = F py'po'ps'pa’ps- - -PN- (6.10) 


Denoting the eigenvectors of the relative and center-of- 
mass momenta of molecules i and j by |p,;) and |p..;), 
we obtain 
| pP;)= | Peis) | Dis), 
| ps)= | Peis) | pss) (Pil - 
Therefore, Eq. (6.8) becomes 


S=X (Pos! 5WeaL | Poa’) (po’ | Gos’| po’) (Poa’ |] |Pes), (6.12) 


p2a’ 


(6.11) 


where p-24’ = p-24. Here use has been made of the fact that 
6W;; is independent of the center-of-mass motion; 


2 P. A. M. Dirac, The Principles of Quantum Mechanics (Claren- 
don Press, Oxford, 1947). 
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namely, denoting the K operator for the relative motion 
by K,, we have 


6W;(t)=K,(t+7, )—1. (6.13) 


Equation (6.12) can be expressed in terms of the 
binary collision operator defined by Eq. (2.12) with 
the aid of the equation, 


D (pis! 5Wi;(OL| pis’) g(pis’) (pis’ | J | pis) 
Pij’ 


——" TAisg (Dis), (6.14) 


where 7>>ro, and g(p,;) is an arbitrary function of p,;. 
Equation (6.14) can be shown as follows. The 6W,,;(#) 
is nonvanishing only when the collision (77) occurs in 
the time interval ¢ to ‘+7. And in that case the mole- 
cules i and j are isolated from other molecules in that 
time interval 7 (7,>>7>>70). Accordingly, we may con- 
sider a two-particle system which makes a collision in 
the time interval / to ‘+7 in the same way as the mole- 
cules i and j. Denoting the U operator for the relative 
motion of that system by U,(#), the left-hand side of 
(6.14) becomes, with the aid of (6.13). 


X w(pi;’ pis; 7g (pis) —g (pis), (6.15) 


pij’ 
where we have defined 
w (pi; Piz; t)= | (pas | U-(¢)| pis)|?- 


With the aid of the equation for w(p,;’,p:;; 4) corre- 
sponding to Eq. (2.7), Eq. (6.15) can be written as 


(6.17) 


(6.16) 


= w(pis’ Piss 7) {8 (Pi) —g(Pis)}- 


pij’ (*pij) 


According to the Lippmann-Schwinger theory of 
scattering,*® Eq. (6.16) can be expressed in terms of the 
scattering cross section with the aid of the adiabatic 
approximation, and can be shown to satisfy the second 
equation of (2.10). Thus we arrive at Eq. (6.14). It 
should be noted here that the adiabatic approximation 
is responsible for the inequality of the direction of time 
axis of Eq. (2.13).¥ 

Applying Eq. (6.14) to Eq. (6.12), Eq. (6.8) becomes 


f= a rAsd pe | Go| P2). (6.18) 


In the same way, we obtain 


(PiP2Ps | Go, | PiP2Ps) 
= —rAj3(Pip2| Wiel DX | pi'p2’)F p1'p2’(Pi'p2’ | J| pup2) 


“be 
= — 7Ay3(— 7Ai2F pipe: --py). 
Thus, Eq. (6.7) or Eq. (6.4) becomes 
(— Avg) (— Ais) (—rAi2) Fp. (6.19) 


Terms of the type BI can be calculated by the iterative 
* B. A. Lippmann and J. Schwinger, Phys. Rev. 79, 469 (1950). 
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use of the procedure from Eqs. (6.4) to (6.18) so that 
the collision operators A;; appear instead of 61V;;,’s. 

On the contrary, terms of the type BII cannot be 
expressed in terms only of the collision operator. Any 
term of BII is such that the every associated successive 
collision has the closed collision cycles. For brevity, 
consider 6W 13 6W 14 6W 23 6W 2 and its associated succes- 
sive collision of the smallest size (12) (23) (14) (13). For 
example, the two 6W factors corresponding to the first 
and last binary collisions of the closed collision cycle 
cannot be replaced by the collision operator, because 
the term cannot be reduced to the form of (6.8) nor 
(pi |5W 12 opi’ Dopo" | pi’ po’) G (pr'pe’ | _]| pi). 

Terms of the type A and the equation obtained by 
replacing their 6IW’s by A,;’s become zero for any 
observable F which is a simple sum of quantities of 
molecules like Eq. (2.1). 

According to the requirement stated before Eq. 
(5.25), Eq. (6.3) does not include those products in 
which two dW factors defined at the same time have 
the same molecule. However, we may include these 
products except those which contain the same 6W,;(¢) 
more than two times, because the added terms arising 
from multiple collisions vanish automatically due to the 
binary collision approximation. The excluded products 
belong to the type BII. If the 61 factors of those of the 
added terms which belong to the type BI are replaced 
by the collision operators, then the equations thus 
obtained do not vanish as a consequence of the separate 
integration of each factor over all its configuration; 
(the separate integration is incompatible with the con- 
figuration of multiple collisions). However, the con- 
tributions of these equations to the time integral of 
Eq. (6.3) can be neglected compared to those of other 
terms. 

Thus, if the terms of the type BIL and the equations 
obtained by replacing their 6W’s by the collision 
operators are negligible compared to the contributions 
due to the terms of the type BI, then Eq. (6.3) becomes 


(6.20) 


(p| F(t)|p)=exp(—t d Aj;) Fy. 


w<) 


As has been pointed out by Brout,'® the number of 
terms of the type BII is, in a given finite order, negli- 
gible compared to that of terms of the type BI in the 
limit of large numbers of molecules. Accordingly, Eq. 
(6.20) can be considered to be a good approximation in 
the thermodynamic system. Thus, the kinetic equation 
for the diagonal elements has been derived with the 
assumptions of binary and instantaneous collisions and 
with the adiabatic approximation for binary collisions. 

The successive collisions associated with the terms 
of the type BII propagate correlations in the sense that 
the occurrence of the last binary collision of any closed 
collision cycle depends upon the detailed behavior of 
the previous collisions, whereas any collision of the 
successive collisions of the type BI can occur, by 
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adjusting the path of the new partner, even if any 
change in the behavior of the previous collisions has 
been made. Equation (6.20) was derived without the 
use of the usual formulation of the random phase 
assumption by recognizing the negligible influence of 
closed collision cycles explicitly. This shows that the 
physical significance of the random phase assumption 
may be considered to be the discarding of correlations 
introduced by collisions by severing closed collision 
cycles, and this assumption can be justified in the limit 
of an infinite system. 

It is interesting to note that, as can be seen from 
Eq. (2.2), the classical counterpart of the diagonal 
elements of the Heisenberg operator is the average 
over configuration space, 


1 
(p|F(2)|p -—f- fates --+ des F(t), (6.21) 


where (p,r) is the phase point at the initial time. On 
the basis of this equation, the classical formulation 
parallel to the above follows. 

The above method can be applied to the density 
matrix p(¢) to lead to the master equation, 


(p| e(¢)| p)=exp(—¢ Dos<; Ais) (p| (0) | p), 
under the initial condition 
p(0)=dp|p)P(p)(p|, 


which corresponds to the initial preparation of the 
ensemble for a macroscopically homogeneous gas of low 
density. The alteration is only to change the sign of 
the L operator: Then, to obtain Eq. (6.14) with the 
corresponding 6!W’;; function, it is necessary to use the 
concept of microscopic reversibility, 


(6.22) 


(6.23) 


w(Dij,Pi; ; S)=w(Di;’,Pas; 5), (6.24) 


in deriving Eq. (6.17). In this case, terms of the type A 
do not vanish, but their 6W’s can be replaced by the 
binary collision operators except those terms whose 
associated successive collisions have closed collision 
cycles and which can be neglected according to the 
above discussion. Thus, we arrive at Eq. (6.22). Since 
the dependence of the quantum-mechanical phase-space 
distribution function on configuration space coordinates 
comes from the off-diagonal elements of the density 
matrix, the random phase assumption is equivalent to 
the neglect of the configuration dependence of the 
distribution function.* Therefore, Eq. (6.22) is the 
quantum-mechanical counterpart of the master equa- 
tion established by Kac” and Brout."’ 
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APPENDIX. DERIVATION OF EQ. (5.26) 
FROM EQ. (5.23) 

We take a time interval ¢) to ¢ in which no succession 
of binary collisions occurs.* Equation (5.23) does not 
include those products in which two 6W factors defined 
at the same time have the subscripts of the same 
molecule. And, corresponding to no succession of binary 
collisions, those terms in which two 61W’s have the sub- 
scripts of the same molecule vanish. Therefore, we 
obtain 

iN2 


EGi@1t%, 2. “2 


nm=1 i1<j1 in<Jn 


t tn-1 
x f OW ini (ty) of OW inin(tn), (A.1) 
to t 


0 


where )>>’i:<j; means the same summation as in Eq. 
(5.26). It should be noted here that such products as 
5W ;(¢)6W,;(t"), Ut’, have been taken to be zero 
with the assumption of instantaneous collisions so that 
we have neglected, for example, long time orbiting in 
collisions." With the aid of the commutativity, 


Wi; (¢:)5W xr(te) = 5W ur(te)dWi;(t1), (A.2) 


for i, 7k, 1, the mth order term of (A.1) becomes 


1 
a } ag eee hg W in5(t,to) Pee W inin(t,to), (A.3) 


n! a<a in<in 
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where we have defined 


t 
Wij(t,bo) = f bWi;(¢). 
to 


This is similar to the relation 


t tn-1 
n/nt= f dt, of dt. 
0 0 


The W,;(#,to) is identical with that defined by 
K,;(t,to.) = 1+W,;(t,to). 


This can be shown, with the aid of the assumption of 
instantaneous collisions, as follows. We recall that 
K;,;(t,to) is a K operator for the hypothetical motion of 
the subgroup of molecules i and j obtained by cutting 
off the interaction with the other part at time fo. How- 
ever, since 7 and j are isolated from the other molecules 
in the time interval é to ¢ [as far as (A.4) does not 
vanish ], the K,;(t,4o) describes the actual motion of i 
and j in the gas. Therefore, with the aid of Eq. (5.10), 
we obtain 


(A.5) 


Ki ;(t,to) = Ki, (t,t) Kis(¢ to). (A.6) 
If i and j do not interact with each other at an instant 
t’, then 

Wit, )Wis(¢,t0.)=0, (A.7) 


which leads to 
W i;(t,to.) = Wi; (bt) +W i;(t to). 


According to the assumption of instantaneous collisions, 
the collision between i and j starts and ends in a short 
time interval ¢ to ¢+7, so that (A.8) leads to (A.4). 
Thus, Eqs. (A.3) and (A.4) give Eq. (5.26). 


(A.8) 
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Elastic Constants of Silver and Gold 


J. R. NercHBours AND G. A, ALERS 
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The three elastic constants Cy, $(C1r—Ciz), and $(C1+Ci2+2Cas) have been directly measured for 
silver and gold in the temperature range between 4.2 and 300°K. The various contributions to the values of 
the 0°K constants are analyzed in terms of a simple model which quite successfully describes copper. It is 
concluded that such a model is unsatisfactory when applied to the heavier noble metals because these appear 
to have large noncentral forces contributing to their constants. Combined with pressure data the present 
results show the elastic constants to be explicit functions of temperature. The Debye characteristic tempera- 
tures calculated from the 0°K elastic constants are shown to be in substantial agreement with the results 


from calorimetry. 


INTRODUCTION 


N addition to being of interest as intrinsic physical 

properties, the elastic constants of a solid give 
information concerning the nature of the forces oper- 
ating in solids. Measurements on single crystals at 
liquid helium temperatures are most important since 
they are readily comparable to theory. The composite 
oscillator technique has been used at liquid nitrogen 
temperatures on sodium! and aluminum.’ Dyanmic 
bending and torsion measurements down to the liquid 
hydrogen range have been performed on crystals of 
copper, gold, lead, and aluminum by Goens.* Quite 
recently the pulse method has been used to investigate 
copper! and zinc’ from room temperature to the liquid- 
helium range. The semiempirical calculations by Fuchs® 
of the elastic constants of sodium, potassium, and 
copper are essentially in agreement with these experi- 
ments. Measurements on the heavier noble metals are 
needed to afford a further test of these calculations. 

The low-temperature elastic constants may also be 
used to calculate the Debye characteristic temperature 
at 0°K which is required for the proper analysis of low- 
temperature specific-heat measurements. However, 
there exist so few elastic-constant measurements at 
liquid helium temperature that the various methods 
of calculating @p from elastic data cannot be critically 
examined in order to determine the extent to which 
they can be trusted in the analysis of specific-heat 
results. In accordance with these views an investigation 
of the elastic constants of silver and gold in the tempera- 
ture interval 4.2°K to 300°K was undertaken. 


Experimental Procedure 


Silver and gold single crystals were prepared by a 
modified Bridgman method in a manner similar to 
that previously described’; the metal being contained 


1. L. Quimby and S. Siegel, Phys. Rev. 54, 293 (1938). 

2 P. M. Sutton, Phys. Rev. 91, 816 (1953). 

3 E. Goens, Ann. phys. 38, 456 (1940). 

4W. C. Overton and J. Gaffney, Phys. Rev. 98, 969 (1955). 
5G. A. Alers and J. R. Neighbours (to be published). 

6K. Fuchs, Proc. Roy Soc. (London) A153, 622 (1936). 

7 Neighbours, Bratton, and Smith, J. Appl. Phys. 23, 389 (1952). 


in a carbon crucible which was heated and cooled slowly 
in an argon atmosphere resistance furnace. After 
removal from the crystal growing furnace, the ingots 
were etched and mounted in a jig. Back reflection Laue 
photographs were used to align the jig so that a [110] 
direction in the ingot was parallel to the x-ray beam. 
A cylinder with faces normal to [110] was then cut 
out of each ingot with a thin liquid-cooled abrasive 
wheel. These single-crystal cylinders were then hand- 
lapped until the faces were flat and parallel to within 
+0.0004 cm. The length of the resulting [110 ]-oriented 
single-crystal cylinders measured 1.4548 cm for silver 
and 1.6261 cm for gold. Spectrographic analyses of 
portions of the single-crystal ingots showed them to be 
of higher purity than the Matthey spectrographic 
standards. 

Determination of the wave velocities was by a 
modified pulsed ultrasonic method.® In this arrange- 
ment, the 10-Mc/sec pulses are displayed without 
passing through a detector stage, and the time between 
echoes was determined by direct comparison with 
standard time markers simultaneously displayed on 
the oscilloscope. Attenuation in both silver and gold 
is small enough so that it was possible to obtain echo 
trains lasting for several hundred microseconds. 
Individual settings were reproducible to +0.01 usec. 

For temperature control, the specimen was mounted 
on a flat copper plate which was placed in a copper 
can covered with Styrofoam insulation. A heater coil, 
resistance thermometer, and copper-constantan thermo- 
couple were attached to the plate. Two thin brass rods 
served as supports for the plate and provided a slight 
thermal contact with the bath of either liquid nitrogen 
or helium. A Brown Electronik Recorder was used to 
control and measure the temperature of the copper 
plate and hence the specimen. The thermocouple was 
used for determining temperatures above 77°K and the 
resistance thermometer below. The resistance-tempera- 
ture characteristics of the thermometer were taken 
from the measurements of Dauphinee and Preston- 
Thomas.* Over the entire range the temperature could 


8 T. M. Dauphinee and H. Preston-Thomas, Rev. Sci. Instr. 25, 
885 (1954). 
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be measured to better than 0.1 degree and could be 
controlled to at least 0.5 degree over the time required 
for a measurement. 

Longitudinal and transverse acoustic waves were 
generated by X cut and B-T cut quartz transducers 
with Salol as a binder at room temperature. At all 
other temperatures glycerin was used. As discussed 
previously,® it is felt that no transit time correction is 
justifiable. The density used in computing the elastic 
constants was taken from the ASTM powder x-ray 
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card file. These room temperature densities, for gold 
p= 19.30 g/cm’ and for silver p= 10.50 g/cm’, and the 
measured values of the sound velocity, V, were cor- 
rected for thermal expansion by using the expansion 
coefficient data of Nix and McNair.’ The experimental 
results are then a list of pV? values as a function of 
temperature. 


RESULTS 


From determination of the elastic wave velocities in 
a [110]-oriented cubic crystal, one obtains directly 
three independent linear combinations of the elastic 
constants. These directly determined quantities, C44, 
$(Ciur—Cy), and 4(Cyy+Ci2+2C 44), are shown in Figs. 
1-6 and are sufficient to define all the elastic constants. 
Figures 1 and 4 show the quantity pV2=}(Cut+Cr 
+2C44) plotted as a function of temperature for silver 
and gold. Figures 2 and 5 show pV2?=Cy, and Figs. 3 
and 6 show pV;?=3(Ci.—Ci2) plotted as a function of 
temperature. 
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Fic. 3. The adiabatic elastic shear constant $(Ci:—Ci2) for 
silver as a function of temperature. The black square marks the 
room temperature result of Bacon. 


Tables I and II show the elastic constants of silver 
and gold taken from smooth curves drawn to fit the 
data. In the tables, the 0°K values were obtained by 
extrapolation of the smooth curves. The number of 
significant figures is greater than is warranted on an 
absolute basis but one extra figure has been retained 
in order to show smoothness and internal consistency. 
From consideration of the errors, it is estimated that 
on an absolute basis the directly measured values are 
accurate to 0.5% and the computed constants to at 
least 1.5%. The absolute temperature is estimated to 
be accurate to better than 1.0 degree over the entire 
range. 

In Figs. 1-3 the experimental room-temperature 
results of Bacon” for silver, determined by essentially 
the same method, are also plotted. Agreement is quite 
good except in the case of C’ where the difference is 


9 F. C. Nix and D. McNair, Phys. Rev. 61, 74 (1942). 
1 R. Bacon and Charles S. Smith, Acta Met. 4, 337 (1956). 
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about 1%. In Figs. 5-6 the results of Goens* for gold 
are also plotted. The agreement is good for the two 
shear constants. For the longitudinal mode, $(Cii+Ci2 
+2C44), the difference is about 13% and Goens’ value 
is not plotted since it falls below the graph. 


Theoretical Values of the Constants 


The low-temperature elastic constants of monovalent 
metals have been calculated by Fuchs.® In his work, 
the contributions to the constants are considered to 
come from a sum of terms; Wz, the energy of a positive 
point lattice in a uniform negative sea; Wy, the Van 
der Waals energy of a pair of ions; W7, the ion repulsive 
energy; Wr, the Fermi energy, and the energy of the 
lowest state, Wo. Important contributions to the shear 
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Fic. 4. The adiabatic elastic constant $(Ci:+Ci2+2Cus) 
for gold as a function of temperature. 
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constants C=Cy, and C’=}(Ci:—Ciz) were found to 
come only from W, and W. Important contributions 
to the bulk modulus, B=4(Ci:+2Ci2) were found to 
arise from the ion and Fermi energies. Thus, to this 
approximation, the elastic constants can be written as 
a sum of terms: 

C=CetCr, 

C’=Cr’+Cy’, 

B=Brt+ By, 
where the subscripts represent the contributions from 
the ion, electrostatic, and Fermi energies. The electro- 
static energy Wx and Fermi energy Wr can be estimated 


rather simply, but any estimate of the ion energy W, 
requires a knowledge of the wave functions of the ion 
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core and then an elaborate calculation. For copper, 
Fuchs carried out this ion energy calculation using a 
modified Fermi-Thomas method and obtained elastic 
constants which are comparable with the low-tempera- 
ture experimental values. 

Since ion energy estimates are not available for silver 
and gold, strictly theoretical values of the elastic 
constants cannot be obtained for these metals. However, 
by assuming a functional form for the ion energy, the 
measured elastic constants may be used to determine 
the parameters in this effective ion-repulsion potential. 
If only two parameters are introduced, only two elastic 
constants are needed to specify the ionic term, and the 
third elastic constant can then be used to judge the 
validity of the model. Assuming that the effective ion- 
repulsion potential Wy, is given by Wr;=Ae~-7!?, 
where fo is the distance between ion centers, the two 
shear constants C and C’ were used to determine A 
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Fic. 6. The adiabatic elastic shear constant $(Ci,;—Ci2) for 
gold as a function of temperature. The black square marks the 
room temperature result of Goens. 
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TABLE I. The adiabatic elastic constants of silver as a function of temperature, all in units of 10% dyne cm~. The first three columns 
are readings taken from smooth curves drawn through the experimentally determined points. The number of significant figures does not 


indicate the accuracy of the absolute value (see text). 


T pVi2 pV2? 
(°K 4(Cu+Ci2+2Cu) Cu 
1.6550 

1.6545 

1.6535 

1.6491 

1.6407 

1.6305 

1.6204 

1.6103 

1.6002 

1.5901 
1.5800 
1.5699 
4. 
1. 


0.5109 
0.5108 
0.5098 
0.5072 
0.5028 
0.4982 
0.4936 
0.4890 
0.4844 
0.4797 
0.4750 
0.4704 
0.4658 
0.4612 


5597 
5495 


and ro/p for silver and gold. Copper was also analyzed 
in this way for comparison. The results of this calcula- 
tion are shown on the first two rows of Table III. The 
third row gives B;, the contribution to the bulk modulus 
from the ionic energy as defined from the shear con- 
stants. To calculate the total bulk modulus, the bulk 
modulus Br of the Fermi gas of electrons in the metal 
must be added. This was calculated from free electron 
theory modified for the effective mass of the electrons 
as determined from specific heat data and is shown in 
the fourth row of Table III. The fifth row gives the 
sum (Br+Br;) which should be the same as the meas- 
ured total bulk modulus if our semiempirical model is 
to be a reasonable approximation. Agreement is good 
for copper, poor for silver, and very bad for gold. Thus 
at least one of the terms Wz, Wr, or Wr must be a very 
poor description of gold. The elastic constants are not 
very sensitive to Wx and since a major modification in 
it in going from copper to gold would be very difficult 
to justify, it seems reasonable to assume that Wg is 
not the main source of the disagreement. The W; term 
is presumably adjusted for each of the elements. This 


pV2 
$(Cir—Cia) 
0.1708 
0.1707 
0.1704 
0.1693 
0.1675 
0.1657 
0.1640 
0.1622 
0.1604 
0.1587 
0.1569 
0.1551 
0.1534 
0.1516 


Cia $(Ciu+2Cis) 


0.9733 1.0872 
0.9730 1.0868 
0.9733 1.0869 
0.9726 1.0855 
0.9704 1.0821 
0.9666 1.0771 
0.9628 1.0721 
0.9591 1.0672 
0.9554 1.0623 
0.9517 1.0575 
0.9481 1.0527 
0.9444 1.0478 
0.9405 1.0428 
0.9367 1.0378 


leaves only the Wy term and hence the bulk modulus 
of the electron gas available for modification. De- 
Launay" has shown that the bulk modulus of the 
apparent electron gas active in a metal is given by the 
quantity Ciz—Cyy. (Actually the difference Ci.—Cx is 
the bulk modulus arising from all sources whose 
energies depend upon the total volume rather than on 
central-force interactions between lattice points.) By 
taking the measured quantity Cy,.—C, for the bulk 
modulus of the electron gas and adding it to By, the 
“theoretical” total bulk modulus shown in the seventh 
row of Table III was obtained. Here the agreement 
for all three noble metals is greatly improved. The 
reason that Cij2.—Cy is so different from the free- 
electron bulk modulus By in the case of gold is not 
clear. It may be that the valence electrons cannot be 
described by the free-electron model used to compute 
Wr. Also the energy of the lowest state, Wo, may 
contribute more to the bulk modulus of the heavier 
noble metals. 

Modifying the electronic terms which contribute to 
the elastic constants is certainly not the only possibility | 


TABLE II. The adiabatic elastic constants of gold, in units of 10 dyne cm~, as a function of absolute temperature. The first three 
columns are readings taken from smooth curves drawn through the experimentally determined points. The number of significant figures 


does not indicate the accuracy of the absolute value (see text). 


pViz 
4(Cu+Ci2+2Cas) 
2.3109 
2.3106 
2.3089 
2.3032 
2.2935 
2.2827 
2.2721 
2.2612 
2.2507 
2.2397 
2.2290 
2.2182 
2.2076 
2.1969 


0.4320 
0.4290 
0.4257 
0.4226 


pV 
(Ci —Cis) 
0.1598 
0.1597 
0.1595 
0.1585 
0.1572 
0.1559 
0.1547 
0.1535 
0.1522 
0.1510 
0.1497 
0.1485 
0.1472 


B 
$(Cir+2Ciz) 
1.8032 
1.8032 
1.8024 
1.7994 
1.7934 
1.7861 
1.7790 
1.7716 
1.7648 
1.7574 
1.7501 
1.7430 
1.7359 
1.7287 


1 J.D eLaunay in Solid State Physics, edited by F. Seitz and D. Turnbull (Academic Press, Inc., New York, 1956), Vol. 2, pp. 219-303. 





BLASTIC 


Reference to Table III shows that the ionic potential 
parameters are quite different for the different noble 
metals. This indicates that there may be other contribu- 
tions to the shear constants or that the electrostatic 
contributions are too large, as has been suggested by 
Huntington,” or that the simple ionic potential should 
be modified by introducing noncentral contributions. 
Following Huntington and using only one-half the 
contributions from Wg, the ion-potential parameters 
become somewhat more nearly equal for all three 
metals and not quite so large, but the failure to describe 
gold is not improved. The introduction of a noncentral 
contribution to the ion-ion interaction by assuming 
W,=A'(1+a@)e-™/*, where a@ is a constant and 
@ a function of the direction in the lattice (i.e., the 
second Kubic harmonic), leads to physically unrealistic 
results. Taking ¢ to be a combination of the second 
and third Kubic harmonics improves the results but 
seems to indicate that many harmonics need to be 
used to obtain consistent values of shear constants and 


bulk moduli. 


TABLE III. Interaction potential parameters and contributions 
to the bulk modulus for the noble metals. B; is the ionic contribu- 
tion to the bulk modulus and By the contribution from the Fermi 
gas of electrons. All the elastic constants are in units of 10" 
dynes/cm’. 





Cu 





24.2 
0.016 
0.851 
0.469 
1.320 
1.420 
1.283 


r o/p 


W (ro) Lev ] 
By 


Br 

B,+Br 

Breas 
Br+(Cia—Caua) 


Thus it is concluded that if Ciz—Cs is considered 
to be the bulk modulus of the electron gas, it is possible 
to arrive at a self-consistent picture of the various 
contributions to the elastic constants of the noble 
metals. However, the model is quite empirical and may 
have no general significance. 


Variation With Temperature 


It is seen from Figs. 1-6 that the elastic constants of 
silver and gold are remarkably linear with temperature 
(deviations being about 0.1%) in the range above 50°K. 
The temperature variation of both is similar to other 
metals in that the constants increase with decreasing 
temperature. However, the variation is different from 
metals such as copper* and zinc’ in which the curvature 
is more pronounced. The percentage change of the 
constants relative to their 0°K values is about the 
same for silver and gold as for copper. The elastic 
anisotropy 2C44/(Cii—Ci2), not shown in the figures, 


12H, B. Huntington, Phys. Rev. 91, 1092 (1953). 


CONSTANTS 


OF Ag AND Au 711 


TABLE IV. The intrinsic temperature dependence of the elastic 
constants of the noble metals [in units of 10~* (deg K)~*]. 





(0 InM/dT )v 


— 1.64 
— 2.64 


Material (d 1nM/dT)p 8K- (a InM/dp)r 
—3.68 2.04 
—4.26 1.62 
— 1.60 2.66 


—4.02 2.87 
—4.65 2.39 
—1.88 3.42 


—2.98 2.97 
—3.39 2.08 
— 1.66 2.60 


Copper C 
C’ 





Silver 


Gold 





is readily seen from the tables to increase slightly for 
both metals over the temperature range. 

The three linear combinations of constants C=C4, 
C’=4(Cy—Cy), and B=4(Ci,+2C,2) completely char- 
acterize a cubic crystal. Near room temperature these 
constants vary linearly with temperature and have the 
slopes: 
dC/dT=—1.85, dC'’/dT=-—0.705, 

and dB/dT=—1.95 
dC'/dT = —0.50, 
adB/dT = —2.87 


for silver, 
dC /dT = — 1.235, 


and for gold, 


all in units of 10* dyne cm~? deg”. All these values 
were computed from the smoothed curves. 

Thinking of the modulus M as an explicit function 
of temperature, and as an implicit function of tempera- 
ture through the temperature dependence of the volume, 
one can write 


(9 nM/dT)y= (d nM/dT),+K-'8(d nM/dp)r, (1) 


where 8 is the volume expansion coefficient and K is 
the isothermal compressibility. By evaluation of Eq. 
(1), it has been shown experimentally™ that the elastic: 
constants are explicit functions of temperature. Table 
IV shows Eq. (1) applied to the noble metals, and the 
values for copper‘ are included for comparison. The 
values of the isothermal pressure derivatives used in 
computing the table are taken from Daniels.“ From 
Table IV it is clear that the elastic constants of the 
noble metals are intrinsic functions of temperature. 
Although for these metals the total change in modulus 
with pressure is always positive and the total change 
with temperature is always negative, the intrinsic 
temperature variation may have either sign. For the 
shear constants, the intrinsic temperature dependence 
is negative, and greater for C’. The intrinsic dependence 
of the bulk modulus is always positive, contrary to 
results for other metals."* On the basis of a simple 
thermal vibration of the ions, the ionic repulsion would 
be expected to increase with temperature. The ionic 


3D), Lazarus, Phys. Rev. 76, 545 (1949); T. R. Long and C. S. 
Smith, Office of Naval Research Report (unpublished). 

“W. B. Daniels, dissertation, Case Institute of Technology, 
1957 (unpublished). 
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TABLE V. Debye characteristic temperatures of the noble metals. 





Method Silver Gold 





227.4 
227.1 
225.340.2 
226.5+0.5 


161.6 

162.2 
164.6+0.14 
164.8+0.2 


Lattice dynamics* 
Average wave velocity> 
Calorimetric® 
Calorimetric# 

| Calorimetric® 


345.4 
343.8+0.5 
346.7+1.1 





* See reference 11. 
b See reference 15. 
¢ See reference 16. 


4 See reference 17. 
© See reference 19. 


energy and the Fermi energy, which is not very 
temperature-sensitive, are the major contributors to 
the bulk modulus, and it is thus reasonable to expect 
the intrinsic temperature dependence of the bulk 
modulus to be positive as is observed here. Since the 
observed moduli decrease with temperature, one might 
conclude that both the Fermi energy and the ion 
repulsion energy are lowered through the increase in 
volume to more than offset the intrinsic temperature 
increase. 

In the lattice dynamics of DeLaunay," deviations 
from the Cauchy relations are ascribed to the electron 
gas which follows the motion of the ions. This deviation, 
the difference between Cj: and C44, considered as the 
bulk modulus of an electron gas, would be expected to 
decrease with temperature through the thermal 
expansion. Actually, the difference increases for copper 
and silver, and decreases for gold. This corroborates 
DeLaunay’s statement that the electron gas as used 
here is a phenomenological quantity and does not 
depend on the accuracy of the Sommerfeld theory of 
the electron gas. 


Debye Characteristic Temperatures 


In principle, the Debye temperature of a solid may 
“be computed from the low-temperature elastic con- 
stants. Various methods are available for carrying out 
the velocity-averaging over all crystal directions which 
is necessary for this computation. Betts et al.!® have 
extended Houston’s method to take into account cubic 
crystals of elastic anistropy greater than 1.5. They find 
that for anisotropies up to four, taking a six-term 
approximation gives results which compare with 
Blackman’s numerical integration results to within less 
than one percent. The case of aluminum is apparently 
anomalous since the disagreement for such a nearly 
isotropic metal is large (about 2%). 


15 Betts, Bhatia, and Wyman, Phys. Rev. 104, 37 (1956). 
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Using the Born-Von Karman model of a lattice, 
modified to include the noncentral electron gas con- 
tribution, DeLaunay" has also developed a method of 
calculating Debye temperatures from elastic-constant 
data. He has shown that using his method for copper, 
the calculated Debye temperatures are in agreement 
with calorimetric data to within 0.5%. 

Table V compares the Debye temperatures of the 
noble metals as obtained by various methods. The 
original calorimetric data of Corak ef a/.'* are included, 
as well as a new computation” based upon their data 
but corrected to the 1955 van Dijk and M. Durieux 
temperature scale.'* Included also as a matter of 
interest is a recent unpublished determination” of the 
characteristic temperature of single-crystal gold. This 
specimen is the remaining part of the ingot from which 
the acoustic specimen was cut. The elastic and calori- 
metric determinations of Debye temperature for each 
metal differ by about 1% for copper and silver and by 
about 2% in the case of gold. Except for gold, the elastic 
and calorimetric values of 6p are very close. The cause 
of the small discrepancies between the results of the 
two methods of calculating Debye temperature from 
elastic constants is probably connected with the 
approximation methods used in the average velocity 
method of Betts et al, Differences between the calori- 
metric data are of interest since they represent es- 
sentially two different opinions on treatment of the 
same experimental results. We take Table IV as 
empirical proof that Debye temperatures derived from 
elastic and calorimetric measurements are in agreement 
to within at least 2%. We think the differences are 
probably not significant and that they indicate the 
spread in Debye temperature values to be expected. 
For materials, such as the transition metals, where the 
calorimetric determination of Debye temperatures is 
difficult, the calculation of @p from low-temperature 
elastic constants is probably the most accurate method 
available. 
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16 Corak, Garfunkel, Satterthwaite, and Wexler, Phys. Rev. 
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The pressure derivatives of the elastic constants of the homologous series of metals, copper, silver, and 
gold have been measured over the pressure range from 0 to 10 000 bars, using a modified ultrasonic pulse- 
echo method. Means have been devised to measure the change of elastic constant with pressure as directly as 
possible. The values found for the pressure derivatives of the elastic constants are as follows: 


Cu 
dB,/dP 59 
dC/dP 35 
dC’ /dP 0.580 


The notation C=Cy, C’=(Ci.—Ciz)/2, and B, 


Ag Au 
6.18 6.43 
2.31 1.79 
0.639 0.438 


= (Ci; +2Ci2),/3 has been used. The data for each metal, of 


the three elastic constants and their pressure derivatives, have a interpreted in terms of conventional 


theory. 


attributed to short-range nearest-neighbor interaction. 


The theoretical contributions of long-range interactions have been subtracted off and the remainder 


The analysis indicates that these must be non- 


central, many-body interactions in order to account for the shear constants and especially their pressure 


derivatives. The many-body character of the interactions is of rapidly increasing importance in the 


copper, silver, and gold. 


INTRODUCTION 


T is well known that in the theory of the cohesion 
of copper it is necessary to introduce a short-range 
repulsive interaction between ion cores in order to 
account for the observed value of the compressibility. 
This interaction is generally represented empirically by 
a two-parameter exponential potential which is a func- 
tion of ion separation only. It is an important inter- 
action in theories of the mechanism of diffusion in this 
metal and several workers have followed the procedure 
of evaluating the parameters by means of the observed 
values of the single crystal elastic stiffnesses.~* This 
procedure is quite satisfactory for the purpose, but the 
reverse procedure of attempting to account in detail 
for the elastic stiffnesses in terms of a two-parameter 
exponential repulsion is less satisfactory. This failure is 
seldom pointed out explicitly; it becomes more and 
more apparent, however, when one examines the single- 
crystal elastic stiffnesses of the similar metals, silver 
and gold. 

The contribution of a short-range interaction becomes 
more and more important relative to long-range inter- 
actions as one successively examines the binding energy, 
the equilibrium condition, and the elastic stiffnesses. 
Going one step further, the pressure derivatives of the 
elastic stiffnesses will be determined almost entirely by 
the short-range interactions, and it is with a view to 
studying such interactions under these favorable cir- 
cumstances that the present work was undertaken. It 
was felt that it would be desirable to study the entire 
homologous series, copper, silver, and gold, since the 
interpretation for these metals is expected to be quali- 
tatively similar. 

1H. B. Huntington and F. Seitz, Phys. Rev. Bes 315 (1942). 


?H. B. Huntington, Rev. 91, o (19 
3C, Zener, Acta Cryst. 3, 346 (1950) 


sequence 


The pressure derivative of the bulk modulus is a 
primary result in the classic work of Bridgman‘; the 
dependence on pressure of the shear modulus of a few 
polycrystalline materials has been studied by Birch.5 
The only previous study of the pressure dependence of 
the elastic constants of single crystals is that of Lazarus,® 
who, in a pioneering. paper, reported on KCI, NaCl, 
CuZn, Cu, and Al. The present work follows Lazarus 
in using the ultrasonic pulse-echo technique of elastic 
constant determination. This technique is ideal for 
observations in the ambient of a liquid under high 
pressure since it is a nonresonant method. Our observa- 
tional procedure has, however, been different from that 
of Lazarus. The high-pressure apparatus has been con- 
structed and the measuring equipment has been modi- 
fied in such a way that the method is essentially a 
differential one, in which the change in elastic stiffness 
is observed directly. 


EXPERIMENT 
High-Pressure System 


The high-pressure system consisted of an hydraulic 
pump operating on a 7.4:1 piston intensifier. The 
apparatus is based on a system used by Jacobs’ for 
optical absorption studies.* Following a suggestion by 
Dr. D. P. Johnson of the National Bureau of Standards, 
Octoil-S was used as the high-pressure fluid. The 
superior lubricating properties of this oil as well as its 
low-pressure coefficient of viscosity make it an ideal 
ae P. W. Bridgman, The Physics of High Pressures (G. Bell and 
Sons, London, 1952), Chap. VI. 

5 F. Birch, J. Appl. Phys. 8, 129 (1937). 

6D. Lazarus, Phys. Rev. 76, 545 (1949). 

TI. S. Jacobs, Phys. Rev. 93, 993 (1953). 

8 We wish to thank Professor A. W. Lawson of the University 


of Chicago for the blue prints of Jacobs’ apparatus and for many 
valuable suggestions. ' 
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fluid in the range covered by this work. Pressure was 
measured using the resistance of a manganin wire coil 
as discussed by Bridgman,‘ and by Darling and New- 
hall.’ The freezing pressure of mercury at 0°C, 7640 
kg/cm?, was used as the high-pressure calibration point. 
Electrical leads into the bomb for the pressure gauge 
and for the experimental plug were insulated by pipe- 
stone cones.” 

The design adopted for sealing the closure plugs and 
the moving intensifier piston are described in a recent 
article." It will suffice to say here that these were 
such that it was possible to cycle the pressure repeatedly 
from 0 to 10 000 bars, permitting the acoustic measure- 
ments to be made in a particularly simple way, de- 
scribed in the section on measurements. 


Sample Preparation 


The copper single crystals and the silver crystal were 
grown in this laboratory using a modified Bridgman 
method. The gold crystal was purchased from the 
Virginia Institute for Scientific Research. The copper 
and silver specimens were prepared by first cutting 
off the crystals to the desired orientation and length 
(from 1 to 3 cm) using a water-cooled abrasive cutoff 
wheel. The gold crystal was received at the desired 
orientation and length. After etching to remove any 
cold-worked layer, the specimens were waxed into a 
lapping block and lapped flat using metallographic 
papers ranging from No. 2 to No. 3/0 grade. After this, 
each acoustic surface was given another light etch and 
the samples were lapped with Buehler 1557 AB levigated 
alumina in oil on a flat glass plate. A final very light 
etch completed the treatment. This final etch gave the 
surface a slight “tooth” which aided the cement in 
holding the transducer to the surface. It was possible 
after this treatment to obtain reasonably sharp Laue 
back reflection spots directly from the acoustic surfaces. 

Grade 629 Polyethylene by Semet-Solvay Division, 
Allied Chemical and Dye Corporation was found quite 
satisfactory for cementing the 10 mc X- and Y-cut 
quartz transducers to the specimen. Every attempt was 
made to obtain reproducibility in attaching the trans- 
ducers from run to run. The polyethylene was melted 
on the heated specimen, and the transducer placed on 
it with the desired orientation relative to the crystallo- 
graphic axes of the specimen. The assembly was allowed 
to cool, then an 800 g weight was placed on top of it, 
and the assembly was again heated to well above the 
melting temperature of the polyethylene for several 
hours and allowed to cool slowly. The rf electrode was 
painted directly onto the transducer with du Pont 4817 
silver paint. As was observed by Lazarus,° the quartz 
transducer shattered each time a set of pressure runs 


®H. E. Darling and D. H. Newhall, Trans. Am. Soc. Mech. 
Engrs. 75, 311 (1953). 

1 P. W. Bridgman, Proc. Am. Acad. 74, 11 (1940). 

1 W. B. Daniels and A. A. Hruschka, Rev. Sci. Instr. 28, 1058 


(1957). 
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was made. The preponderance of cracks running per- 
pendicular to the axis of greatest compressibility of the 
quartz in the case of the Y-cut transducers seems to 
indicate that it is differential compressibility between 
quartz and sample which causes the cracking. The 
cracking did not prevent taking of data, but pulse-echo 
amplitude usually decreased during a data run. If the 
metal crystal was etched after measurements had been 
made at high pressure, the lines along which the quartz 
had cracked would show up. Accompanying this effect 
was a slight broadening of the Laue back reflection 
spots. The fact that no significant dependence of the 
measured pressure derivatives on specimen length was 
found in this work indicates that this slight cold- 
working of the surface is relatively unimportant. 


Measurements 


For each crystal, the longitudinal and two transverse 
wave velocities, and their changes with pressure, were 
measured using the ultrasonic pulse-echo method!?“* 
with modifications.'® The gear used for this work in- 
corporated a Tektronix type 121 wide band preamplifier 
and displayed the unrectified echo pattern on the face 
of the detecting oscilloscope. Thus the details of each 
pulse echo were shown, the 10-Mc/sec structure of each 
echo being observed along the time axis. The sweep 
delay helipot of the Dumont 256 D A/R oscilloscope 
was removed and combined with external resistance 
boxes in such a way as to make measurement of 0.001- 
usec changes of echo arrival time possible. In practice 
the method used to take data on the changes of transit 
time with pressure was to measure the change in time 
of arrival of a particular maximum of the 10-Mc/sec 
echo structure, relative to a fixed time marker, as the 
pressure was cycled up and then down several times. 
It is felt that this arrangement using unrectified pulse 
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Fic. 1. Typical data plot showing difference between time of 
arrival of one maximum of an echo, and a nearby time marker, 
as a function of pressure gauge coil resistance. The curves repre- 
senting different runs are displaced for the sake of clarity. The 
data apply to runs 1 through 4 of experiment No. 1 for Cy wave 
in the 1.86 cm long copper crystal. The pressure range covered is 
about 9800 bars. 


2 H. B. Huntington, Phys. Rev. 72, 321 (1947). 

13 J. R. Neighbours and C. S. Smith, J. Appl. Phys. 21, 1338 
(1950). 

4 Neighbours, Bratten, and Smith, J. Appl. Phys. 23, 389 


(1952). 
18S. Eros and J. R. Reitz, J. Appl. Phys. 29, 683 (1958). 
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echoes is less prone to errors arising from change of 
pulse-echo shape with pressure than is that using gear 
which displays the rectified pulse-echoes. A typical 
data plot is given in Fig. 1 showing the difference be- 
tween time of arrival of one of the maxima of echo No. 7 
of the C4, wave in a 1.9-cm long copper crystal and a 
fixed time-marker, as a function of pressure gauge coil 
resistance. The pressure range indicated is about 9800 
bars. Data points were taken about 5 min after each 
pressure change in order that the system be near 
thermal equilibrium. Absence of hysteresis justifies the 
time interval chosen. Strictly speaking one is interested 
only in the initial slopes of these curves, but experi- 
mentally all the plots are linear over the pressure range 
used. The slope of this line can be determined by a 
least squares method and this slope, together with the 
measured zero pressure transit time, enables one to 
compute the quantity (7J)~d7,,/dR,, where T» is the 
zero pressure transit time, # is the number of the echo 
under observation, 7, is the observed time of arrival 
of the nth echo and R, is the pressure gauge coil re- 
sistance. Since one can express the pressure gauge coil 
calibration as dP=KdR,, and T,(P)=nT(P), the 
quantity k-"(mT»)“dT,,/dR, represents the fractional 
change of transit time with pressure, (7'»)~'d7/dP. 

A sequence of observations made with increasing 
pressure or with decreasing pressure will be called a run. 
Sets of runs made with a given transducer cemented in 
place will be called an experiment. Each value of 
(To) “dT /dP which has been used is the result of at 
least two experiments each of which consisted of at 
least two runs. In the case of copper this procedure was 
followed for each of three crystals. 

For crystals of nearly [110] orientation the equations 
relating transit times to elastic constants are given by 


Y2=B,+4(3-Pl)C’+4Pc, 
Y4=C+2a,(C’—C), 
Y;=C+2a.(C’—C), 


(1) 


‘.*, Y.=pV 2=4pL?/T 2, 


Ys=pV3=4pL" T;?, (2) 


T2 is the transit time for the longitudinal wave, and T, 
and 7; refer to the slow and fast shear wave transit 
times, respectively. LZ is the length of the specimen 
between acoustic faces and p is the density of the 
material under study. The notation, C=Cu, C’ 
= (Cy—Cy)/2 and B,= (Cu+2C)/3, has been used. 
B, denotes the adiabatic bulk modulus. The quantities 
I, a, and a2 are orientation functions which are 
independent of pressure for cubic materials. For ori- 
entations near [110], a; is about 0.5 and az is nearly 
zero. For exactly [110] orientation one could write: 
Y,=C’, Ys=C. That is, C’ is determined by Y, only, 
and C is found from Y;5 only. Taking the derivative 
with respect to pressure, of each equation relating the 
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Y’s and the elastic constants, one obtains 

dC 
atta , 
dP 


dY, dB, dC’ 
=—+4(}—Pr)—+4r 

dP dP 
dY, dC 


dC’ dC 
-~+2a,(~ -—), 
dP dP dP dP 


dY, dC dC’ dC 
TO Cl 
dP dP dP dP 
Taking the pressure derivative of the logarithm of 


any one of the equations relating the Y’s to the transit 
times, one obtains the relation 


dP 


1dY idp 2dL 2dT 


ata ae. senlnen 
YdP pdP LdP TdP 


(4) 


The first two terms on the right-hand side of the equa- 
tion sum to (3Br)~!, where Br is the isothermal bulk 
modulus, and the third term is the result of the measure- 
ments on changes of transit time with pressure, that is, 


id¥ 1 
YdP 3Br 


2 dT 
_ (5) 


T dP 


with all quantities to be evaluated at zero pressure. 
Given the zero pressure values of all the Y’s and data 
on pressure variation of the transit times of the three 
waves, one can use the Eqs. (3) to compute the pressure 
derivatives of C, C’, and B, at zero pressure. These 
equations determine the pressure derivatives of C and 
C’ quite directly in the case of a [110] orientation, but 
the pressure derivative of B, is derived from a combina- 
tion of all three measurements. 

The acoustic surface of each crystal was etched and 
a back reflection Laue x-ray taken after all acoustic 
measurements had been made. Ten spots were indexed 
and a least squares determination of the orientation 
was made. 

The entire procedure outlined above was carried 
out for one crystal of each of silver and gold, and for 
two copper crystals of different lengths but similar 
orientation. Two copper crystals were used in order to 
form an estimate of the importance of any end effects 
such as nonhydrostatic stresses on the end of the speci- 
men caused by differential compressibility of the quartz 
transducer and the metal, and possible change with 
pressure of acoustic end effects. The end effects proved 
to be less than the random experimental variations for 
copper, so that we felt reasonably safe in making meas- 
urements on one crystal only of each of silver and gold. 
These crystals just referred to were all within 2° of the 
[110] orientation. In addition, measurements were 
made on the pressure variation of the longitudinal wave 
transit time using a third copper crystal, near the 
[100] orientation. 
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TaBLe I. Display of all pressure run data for the Cy, shear 
constant for two copper crystals. The echo number is n, and the 
echo arrival time is T,. To is the zero-pressure transit time and 


Crystal Experi- 
length ment 
(cm) No. 


Experiment 
(10-* ohm™) average 


Bw 


NOAM SON 


ne 


Ul me Ge 


Table I gives a complete breakdown of the data 
taken on the pressure derivative of the C shear constant 
of copper, by crystal, experiment and run, several runs 
being shown in Fig. 1. The reproducibility is typical of 
these experiments; this particular shear constant has 
been chosen to be shown in detail in Fig. 1 and Table I 
because it is the one in which occurs the greatest dis- 
agreement with the previous work of Lazarus.® 


RESULTS 


The room temperature values of the elastic shear 
constants C, C’, and the isothermal bulk modulus Br for 
copper,’* silver,!’ and gold, as used in the determination 
of the pressure derivatives, are given in Table II. Since 


TaBLe II. Elastic constants of copper, silver, and gold, at 25°C 
which were used in evaluation of the pressure derivatives of the 
elastic constants. Units are 10 dyne cm~*. The values for gold 
shown in parentheses for comparison are the older determination 
of Goens, and the recent data of Neighbours and Alers (300°K). 








Source 


Schmunk* 

Bacon and Smith» 
Present measurements 
Goens* 


Metal Cc Saf B, Br 


Cu 0.7510 0.2334 1.370 1.332 

Ag 0.4613 0.1528 1.036 1.015 

Au 0.4202 0.1471 1.726 1.661 
(0.4202) (0.1473) (1.667) 
(0.4195) (0.1460) (1.729) 








¢ See reference 18. 
4 See reference 19. 


® See reference 16. 
> See reference 17. 


16 R. E. Schmunk, M. S. thesis, Case Institute of Technology, 
to be submitted to Acta Metallurgica. 
17R. Bacon and C. S. Smith, Acta Metallurgica 4, 337 (1956). 
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the values of the zero-pressure elastic constants of gold 
were measured anew in the performance of this work, 
using a different method than the previous investiga- 
tors, a comparison is shown in Table II in parentheses 
between the presently determined values, and the values 
determined by Goens'* using the resonant bar technique. 
The agreement of the shear constants is especially good, 
but the present value of the adiabatic bulk modulus is 
three and one half percent higher than Goens’ value. 
On the other hand, the present value of the bulk modu- 
lus is three percent lower than that calculated from 
Bridgman’s* value of the isothermal bulk modulus 
(Br=1.709X 10" dyne cm~) by means of the equation 


B&Br(i+TVB°Br/C,), (6) 


where 8 the cubical coefficient of thermal expansion 
equals 4.26X10-® (C°)-! and the specific heat is C, 
= 6.03 cal (mole—C°)~. V is the molar volume and T 
is room temperature, taken as 300°K. The value of 
Bridgman’s B, thus obtained is 1.77X 10" dyne cm~. 


TABLE III. Pressure derivatives of the elastic constants of 
copper, silver, and gold. The average values shown for copper 
have been weighted according to the number of experiments 
performed. 


Crystal, length, and 


orientation dC’/dP 


0.580. 


dC/dP 


dB,/dP 
2.38 


5.69 


Cu—1.31 cm 
[110] 
Cu—1.86 cm 
[110] 
Cu—3.22 cm 5.47 

[100] 
Average—Cu 5.59 


5.66 2.32 0.580 


0.580 


Ag—1.49 cm 6.18 0.639 


[110] 


Au—2.53 cm 


[110] 


6.43 


Also shown in Table II are very recent values for 
silver and gold privately communicated by Neighbours 
and Alers!® who used the ultrasonic pulse-echo tech- 
nique. The agreement is excellent and confirms our 
value of B, for gold. We may pause to pay tribute to 
the work of Goens, whose shear constants for gold, 
obtained by an older and more difficult technique, are 
so well confirmed. 

Table III shows the values of the pressure derivatives 
of the elastic constants for the silver and gold crystals, 
and for each copper crystal measured. As already stated, 
each entry in Table III is the result of at least two ex- 
periments and each experiment is composed of several 
runs. 

The spread in the results obtained using several 
copper crystals, shown in Table III, is two percent in 
the case of the shear constant derivatives and four 
percent for the bulk modulus derivative. These figures 


18 E. Goens, Ann. Physik 38, 456 (1940). 
19 J. R. Neighbours and G. A. Alers, preceding paper [Phys. 
Rev. 111, 707 (1958) ]. 
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are felt to represent the precision of the results for the 

corresponding measurements on each of copper, silver, 

and gold. 

The comparison of the presently determined d Inc/dP 
for copper with the results obtained by Lazarus® is 
shown in Table IV. In addition, the value obtained by 
Birch® for the pressure variation of the shear modulus 
of polycrystalline copper, d InG/dP, is listed. It will be 
noted that the Birch value, representing the derivative 
of an average shear constant, lies about midway between 
our C and C’ values, but that it lies higher than both of 
these values as determined by Lazarus. 

Bridgman’s compressibility data are usually expressed 
as the coefficients a and b in the equation 

AV/Vo= —aP+65P*. (7) 
The quantity a is related to the isothermal bulk modulus 
by the equation a= (Br)~ and } is related to the pres- 
sure derivative of the bulk modulus by the equation 


1 
b=—— 
2Br° 
TaBLe IV. Comparison of the pressure derivatives of the 


elastic shear constants of copper with previous data. Units are 
10-” cm? dyne™. 


(8) 
dP 


d\nC’/dP 


Investigator d InC/dP dinG/dP 


Present 3.13 A 
Lazarus* ib 2.4: 
Birch vee ee 


* See reference 6. 

b See reference 5. 
Using the values of Br given in Table II, and our values 
of dB,/dP (adiabatic), values of b have been computed. 
(The use of dB,/dP instead of dBr/dP is not serious; 
direct calculation of the difference from Eq. (6) with 
the help of standard thermodynamic relations shows 
that it amounts to about 2%.) 

Table V compares our values of 6 with the Bridgman 
values (as modified by Slater” for copper and silver). 
The present ones are larger than the Bridgman value in 
the case of copper, essentially the same for silver, but 
lower in the case of gold. The reason for the differences, 
which are beyond the apparent uncertainty in our work, 
is not understood. It may be noted that in our acoustic 
method the quantity under discussion comes from the 
slope of a raw data plot such as Fig. 1 while in Bridg- 
man’s method it comes essentially from the curvature. 
The fact that the present result is obtained by combin- 
ing such observations for three waves is admittedly a 
defect of the acoustic method but it is not felt to be 
responsible for the discrepancies. 

The pressure derivatives of the elastic constants of 
copper, silver, and gold are repeated in Table VI, in 
the form to be used later in the interpretation of the 


J. C. Slater, Phys. Rev. 57, 744 (1940). 
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Ag, 


TABLE V. Comparison of present values of the pressure de- 
rivative of the bulk moduli with the Bridgman values. The values 
are expressed as the constant b in the equation, AV/Vo=—aP 
+b6P?. Units of 6 are 10~" cm‘ kg™. 


Material Present b Bridgman 5 
1.3 
a 
iB 


Cu 5 
Ag 3é 
Au 1. 
results. That is, the pressure derivatives are expressed 
as QdC/d Inr, where the variable r may be thought of as 
the distance between nearest neighbor atoms of the 
crystal and {2 is the atomic volume. The relation be- 
tween the derivative of the elastic constant c with 
respect to Inr and its pressure derivative is given by 


dC/d Inr= —3Br(dC/dP), (9) 


and similarly for C’ and B. We shall hereafter refer to 
the quantity QdC/d nr as the hydrostatic strain de- 
rivative of the corresponding elastic constant. The 
values of 2 used are: Cu 11.81, Ag 17.05, Au 16.96, in 
units of 10-** cm’ atom™. Table VI illustrates the mono- 
tonic variation from copper to silver to gold of all these 
derivatives, a result to be expected of a homologous 
series of metals. It is felt that this good intercomparison 
of the three metals is additional justification of the 
present results in view of the discrepancies with previous 
workers shown in Tables IV and V. 


INTERPRETATION 


The elastic constants of a crystal can be expressed 
as the second derivative of the crystal binding energy 
with respect to the appropriate strain. The conventional 
model” on which elastic constant calculations are 
based, considers that the only important contributions 
to the elastic constants arise from (1) a long-range 
Coulomb energy, contributing to the shear constants 
(2) the Fermi energy, assumed in monovalent metals 
to be a function of volume only and consequently con- 
tributing only to the bulk modulus, and (3) a short- 
range repulsive interaction between neighboring closed 
shell ion cores. On the usual model, the short-range 
repulsions are considered to depend only on |r|, that 
is, they are assumed to act along lines joining nearest- 
neighbor atoms. In this section we shall analyze the 
experimental data from the point of view of this con- 

TABLE VI. Hydrostatic strain derivatives, QdC/d nr, of the 
elastic constants B,, C, and C’ of copper, silver, and gold. Units 
are 10°" erg atom™. 

Cu Ag 
—264 —321 
—111 —120 
—27.4 — 33.2 


1N. F. Mott, in Progress in Metal Physics, edited by Bruce 
Chalmers (Interscience Publishers Inc., New York, 1952), Vol. 3, 
pp. 90-94. 
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ventional theory taken at face value, reserving comment 
on the detailed assumptions which will be made for the 
next section. 

In the alkali metals, the elastic constants consist 
almost entirely of the long-range contributions because 
the ion cores are quite far apart compared to their 
radii. In the case of the metals copper, silver, and gold, 
however, the short-range contribution predominates 
because of the overlap of ion-core wave functions of 
nearest-neighbor atoms. The long-range Coulomb con- 
tributions to both shear constants as calculated by 
Fuchs,” using as a model a lattice of point charges im- 
bedded in a uniform sea of electrons, will be called the 
long-range shear stiffnesses C;, and C;,’. The results of 
Fuchs are 


2C;,-=0.9479e2/2a, OCy,’=0.1058e?/2a, (10) 


where a is the lattice parameter, e the electronic charge, 
and 2 the atomic volume. The long-range contributions 
to the hydrostatic strain derivatives are given quite 
simply by 


QdCi,; ‘d \nr= —40C1,, QdC;,", ‘d \nr= —40C;,’. (11) 


The long-range contribution to the bulk modulus, 
which we shall call Br, arises from the second derivative 
of the Fermi energy with respect to volume. For the 
monovalent metals, Br is given simply by 


0Br=3E,, (12) 


where Ey is the average Fermi energy of the valence 
electrons. We shall use free electron theory with an 
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effective mass of unity throughout this analysis. The 
hydrostatic strain derivative of the bulk modulus is 
given by 


(13) 


A term arising from the first derivative of Ep with re- 
spect to r has been omitted from Eq. (12), and will be 
omitted consistently from expressions for bulk modulus 
contributions because the condition for equilibrium 
applies and the sum of such terms is zero. This term 
must be included when deriving Eq. (13), but then first 
derivative terms ‘are also omitted consistently in this 
and subsequent expressions for contributions to the 
hydrostatic strain derivative of the bulk modulus. This 
convention accounts for the somewhat unexpected 
factor of 7 in Eq. (13). 

These long-range contributions to the elastic stiff- 
nesses and to their hydrostatic strain derivatives have 
been subtracted from the experimental values of the 
respective quantities in order to obtain numerical 
values which represent the contribution of the short- 
range interactions. The process is shown in detail in 
Table VII where it may be observed that the long-range 
terms are not large. In Table VII experimental stiffness 
values at 0°K!*:> have been used as described in the 
footnote; the hydrostatic strain derivatives are for 
room temperature, however. 

The numerical values of the short-range contribu- 
tions to the stiffnesses and hydrostatic strain deriva- 
tives, obtained in this way, may now be examined in 
the light of the conventional model. Analytical ex- 
pressions for these terms are 


QdB p/d \Inr= —7QB p. 


OdB,, 


OB,,=3°W", 


OC ..=3(PW"+3rW"), 


2C/=}(2W" +79W), 


Inr 


In these equations, W is the repulsive energy per 
“bond” (such that the repulsive energy per atom is 6W 
in these fcc materials with 12 nearest neighbors), and 
y is the nearest-neighbor spacing of the atoms. Dif- 
ferentiation of W with respect to r is indicated by 
primes, and the expressions are to be evaluated at the 
equilibrium value of r. The equations are written under 
the assumptions that the interaction W is (a) of such 
short range that only nearest-neighbor contributions 
need be considered; (b) two-body, that is, a function 
of |r| only.” The entries of Table VII which are 
labeled short-range are presumed to be given by Eqs. 
(14) in the conventional theory. 


2K. Fuchs, Proc. Roy. Soc. (London) A153, 622 (1936); A157, 
444 (1936). 


—=2(nW""—3rW"), 


—=1 (RW! +2PW"—6rW’), 


WC,, 
=1(7AW'"'+6rW"—14rW’). 


At this point, there are six equations for the short- 
range terms, in three unknowns, rW’, r°W”, and FW". 
Examination of the numbers of Table VII reveals that 
no solutions can exist which are compatible with all 
equations within the variation arising from experi- 
mental error combined with uncertainties in the theo- 
retically calculated long-range corrections. It is to be 
noted particularly that the long-range contributions 
to the hydrostatic strain derivatives are so small that 
the statement holds even if these contributions are 
neglected completely. The incompatible features of 
Eqs. (14) may be described in the following way: 
(1) the anisotropy of the short-range contributions to 
the shear constants, given by 2C,,/QC,,’, is not equal 


~ 3 W. C. Overton and J. Gaffney, Phys. Rev. 98, 969 (1955). 
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or nearly equal to the anisotropy of their short-range 
derivatives; (2) the bulk modulus is in all cases too 
large in relation to the shear constants; (3) the strain 
derivative of the bulk modulus is also too large com- 
pared to the derivatives of the shear constants; (4) 
these conditions appear more aggravated as one pro- 
gresses down the series from copper to silver to gold. 
These failures are present regardless of the specific 
form taken for the repulsive potential, as long as the 
potential is short-range in nature so that |rW’’”| 
> |W" |>|rW’|. Effects (2), (3), and (4) lead one to 
suspect that the failure of conventional theory lies in 
a breakdown of the assumption that W depends on |r! 
only. This is, noncentral interactions could give a con- 
tribution to the shear constants, but would not of 
course contribute to QB,, and QdB,,/d Inr because the 
latter are associated with volume strain alone in which 
no relative angular displacements occur. 


TaBLeE VII. The elastic constants,* QC, and their hydrostatic 
strain derivatives, QdC/d Inr. The experimental values, the Jong- 
range contributions to each, and the difference between the ex- 
perimental value and the long-range contribution to each, repre- 
senting the short-range contribution is shown. The units are 
10-” erg atom”. 


Hydrostatic strain derivative 
Experi- Long Short 
ment range range 


—32 -2 
~t 
~tA 


Elastic constant 
Experi- Long Short 
ment range range 


4.5 12.3 


3.02 6.63 
0.34 2.69 


Con- 
Metal stant 


Cu B 





— 26.0 


— 296 
— 109 
—32.0 


3.5 
2.68 
0.30 


Ag 14.8 
5.85 
—1.2 


—518 
—140 
—35.8 


3.5 h 25 
2.68 : 


C 
ty —1.2 








® The elastic constants used here are the values at 0°K. The copper 
values are taken from Overton and Gaffney (reference 23) and the gold 
values from Goens (reference 18). No low-temperature measurements have 
been made on silver, so the Bacon and Smith values (reference 17) were 
corrected to O°K using the same fractional change which applied for the 
copper and gold results. These corrections were: C(0)/C(300) =1.084, 
C’(0)/C’ (300) =1.091, B(O)/B(300) = 1.036. 


The last point suggests the procedure which has 
been adopted in order to carry the analysis further. 
We assume that the radial dependence of the short- 
range interaction is given by the two-parameter ex- 
ponential potential W=A exp(—pr/ro). The first row 
of Eqs. (14) then becomes 


QB,,=3p'W, OdB,,/dlnr=—3(p+-3) pW. (15) 


These equations for the bulk modulus and its strain 
derivative serve to determine the parameters p and W 
for each of the metals when the appropriate values from 
Table VII are used. Numerical values for these pa- 
rameters, describing the radial dependence of the short- 
range interaction, are entered in Table VIII. The values 
of the exponential parameter p for the three metals are 
seen to be remarkably similar which suggests that the 
commonly used exponential form is quite a good one 


’ 
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TABLE VIII. Values of parameters describing the short-range 
interactions. W is the energy per bond of the radial interaction 
W=A exp(—pr/ro). Closure failures, indicated by A, are the 
amounts which must be added to conventional theory for the 
shear constants and their hydrostatic strain derivatives in order 
to obtain agreement with experiment. Units of all but p are 10-? 
erg atom”. 








p 

ow 

A(QC) 
A(QdC/d Inr) 
A(ac’) 
A(QdC'/d Inr) 


over a relatively wide range of ion-core overlap. We 
may take as a qualitative measure of the overlap the 
ratio of the ionic crystal radius to the metallic atomic 
radius, and these are 0.75, 0.87, and 0.95 for copper, 
silver, and gold, respectively. The numerical values of 
W are also reasonable, 6W being about 10% of the 
latent heat of sublimation in each case. 

The values of the exponential parameters p and W 
which have been obtained from the bulk modulus and 
its strain derivative may now be used to compute 
that portion of the shear stiffnesses, and of their hydro- 
static strain derivatives, which arises in the radial 
dependence of the short-range interaction. Since we 
know already that the first four of Eqs. (14) will not 
be satisfied by the numerical values of Table VII we 
add to each equation a term denoted by A, which we 
call the closure failure. Thus we have 


2C,,=3(p—3)pW+A(QC), OdC,,/d Inr 
—4(p?—2p—6)pW+A(QdC,,/d Inr), 


QC,,’=3(p—7) pW+A(QC’), QdC,,'/d Inr 
= —}(p?—6p—14)pW+A(QdC,,'/d Inv). 


(16) 


In these equations the first term on the right results from 
substituting the exponential form W=A exp(— pr/ro) 
in each of Eqs. (14); it can be evaluated from the 
values of p and W shown in Table VIII. The closure 
failures have been computed from Eqs. (16) using 
Table VII, and are entered in Table VIII. They are 
also shown in Fig. 2 as fractions of the corresponding 
total experimental quantity. 

It will be observed that the closure failures, A, for 
the shear constants themselves are all negative (except 
for C’ in copper), and range from small in copper 
through a large amount in silver to values in gold 
which are larger than the total experimental stiffnesses 


‘ themselves. The closure failures of the hydrostaticstrain 


derivatives are positive in sign, and increase rapidly 
again in the sequence copper, silver, gold but are sub- 
stantial fractions of the experimental values even for 
copper. Except for the shear stiffnesses of copper, these 
closure terms are considerably larger than can be 
reasonably accounted for on the basis of experimental 
error or uncertainty in the theoretical long range 
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corrections which have been subtracted from experi- 
mental values. Since it is felt that this homologous 
series of metals must conform to a common model of 
their elastic stiffnesses and strain derivatives, we in- 
clude copper in our conclusion, which is that the closure 
failures reflect a large, real contribution to the shear 
constants which is not included in the conventional 
theory outlined above. 

We suggest furthermore that the closure failures 
must be assigned to many-body, noncentral, short- 
range interaction between metal ion cores. The absence 
of such an interaction is a major assumption in the 
conventional theory and the interaction seems to be 
the only way in which to account for these large dis- 
crepancies between theory and experiment for the 
shear constants. The ratios —A(QdC/d Inr)/A(QC) and 
—A(QdC'/d Inr)/A(QC’) are indicative of the range of 
the interaction ; the large values of these ratios occurring 
in the present results indicates that the noncentral 
terms are of short range indeed. It will be noted that 
the values of the ratios are in most cases larger than the 
value of » which characterizes the range of the radial 
part of the interaction. Further, the smoothness of the 
variation of the closure term from copper to gold for 
each constant and each strain derivative corresponds 
with the increasing amount of ion-core overlap and 
hence of the importance of the noncentral interaction in 
this sequence. There appears to be no theory available 
for the noncentral part of the many-body interaction 
between ion cores which has been suggested here and no 
a@ priori reason for or against the negative sign of the 
stiffness contribution which is found. 


DISCUSSION 


In this section we point out and discuss further the 
detailed assumptions involved in the analysis which 
was presented in the last section. 

The experimental elastic constant values which have 
been used for the interpretation are those for the tem- 
perature of 0°K. These values are amply known, and 
their use enables us to avoid the difficult theoretical 
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question of the temperature dependence of the elastic 
constants, and in addition we avoid the minor point 
of the adiabatic-isothermal correction to the bulk 
modulus. On the other hand, the experimental values 
of the hydrostatic strain derivatives which have been 
used are of necessity those for room temperature. The 
analysis is somewhat inconsistent in this respect there- 
fore, but we do not feel that the point is important since 
we expect a smaller temperature correction for the 
hydrostatic strain derivatives than for the elastic 
constants, which itself is less than 10%. The most 
direct justification for this expectation may be obtained 
from the results of Bridgman on the pressure depend- 
ence of the bulk modulus. Bridgman’s experiments have 
been carried out at two temperatures, 30°C and 75°C 
and it is the coefficient 6, in our notation, which is 
relevant. Inspection of Bridgman’s tabulation‘ for some 
forty metals shows that there is practically no change 
of 6 in this temperature range for most metals. Further- 
more, for those metals for which there is a significant 
change, the sign is as often positive as negative. We 
feel it quite probable that the hydrostatic strain deriva- 
tives of the shear constants will also show only a small 
temperature dependence. 

We have used also the hydrostatic strain derivative 
of the adiabatic bulk modulus in our interpretation. A 
direct but approximate evaluation of the pressure de- 
rivative of B,— Br can be made from thermodynamics 
and available experimental data for Cu; the result is 
that the pressure derivatives of B, and Br differ by 
less than 2%. We have preferred to avoid the uncer- 
tainty involved in this correction by using the modulus 
which is directly determined in the pulse-echo method. 

It has already been emphasized that the contribu- 
tions of the long-range terms in the energy to the elastic 
stiffnesses and their hydrostatic strain derivatives are 
small. In the interpretation they may almost be re- 
garded as corrections but some further discussion is 
worthwhile. In the conventional theory, as it has been 
used in the last section, one term in the energy of the 
crystal is commonly omitted in part. This term is the 
energy of the lowest electronic state of the valence 
electrons, which will be denoted by Eo. Physically Eo 
can be represented by the expression™ ar*—br~ in 
which the terms represent respectively the kinetic 
and potential energy associated with the state. In the 
conventional theory for the shear constants, Eo appears 
to a good approximation as the Coulomb stiffnesses 
OC}, and NC;,’ as used here. 

The lowest state energy contribution to the bulk 
modulus and its hydrostatic strain derivative has been 
ignored entirely, however, and in justification of this 
step the magnitudes of the derivatives Eo’ and Ey’”’ 
must be considered. The first derivative of Eo is large 
but does not enter in this analysis at all because the 


equation of equilibrium has been invoked implicitly by 


 ‘4N. F. Mott and H. Jones, Properties of Metals and Alloys 
(Oxford University Press, London, 1936), p. 80. 





ELASTIC CONSTANTS: OF 
consistently omitting first derivatives of al] energy con- 
tributions. It is commonly presumed* that the second 
derivative Eo” is small because the actual equilibrium 
ry is jarger than the value of r for the minimum of £5. 
Equilibrium r then occurs in the neighborhood of the 
inflection point of Eo, as is shown by the available 
calculations for copper” and silver?’ and by the analyti- 
cal approximation given above. The contribution of 
Ey to the bulk modulus and its hydrostatic strain 
derivative is probably small therefore. The third 
derivative Eo’” contributes to the hydrostatic strain 
derivative only; it is felt that it is also likely to be 
small in view of the fact that E’”’ is zero at a value of 
r just beyond the inflection point of Zo, according to the 
analytical approximation, and hence also near the 
equilibrium value of r. Quantitative estimates of the 
possible values of QBo=r?Eo’/9 and QdBo/d Inr 
= ( Eo’ —3r°E 0’) /9 can be made by using the analyti- 
cal approximation, equating br~ to the Coulomb energy 
of the structure*® and invoking the physical condition 
that r (equilibrium) >r(o’=0) ; these support the state- 
ments that have been made, the possible fractional 
error in the hydrostatic strain derivative being negli- 
gible while those in the bulk modulus may be significant 
but are not serious to the conclusions of this paper. 

The long-range bulk modulus which has been used 
here is then the Fermi term only, and furthermore for 
this term we have used an effective mass, m*/m, of 
unity for all three metals. This value of the effective 
mass agrees with the theoretical values of Kambe*® 
which characterize the electrons at the bottom of the 
valence band for copper, silver, and gold. It also 
agrees with electronic specific heat effective masses” for 
silver and gold, but not for copper in which this m*/m 
= 1.47. We feel, however, that a ‘‘bulk modulus effective 
mass,” which characterizes the change with volume of 
the average Fermi energy, is more likely to be equal to 
the theoretical value than to an effective mass de- 
scribing the density of states at the Fermi level only.” 
We have therefore used unity for copper also. 

As mentioned above, the long-range contributions to 
the shear stiffnesses which have been used are the 
Coulomb stiffnesses of Fuchs, and these have been 
taken at their full value. Since these terms have been 
taken at reduced values in other papers?® in which 
elastic constants have been decomposed into contribu- 
tions, we state our reasons. In the first place, the 
Fuchs values have long been known to account for the 


* H. Jones, Physica 15, 13 (1949). 

26K. Fuchs, Proc. Roy. Soc. (London) A151, 585 (1935). 

27 Reference 24, p. 78. 

28K. Kambe, Phys. Rev. 99, 419 (1955). 

2 C. Kittel, Introduction to Solid State Physics (John Wiley 
and Sons, Inc., New York, 1953), second edition, pp. 259, 319. 
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shear stiffnesses of bcc Na and K,” and recently this has 
been found® to be true in Li also. In the alkali metals 
the long-range term is the major if not the only one and 
the agreement argues for the validity of the Fuchs 
calculation. There is no direct evidence for such a long- 
range stiffness in copper, silver, and gold but extensive 
studies of the elastic constants of copper® and silver 
alloys? in our laboratories provide good indirect evi- 
dence. The alloy results require that sizable long-range 
and short-range terms must both be present, and that 
C/C’ (long range) must be about the Fuchs ratio. These 
two reasons lead us to regard the Fuchs values as very 
reasonable estimates of the long-range shear stiffness. 

In some previous decompositions of elastic stiffnesses 
into contributions a van der Waals term has been 
introduced explicitly.2° We have omitted such a term 
as we feel it adds nothing to the analysis which has 
been carried through and is a numerically uncertain 
contribution at best. If a contribution to the total 
energy of the physical nature of the van der Waals 
interaction is present, it is absorbed, in our treatment, 
in the short-range repulsive interaction W=A exp 
(—pr/ro) which we have deduced empirically. For- 
mally the van der Waals interaction is radial and of 
short range and cannot be separated empirically from 
the repulsive term. 

The uncertainties in the analysis presented in the 
previous section thus reside almost entirely in the 
theoretical long-range terms. We emphasize again that 
these terms are small and even large individual errors 
would leave the conclusions unchanged. The cumulative 
effect of these uncertainties added to the experimental 
error, particularly in B and dB/dP, could be consider- 
able, however, so that the individual numerical values 
of the closure failures which have been quoted and 
assigned to noncentral short-range interaction should 
be treated with caution. Nevertheless the relative values 
of the closure failures appear to be reasonable for the 
two shear constants and for the three metals. 
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The amplitude correlation function in an impure metal is the average over all possible arrangements of 
impurities of the correlation 2D» Wn*(r’Wn(r)6(E—E,), where the ¥» are eigenfunctions of a one-electron 
Hamiltonian including impurity potentials. The 5 function restricts the sum to states m on the energy shell 
E. This quantity, whose usefulness in studies of impure metals is pointed out, is evaluated from first prin 
ciples by means of multiple scattering techniques. If the impurity density is not too high, the amplitude 
correlation is p(E) sin[(2mE)!R] exp(—R/2d)[(2mE)*R}", where p(E) is the density of states and 


R=|r—r'. 


I 


NE difficulty of a proper treatment of the effects 

of impurities in metals lies in the great complexity 
of the wave functions of the electrons in the presence 
of the impurities with which they interact. As a model 
of the metal we use a box of volume V» containing a 
dense free electron gas and N impurities at random 
positions R; (i=1, 2, ---, V). We define one-electron 
wave functions in the presence of impurities. These 
depend very sensitively on the locations of the im- 
purities, fluctuating widely with changes in the impurity 
positions. Experiments show, however, that many 
physical properties do not depend on the explicit values 
of parameters R; but only on the concentration of the 
impurities, provided they are distributed at random. 
In order to compute the physical effects of the im- 
purities one would be tempted, therefore, to average 
over all possible arrangements of the impurities.' Such 
an average carried out on the wave functions them- 
selves is not physically meaningful because it yields the 
result, as in multiple scattering, that the averaged 
amplitude of the wave function is large only in a region 
whose size is measured by a mean free path, or “‘ex- 
tinction length.” This result does not correspond to 
the physical situation which requires the averaged 
probability distribution of an electron to be uniform 
throughout the volume Vo. 

Although the averaging process must not be carried 
out on the wave function, there are other quantities of 
physical interest whose average is meaningful. One of 
these is the autocorrelation of the wave function 


Wn*(r’; Ri---Ry)Wa(r; Ri--- Ry), 


where y,,(r; Ri,---,Ry) is the exact one-electron wave 
function for the state » with the impurities at the par- 
ticular locations R;. A related quantity of interest is 
the sum of autocorrelations on an energy shell /. The 
average of this quantity is 


g(r; E) =(>. v.*(r'; R, suid Ry) 
Xwa(r; Ri---Ry)i(E—-E,)). (1) 
te Supported in part by the Rutgers Research Council and the 


Office of Naval Research. 
1 W. Kohn and J. M. Luttinger, Phys. Rev. 108, 590 (1957). 


The 6 function restricts the sum to the specified energy 
shell E and the angular brackets denote an average 
over all possible arrangements of the impurities. This 
function, which we call the amplitude correlation, has 
been used to study the effects of impurities on the 
electromagnetic properties of metals and supercon- 
ductors.?* Its value at r’=r, g(r,r; E), is of course just 
the density of states at energy E. The Fourier transform 
yields the distribution in momentum space for the 
specified energy EF. 

In the situation where there are no impurities, the 
amplitude correlation is that for a free electron gas 
and is 


2(r'r; E)=Dx ou*(r’) ou (1)5(E— Ex) 


_sin(ko|r’—r|) 


a, (2) 


= p(E)— 


where the ¢x(r) are plane wave functions normalized 
in the volume Vo, ko=(2mE)!, and p(E)=mko/2r°’ is 
the density of states at energy E. Note that we take 
h=1 throughout. The effect of the impurities is to 
modify the amplitude correlation in a remarkably 
simple way: 


g(t’; E)=p(E) ae OE 


where X is a “mean free path” of an electron of energy 
E. This result was obtained by Bardeen? by using a 
simple argument concerning the transmission of a plane 
wave through a slab of material containing impurities. 
There, \ was related to the transmission coefficient of 
the slab. Our purpose in this paper is to demonstrate 
the validity of (3) from first principles and to give the 
exact meaning of the mean free path X. 

The amplitude correlation cannot be obtained by 
treating the effects of the impurities as a small per- 
turbation. Our procedure is one in which these effects 
are taken into account fo all orders. In Sec. II we give 
the mathematical formulation of the amplitude corre- 


2 J. Bardeen, Encyclopedia of Physics (Springer-Verlag, Berlin, 
1956), Vol. 15, p. 274. 

8D. Mattis and J. Bardeen [Phys. Rev. 111, 412 (1958) ] have 
applied the amplitude correlation to a study of the anomalous 
skin-effect in metals and superconductors. 
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lation and show how it is related to a multiple scattering 
problem. In Sec. III we get the amplitude correlation by 
means of a straightforward multiple-scattering expan- 
sion which we sum. In Sec. IV, the problem is solved 
by rewriting the multiple-scattering problem in such a 
way as to show more clearly the approximation we 
make. We conclude with Sec. V in which we summarize 
our work. 


II 


The total one-electron Hamiltonian in the presence 
of impurities may be written 


H=K+V, (4) 


where K is the kinetic energy operator and V is the 
potential energy due to the impurities. We neglect the 
influence of the electrons upon one another except 
insofar as the impurity potentials are screened due to 
correlation effects.‘ We assume that we know how this 
occurs and that an effective one-electron impurity 
potential V is defined. 

In a plane wave representation, the matrix elements 
of V are 


Vere = Doi (0') ere = One D5 HE Re, (5) 


where v' is an abbreviation for »(r—R;), the potential 


due to the impurity at R;, and v is that due to an im-° 


purity located at the origin. 

The amplitude correlation, Eq. (1), can be rewritten 
by the use of a Fourier transform for the energy 6 
function as 


1 
s(n; E)=—f 
an 


1 
me f dt ENS, a* (rey, (1)), (7) 
dr/_« 


+20 


dt e'FXS a Wa*(r’)e*F"Wa(r)) (6) 


a 


where we have abbreviated the wave functions in an 
obvious way. Equation (7) follows from (6) inasmuch 
as the y, are eigenfunctions of H in (4). The great 
advantage of the form (7) is that it is a trace of the 
operator exp(—iH?t). This can be transformed to a 
plane wave representation without altering its value: 


+00 
g(ryr; E)=— fo dte*"(Qix ga (r eer) (8) 


2r? _« 


1 i] 
=— f dtie' EUS « ox*(r’ jem" * oy (8) 
2rJ 9 
+e.c., (9) 


where c.c. denotes the complex conjugate. Equation 
(7) follows from (8) since in the sum over k both ¢,(r) 


‘J. Friedel, in Advances in Physics, edited by N. F. Mott 
(Taylor and Francis, Ltd., London, 1954), Vol. 3, p. 446; N. H. 
March, in Advances in Physics, edited by N. F. Mott (Taylor and 
Francis, Ltd., London, 1957), Vol. 6, p. 1. 
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and g_(r)=¢x*(r) occur. The form expressed in (9) 
is convenient for two reasons: first, the dependence on 
the location of the impurities is contained only in the 
operator H and not in the basis functions, and second, 
the averaging procedure can be carried out in the plane 
wave representation in a particularly easy manner. 
The quantity 


V(r,t) =e gy (rn), (10) 


which appears in (9) is recognized as the solution of 
the time-dependent Schrédinger equation subject to 
the initial condition that at ‘=0 the solution be a plane 
wave of propagation vector k. The equation satisfied 
by Vx (r,t) is 


0 
tweltst)— Byatt) =sou(0)50— 0), (11) 
t 


for 1>0, and y,(r,t) is to be taken as zero for ‘<0. The 
Fourier transform of ¥,(r,t) is involved in (9). It is 


(12) 


V,(r; E)= -if eF4), (r,)dl. 
0 


To insure convergence of the integral, E is supposed to 
have a small positive imaginary part which we after- 
ward let go to zero. This also permits the inversion of 
(12) in an unambiguous way. The Fourier transform 
of (11) yields the equation satisfied by V(r; £): 


(E—H)¥y(r; E)= ¢x(r). (13) 


The operator inverse to E—H is defined as (E—H)", 
and therefore® 


V,(r; E)=(E-H)“"¢x(r). (14) 
By inserting (10) and (12) into (7), we may now express 
the amplitude correlation as 


i 
g(r’r; E)=dx este) Hil E)) tee. (15) 
i 


Our problem is reduced to solving Eq. (14). To do 
this, it is convenient to use the powerful operator 
techniques® which have been developed for scattering 
problems. We introduce the “transition matrix” or 
“scattering operator” T and the ‘““Mgller wave matrix” 
Q which are related to each other and to the potential 
by 

T=V+V(1/b)T= VQ, 


Q=14 (1/b)VQ, 
b=E-K. 


5 The inverse transform of (12) is an integral along a path in 
the complex £ plane which is parallel to and above the real axis. 
Along this path, (E—H)~' is not singular. Therefore (14) does not 
contain a solution of the homogeneous equation derived from 
(13) since such a solution belongs to a real value of E. 

6B. A. Lippmann and J. Schwinger, Phys. Rev. 79, 469 (1950) ; 
M. Gell-Mann and M. L. Goldberger, Phys. Rev. 91, 398 (1953). 


(16) 
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We have defined E to have a small positive imaginary 
part so that Eqs. (16) are identical (except for the use 
of E as a complex variable rather than the incident 
energy) to those of a multiple-scattering problem for 
which the boundary conditions are that there be a 
plane wave incident upon a collection of scattering 
centers and that asymptotically the scattered waves be 
outgoing spherical waves. The matrix 0 carries a plane 
wave into the exact solution of the scattering problem. 

We apply these methods to the solution of (14); 
using b= E—K, we have 


V;(r; E) = (b— V) ¢x(r) 


igehss 
~(-+-V-+-v-v-+--- Jenin) (17) 
bbb bbb 


The expression (17) represents a perturbation series 
for V,(r; E) in powers of V. We have explored this 
expansion and have been able to sum it provided that 
certain multiple scattering terms can be neglected. It 
is simpler, however, to use the scattering operator T, 
and in view of its definition (16), there results 


 \4a 
walt; B)= (14-7 )-en(0) (18) 


Alternatively, Eq. (18) can be written as 


1 1 
V;(r; E)=2 vx(e) = Oenle), (19) 


k 


where we have made use of the fact that 1/0 is diagonal 
in the plane wave representation and 1/), is a number 
equal to (E— E,)~'= (E—k?/2m)—. In order to obtain 
V(r; E), it is only necessary to obtain the matrix 
elements of 7 or 2. Thus our problem is reduced to the 
multiple-scattering problem described by the integral 
equations (16). We notice that the positions of the 
impurities appear only in the operator T (or 2) and 
that we shall therefore require averages of the matrix 
elements of this operator. 


Ill 


Our first method of solution involves the multiple- 
scattering expansion of the operator T. We define the 
transition matrices for the individual impurities by the 
operator equations 

1 


i=piftnigi, (20) 
b 


where, as before, the small positive imaginary part of 
b specifies that contour in integrations which is ap- 
propriate for outgoing waves. The matrix elements of 
t‘ are, in view of (5), easily shown to be of the form 


(21) 


(t*) ark = tye pe te’ Ri 
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where ¢ is the scattering operator for an impurity 
located at the origin.’ The total scattering operator T 
can be expressed® as 
1 | 
Pag tg, F-F+2," sda sst, (22) 
v LP] 


ijl 


where the double primes on the summations indicate 
that no two adjacent indices may be alike. We recall 
that 7 must be averaged over the possible arrangements 
of the locations of the impurities. To do this most 
conveniently, the series (22) is rearranged as follows: 
in any given order we separate out those terms for which 
a given index is the same as an earlier one and combine 
such terms with earlier terms having the same number 
of different indices. What remains is a sum over indices 
all of which are different. The series for T is now 


be ih hts 
T=> meets titi 0-1 H+) 
i i \b b b bbb 


ie1.e9% .Fe% 
HD’ | tt tt Ho») 
bbb 


ijl bb bbb 
denne, (0 


Now the single primes on the summations indicate that 


‘all indices must be different. This expression separates 


T into scattering by single impurities, by pairs, by 
triplets, etc.® 

To illustrate the averaging, we consider the leading 
term in the scattering by pairs, 


1 
T= >)’ tt. 
ii ob 


Then, on usir (21), 


1 
(T?) re =S bere terre Tol eH Rimi) Ry, 
k’’ ke ij 


and 
1 


bir Dick O ick’ 
as 


((T”) ex) = N(N- 1)>° bier et 
a s 


= N(N—1) (ter?/dx)dx'x, 


and one sees that only the diagonal element of 7” 
survives the averaging process. Notice that tx. is pro- 
portional to Vo"! so that if V>>1, T°° is proportional to 
the square of the impurity concentration n. 

The leading term in the scattering by threes is, after 
averaging, 


(T*)=N(N—1)(N—2)(ter®/bi2)dex, (24) 


and corresponding results are obtained for the leading 
7J. M. Luttinger and W. Kohn, Phys. Rev. 109, 1892 (1958), 


Appendix C. We are indebted to the authors for a preprint of this 
work. 


8K. M. Watson, Phys. Rev. 89, 575 (1953). 
® See reference 7, Appendix A. 
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terms of higher multiple scatterings. The first cor- 
rection term in the scattering by pairs is, on averaging, 


| | tact | Chere 
((T*) ex) = NV (N—1)bxx  — 


k by? 


Out of the sum we can abstract the term for which 
k’”’=k and combine it with the average of the leading 
term in the scattering by threes, 7°. This converts 
the number V(V—1)(V—2) in (24) to N(N—1)*. 
Having removed the term k”=k, we discard the re- 
mainder of ((7™)y-x). The terms 7” containing four 
factors of ¢ and 7* also containing four factors of ¢ and 
repeated indices are treated in the same way. In the 
average, the fully diagonal terms are abstracted and 
combined with (7“°) and the remainders are discarded. 
This makes the factor for (7°) become V(V—1)8 
rather than V(V—1)(V—2)(V—3). We adopt this 
procedure for all remaining terms. In short, we preserve 
all multiple scatterings in the forward direction and 
neglect all others. We believe that the terms neglected 
are negligible if the density of impurities is sufficiently 
low that there is no overlap of the force fields of the 
different impurities. This criterion is easily satisfied 
for concentrations less than 10 atomic percent. With 


this approximation, 
3 


‘ ee ones lex 
(Tx) = Ntex +N (N—1)—+N(N—- ae a oe 

k k 
© (Nix)? 


p=1 b,?- 


Cv 


(25) 


This is the solution to the multiple scattering problem. 
If we now insert (25) into (18), we find 


1 sed Ntxx P 
JF (MY nto. 9 
2rb,. p=0 b;. 


On using (15), we find the amplitude correlation func- 
tion to be ; 


1 
a(r'r; E)=— 2 — 


dr k E-E,-! lyr 


1 
(27) 


ox" (r’) ox(r)+c.c. 


We separate /, into its real and imaginary parts 
lik = Re (tu) +2 Im (tx), (28) 
and convert the sum in (27) into an integral 
—(2m)?7 18 
g(r’,r; E)-——(—) fa N Im (tix) 
T 2r 


eik-R 





x ’ 
[e+ 2mN Re (tix) aad ke P+[2mN Im(tix) 


where we have used R=r—r’ and E=k,?/2m. The 
quantity ‘xx in usual scattering theory is the forward 
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scattering amplitude for a single impurity. Its imaginary 
part is related to the total cross section, o, by the well- 
known optical theorem” 


1 
Im (tx) = ————ko (k). (30) 


2mV 9 


This can be expressed in“terms of a mean free path A, 
defined by 

Ag t= (N/Vo)a(k), (31) 
as 


N Im(tyx) = — (1/2m) (R/dx). (32) 


In the present context, as we have pointed out, E is a 
variable, whereas in scattering theory the parameter E 
in the definition of ¢ by Eq. (20) is fixed at the value of 
the energy of the incident plane wave of wave vector 
k, Ey. Thus, in (30) and (32), E=k?/2m. In Eq. (29) 
the quantity involved is ty,(£), where E=k,?/2m, and 
the integration over k involves values of txx() where 
F,y+E. We can estimate the behavior of 4,,(EZ) by 
using the first iteration of Eq. (20) 
Vien’ |? 


ty (E) = 0xx-+>, ———. 
k E—Ey 


(33) 


We find that if o(r) has a finite range (as is the case 
due to the shielding*), then 


Im(txx(£)) ee Q, 


and Im(¢xx(£)) is substantially constant for |k—ko| 
<1/a, where a is the range of the impurity potential. 
The first remark insures the convergence of the integral 
in (29) even when R=0. The second permits us to 
replace Im(tkx(E£)) by Im(tkoko(E)) (we recall 
E=k?/2m), provided the density of impurities is 
sufficiently low. The reason for this is that for low 
density, both the energy shift VRe(¢,x(£)) and the width 
N Im(txx(£)) will be small compared to £, which is the 
order of the Fermi energy. In that case, the integrand 
of (29) will be large only in the neighborhood of k= ko. 
We observe that in typical cases ko~ 1/a and we there- 
fore modify (29) by replacing fxx() by tkoto(Z)." As 
in (32), we have 


N Im(tkoko(E))= — ko/2mXo, 


: . ; (34 
N Re(tkoko(E))= Ao/2m. 


Thus, (29) becomes 


2m /1\* ko 
s(e71E)-—(—) — [ak 
w \2r/ Xo 


where we have replaced ko?—Ao by ko”. The integral 
is evaluated in the complex & plane in a straightforward 


eik-R 


(e— ko”)? + ke ro 


1G. F. Chew and F. E. Low, ‘Scattering Theory Notes,” 
University of Illinois, 1953 (unpublished). 

The conditions here are satisfied in typical cases for which 
ko~1/a~108 cm™ and for which kpAo>1. 
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manner. We get 


f mky sin(ko’ R) 
g(r’ xr; EL) =— —e 
2r? ko'R 


RI2Ro0, (36) 


which is the desired result. The meaning of Ao is given 
in (34) where it is related to the imaginary part of the 
forward scattering amplitude for a single impurity. 
The result (36) is the same as (3) if we neglect the 
difference between ko and ko’. This difference is caused 
by the energy shift Ap and at the Fermi level it is very 
small for low concentrations since it is proportional to 
the ratio of number densities of impurities to electrons. 

We would like to call attention to the fact that the 
density of states at energy E is just g(r,r; £) and it 
may be computed from (29) by setting R=0. In order 
to obtain the change in density of states due to the 
presence of impurities, one must carry out the inte- 
gration with somewhat more care than we have given 
in the steps leading to (36). In our approximation, the 
density of states remains unchanged. 


IV 


In this section we shall develop the multiple scat- 
tering expansion in an alternative manner, one which 
is similar to methods recently proposed by Watson.® 
In order to make plausible the formal development 
which follows, it is necessary to review the usual 
treatment of multiple scattering.'* Suppose we have a 
multiple-scattering problem similar to that of Eq. 
(16). The solution of the Schrédinger equation which 
we seek may be written 


¥(r)=Q¢(r). 


The usual procedure” is to write ¥(r) as the sum of the 
incident wave g(r) and outgoing scattered waves from 
the impurities located at R;: 


¥(r)=¢(r)+>; M(r,R,). 


Here, M(r,R,) is the scattered wave from the ith im- 
purity. If we now define ¥(r) as the wave incident on 
impurity at R;, it follows that 


y(r)=y(r)—M (r,R,). 


However, the wave scattered from the jth impurity 
is related to the wave incident on the jth impurity by 
the scattering operator ?’, 


1 
M (r,R;) = dl (r), 


where the propagator 1/b is again (E—K)~ [see Eq. 
(16) |. Therefore, by combining these expressions, we 


2, L. Foldy, Phys. Rev. 67, 107 (1945); M. Lax, Revs. 
Modern Phys. 23,§287 (1951). 


AND 
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get the multiple-scattering equations 


1 
¥(r)=9(r)+ DL fy 


1 
V(n=e(r)+ L Y(n). 


ixi b 


If there are a large number of scattering centers 
randomly distributed, we attempt to solve (37) by 
taking an average over the positions of the impurities. 
Since ¥(r) and y¥’(r) differ by only one scattering, we 
expect that (¥)=(y’) to order 1/N. Furthermore, we 
assume (ty)=(?)(W)S=vhy). With these approxi- 
mations, (37) is solved by 


(1- - w) wn) ¢(r). (38) 
b i 


From Eq. (21), 30 tine?) = Nterdex. If we let ¢. be the 
diagonal part of /, (38) becomes 


(39) 


since matrix elements are to be taken in the plane wave 
representation in which } and ¢, are diagonal. Now 
(39) may be inserted into (19), with the result 


1 
(W,(E; r))=———¢x (1). (40) 


t— Nie 


Equation (40) will be recognized as identical to (26) 
and will therefore lead to the desired result for the 
amplitude correlation. 

It is our purpose here to derive (40) by a more 
careful treatment of the multiple scattering. In so 
doing we will be able to see more clearly the justification 
of the steps leading to (38). 

Our problem is again the solution of (19) which we 
may replace by Yx(r)=Q¢x(r). If E= Ex, vx (r) would 
be the outgoing-wave multiple-scattering solution of 


(E—K—V)yx(r)=0. (41) 
Now the result (39) is instructive; it suggests that we 
try to include all forward scatterings in the ‘“unper- 
turbed”’ states so that all such “coherent” effects appear 
in the energy denominators as in (40). The incoherent 
effects would then be treated by a multiple scattering 
expansion. The procedure recognizes the fact that the 
wave will propagate with a complex propagation vector 
as if through a refracting medium, suffering nonforward 
(“incoherent”) scatterings as it goes. Thus, instead of 
solving (41), we would try to solve the equivalent 
scattering problem 


(E—K—V.—U)yx(r)=0, (42) 
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where U=V—V,; V, is diagonal (in plane waves) and 
is to be chosen to contain all coherent effects. We would 
try to solve (42) by means of a multiple-scattering 
solution for the incoherent potential U. 

With this discussion as a guide we return to the 
integral equation satisfied by the wave matrix 2 which 
is 

1 
Q=1+-V0. 
b 


If we multiply both sides of this equation from the left 
by b and replace V by V.+U, we get 


(6—V,)2=b+U2Q, 


bg 
Q=-b+-UQ, 
dd 


(43) 


where the propagator 1/d=(b—V,.) contains all 
coherent effects as we planned. Equation (43) has a 
simple physical interpretation’: The scattering is 
redescribed in terms of a basic set of states which are 
the solutions to the problem with U=0. These states 
are generated by (1/d)b and they propagate through 
the medium with energy K+V,; hence the modified 
propagator 1/d. The scattering of these states is wholly 
incoherent and arises from the incoherent potential U’. 
We attempt to solve (43) by means of a multiple scat- 
tering solution including incoherent effects only. To 
this end, guided by (37), we propose the solution 


where /* is the off-diagonal part of a modified scattering 
operator ?', 


1 
t=1$+T'=vi+0UT', (45) 
d 


The modification of ¢‘ is consistent with our procedure 
of including all coherent effects in the propagator." 
We now choose V,, 


V .: st.‘= Nt. (46) 
To see if (44) is in fact a solution to (43), we insert 
(44), (45), and (46) into the right-hand side of (43). 
After some rearrangement, we find 


1 1 \1 
0=-3+5(1- “18-10! (47) 
d /d 


q@. 4 
18 See Gell-Mann and Goldberger, reference 6. 
4 The modified #' differs from the usual one by a term of order 


1/N. See K. M. Watson, Phys. Rev. 105, 1388 (1957). 
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AMPLITUDES 


In deriving (47), we have used the fact that 
U=>_; Vi=>_ 5 (v*'—7,'). 


In view of the definition of d, 1— (1/d)t,'1 to order 
1/N, so that (47) reduces to 2=Q and (44) is indeed a 
solution. It can now be seen that we have achieved 
our desired goal. We have treated coherent effects 
exactly to order 1/N and the multiple-scattering effects 
are described by (44) which is equivalent to 


os 1 11 
2=-+-|5 P+" PP 4+yO" LP ref (48) 


d dt i i) d ijk a ¢ 


where, again, no two adjacent indices are alike. All the 
dependence on impurity location is contained in Q and 
we may now perform the usual average. At this point 
the great advantage of this method becomes apparent. 
The effect of the averaging process is to eliminate all 
terms in (48) for which an index appears only once. In 
other words, because only off-diagonal elements appear 
in (48), only those terms enter for which an impurity 
which scatters once must do so at least once again. The 
lowest order of (48) which survives the averaging 
process is the fourth since in the earlier terms every 
impurity cannot appear twice. We then neglect the 
incoherent scattering in the fourth order and we get, 
using the fact that 6 and d are both diagonal in plane 
waves, 


i in 11 
(- VW, (r; BE) )= 0) ex()— —bi¢x(r) 
2x b, 


kak 


1 
=-—___e,(0), 
E-E,-—N lick 
which is identical to (26) and leads in the same way to 
the amplitude correlation function. 


Vv 


We have derived, in Secs. II and IV, the amplitude 
correlation function under certain limiting conditions. 
One of these is that the density of impurities be suffi- 
ciently low. This insures that the energy shift due to the 
impurity potentials is negligible, and that the imaginary 
part of the scattering amplitude /,,(£) may be replaced 
by tkoko(£) as in Sec. III. In addition we have neglected 
certain high-order multiple-scattering terms. These are 
displayed most clearly in Sec. IV where they may be 
seen to consist of ‘‘incoherent”’ scatterings of the fourth 
order and higher. We have attempted to give an explicit 
evaluation of the magnitude of these terms as compared 
to those which we keep. We have not succeeded in 
doing this but we believe these terms to be small for 
low density. Finally, we have neglected the possibility 
of bound states throughout. 

We have remarked that the Fourier transform of the 
amplitude correlation function is the distribution in k 
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for energy E=k,?/2m. When normalized, it is approxi- 
mately (koA>1) 


(1/2m?d)[ (R2—Re?)?+ee/d2 


This shows that the eigenfunctions for energy E consist 
of admixtures of plane wave states with a Lorentz 
distribution around ko= (2mE)!. 

We should like to point out that the mean free path 
\ which appears in the amplitude correlation function 
is not the same as that which one uses to compute the 
electrical resistivity due to the impurity scattering. In 
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the latter case, a factor 1—cos@ appears in the integra- 
tion over scattering angles @ in order to de-emphasize 
the importance of forward scatterings. The two mean 
free paths will be the same only in the case that the 
scattering is isotropic. The two are approximately equal 
in actual cases. 

We have applied the amplitude correlation to a 
study of the effects of impurities on the transition 
temperature of superconductors.'® Details will be 
published in the near future. 


1 Lynton, Serin, and Zucker, J. 
(1957). 


Phys. Chem. Solids 3, 165 


NUMBER 3 AUGUST 1, 1958 


Ground-State Energy and Effective Mass of the Polaron 


Evuiotr H. Lies, Physics Department, University of Illinois, Urbana, Illinois 


AND 


Kazuo YAMAzAKI,* Max Planck Institut fiir Physik, Gottingen, Germany 
(Received February 20, 1958) 


The polaron Hamiltonian would be easily soluble were it not 
for the quartic term appearing therein. It is proposed to substitute 
for the quartic term a quadratic term having roughly the same 
properties, and in such a way that the ground-state energy of the 
new Hamiltonian is rigorously a lower bound for the true energy. 
With a very small amount of work one can obtain a lower bound 
as a continuous function of a for all values of a. The result agrees 
fairly well with the results obtained by other methods. Using the 
equivalent Hamiltonian one can also obtain an analytic expression 


1. INTRODUCTION AND ILLUSTRATION 


T has become common in recent years for field 
theorists to turn their attention to the field-theory- 
like problems which are to be found in solid-state 
theory. But rather than employing standard field- 
theory techniques, as might have been expected, most 
of the papers have tended to present entirely new 
methods and points of view, and have ended with the 
hope that the methods developed for solid-state theory 
may have some application to field theory. It is from 
this point of view that we should like to present a new 
method for estimating the ground-state energy Eo and 
the effective mass m* of the polaron. 

It will be recalled that all the methods given so far 
result in an upper bound for Eo. There is Lee, Low, and 
Pines’ weak-coupling variational calculation, as well as 
Pekar’s variational calculation for strong coupling. 
There is every reason to believe that these answers are 
correct. Feynman! has shown how to use the functional 
integral to connect these two approximations. However, 
Feynman’s method is rather complicated, requiring the 


*On ieave of absence from the Research Institute for Funda- 
mental Physics, Kyoto, Japan. 
1R. P. Feynman, Phys. Rev. 97, 660 (1955). 


for the effective mass, although one cannot say it is a bound for 
the true effective mass. Futhermore, once one has obtained a lower 
bound for the energy as a continuous function of the parameters 
of the Hamiltonian, one can rigorously derive upper and lower 
bounds for the ground-state expectation values of various oper- 
ators. For example, it can be shown that for large a and large k, 
ax*a,)~k~ and not k~* exp(—k?) as in Pekar’s solution. Because 
of its simplicity, it is possible that this method may have appli- 
cation to other ground-state problems. 


services of the Massachusetts Institute of Technology 
Whirlwind computer,’ and moreover suffers from lack 
of directness. It is not clear how to relate his method 
to more pedestrian manipulations of Hamiltonians and 
wave functions, although some attempts were made to 
fill this gap.’ It is in fact possible to find a trial function 
suitable for all coupling,‘ but here again it is not clear 
what the changes in the trial function with coupling 
constant mean. Finally, although a product function 
such as is used for large coupling gives the asymptotic 
dependence of Eo on a@ correctly, it yields patently 
wrong answers in many cases if one tries to calculate 
the expectation values of various operators in the 
ground state. As a trivial example, one obtains (H?)= « 
with a product function. 

It is not our intention to critize the variational 
calculations but to present an entirely different method 
which exploits the properties of the Hamiltonian rather 
than its wave function and at the same time gives a 


2T. D. Schultz, Technical Report No. 9, Solid State and 
Molecular Theory Group, Massachusetts Institute of Technology 
(unpublished). 

8 For example, K. Yamazaki, Progr. Theoret. Phys. (Japan) 
16, 508 (1956), and G. Héhler, Nuovo cimento 2, 691 (1955). 
4G. Hoéhler, Z. Physik 140, 192 (1955). 
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lower bound for Eo. Unfortunately, for large coupling 
our Ep differs from Pekar’s by a factor of 3, but we 
believe the method is of interest because of its trans- 
parency and mathematical simplicity. Furthermore, a 
lower bound for £» that is an analytic function of the 
parameters of the Hamiltonian will yield rigorous upper 
and lower bounds for ground-state expectation values 
by a method which will be discussed subsequently. The 
expectation value of a Schrédinger operator is of interest 
in field theory since a propagator, which is the ex- 
pectation value of a Heisenberg operator, may be found 
from the expectation value of the corresponding 
Schrédinger operator; the time dependence may be 
derived by analytic continuation from the spatial 
dependence.° 

The method to be employed is suitable for a non- 
linear Hamiltonian, the nonlinear part of which is 
positive definite, say quartic. To fix ideas consider the 
anharmonic oscillator®: 


H=P'+2°+Ax, 


We first observe that if a Hamiltonian H=H,+AH2, 
then 


A> 0. (1) 


Eo> Ey'+ E-, (2) 
where /o, Eo!, and Eo” are the ground-state energies of 
H, H,, and Hz, respectively. We introduce a constant, 
c, such that 

at =) (x2—)?+-20ca?— ACP = Het 2drcx’—Ac, (3) 
and 
By =P+2+ 2dcx?—Ae. 
Since /?=0 we have 
Eo> Edt = —AC+ (1+ 2cd)}. 
Maximizing with respect to c, we find that 
Ko= Eo! = 3ACP7+ 2c, 
where 
8Si\e+47—1=0. 

If a Gaussian function is used to obtain an upper 
bound, equations very similar to (5) and (6) result; in 
the worst possible case, large A, the two results have 
the same asymptotic form and agree to within 30%. 
The point we wish to emphasize is that we have ob- 
tained a lower bound with the correct dependence upon 
\ and w which can serve to check the variational 
calculation. 

2. GROUND-STATE ENERGY 
We take the polaron Hamiltonian in the form’ 
H= (P—-> ay*ay)?+)> > a,*a,+)>-. Jy *ay+H.c., (7) 
where P= total momentum (c number) and 
Jx= (4ma/V)§|k|—. 
5A. S. Wightman, Phys. Rev. 101, 860 (1956). 


6‘h=2m=w=1. 


TY > V (2) Sa. 
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As regards Eo, what follows could equally well be done 
with the Hamiltonian in the more usual form 


H=pt+ Dx au*dut dx ax*] pe* *+H.c., 


p being the electron momentum, but for estimating 
m* it is easier to have the total momentum expressed 


as a c number. 
For P=0 we proceed as follows: define the vector 


operator 


(7a) 


Z=>.. Z(k)ax, (8) 
Z(k) being a c number, and 


H.=[dox kay*ay.+}(Z—Z*) | 
-[>x kay*a,—4(Z—Z*)]>0. (9) 


Then if H=A2+AH; as before, we obtain 
Ay=Dox ax*ay td x J'ax+H.c.+4(Z—Z*)?, (10) 


where 


Jy! =Jy—4k-Z(k). (11) 


To find Eo', we displace ay: a, — ax—J,’. Hence 


AM=>- ay*ayt+3(Z—Z*)?— Sy Jy |? 


=H;—)>>» De ee (12) 


Let us assume that [Z;,Z,;* ]=0 for ix 7 (i, j7=1, 2, 3) 
and denote 


t= [Z,2*]=Dx|Z:(k)|?. (13) 


We note that (Z—Z*)? is negative definite and if Z(k) 
becomes too large the ground state of H; will not exist. 
li is easy to show that the condition for the existence 
of Eo? is 

(14) 


t<1 (all 7). 


In fact, if we define r; by 
r2—[(4/t;)—2) Jr, +1=0, 

with the further condition 
O<r;<1, or 


O0<é;<1, (16) 


then it is a simple matter to diagonalize H;, with the 
result 


3 
Eg=— ¥ (itr). (17) 


i=l 
Hence, by Eq. (12), Zo! is the sum of an integral of 
Z(k) and a function, /o*, of another integral, (13), of 


Z(k). Since 
So — Dol J x . 


we wish to find the functional form of Z(k) which 
maximizes Ky. This is simply done by the condition 


Eo=> E)'= (18) 


(19) 


3 
- —S Jk P+ E At(Zi(k)) } =0, 
zm > x’ | » (Z;(k)) 


where the A; are Lagrange multipliers. It is then found 
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that Z,;(k) has the form 
Z i(k) = kyc(k’). 
The scalar function, c, is found to be of the form 
c(k*) = 2), (k’+ p*)-, 


p being a constant. 
Performing a few simple integrals, we obtain 


(20) 


(21) 


h=h=ts=4(a/p)=1, (22) 


Dixl Sx’ |?= dpa. (23) 


The é,; are all equal as they must be from the symmetry 
of the problem, but for P0 this will not be the case. 
Denoting all the 7;, which are equal for P=0, by 7, we 
note that 7, p, and # are all functions of each other and 
anyone of them may be chosen as the independent 
variable. Choosing #, and recalling the condition, (16), 
which implies that 


and 


2a< p< o, 
it is found that 


2a\? 
zi=—i[1-(1-—) }3 : 
3p 


It is left to determine p. Maximizing (24) gives 
p*[1— (2a/3p) ]=1. (25) 


It was understood in (22) and (23) that is positive; 
with this convention we see that maximizing Eo! 
automatically satisfies (16). Using (25), we may express 
E,' as a function of p only: 


E> Ed =—3(p*—1)(P+3)/4p. (26) 


Thus, (25) and (26) taken together constitute a 
lower-bound solution for Eo, in which a and Ep are 
expressed by a parametric equation. If the solution is 
investigated numerically, it is found that it agrees with 
Feynman’s solution up to approximately a=1 and 
then departs from it radically. In the worst case, large 
a, the asymptotic solution of (25) and (26) is 


(24) 


(27) 


which differs from Feynman’s or Pekar’s solution by 
nearly a factor of 3. 

To recapitulate, we have seen that the positive 
definite character of the momentum may be used to 
reduce the effective coupling by the term 3k-Z(k) 
[ Eq. (11) ] at the expense of introducing the negative- 
definite term }(Z—Z*)? which has the character of the 
square of a momentum operator. Furthermore, the 
calculation involves only algebraic manipulations and 
the evaluation of a few simple integrals. But the point 
we wish to emphasize is that had we taken the Hamil- 
tonian in the form (7a) we should change Eq. (8) to 


Z=>>. Z(k)aye**"* (8a) 


to obtain the same result; and the modified H; would 


Pl ce 1 2 
Eq! = — 30°, 
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then still commute with the total momentum operator, 
P=p+)x ka,*a,. This being the case, when we 
attempt to evaluate (7) with P+0 to obtain m*, the 
resulting H, which we propose to evaluate instead of 
the true H may, owing to its having the correct in- 
variance properties, yield a sensible result for m*. 


3. EFFECTIVE MASS 


When we come to consider (7) for P#0, the lack of 
symmetry in k space permits us to choose a slightly 
different H, and of course a different Z(k). We may 
change (9) to 


A.= [> ka,*ay+3 (Z— Z*)+ R} 
< px kaya, — 5 (Z—Z*)+R]>0, 


where R is a c number vector. Consequently, H; 
becomes 


Ai=d ay*ay(1+S8-k)+>d x Jy 
+H.c.4+-P?—R?, (10a) 


where S=2(R—P). J,’ is still defined as in (11). In 
addition to maximizing E»' with respect to Z(k), we 
must now also maximize it with respect to R. 

Strictly speaking, however, the ground-state energy 
of H,; is unbounded, because for sufficiently large k the 
factor (1+S-k) will become negative. Were this not 
the case, we could hope to use (10a) to get some idea 
of the curve £o(P) for all P. But we can in fact use 
(10a) to evaluate Eo(P) for very small P in the following 
way: clearly as P—+0 we will wish to choose R-0 
and hence S—> 0. We may therefore imagine the sum- 
mation in the §-k term of H, to be cut off at some k’ 
such that §-k’<1. Hence, 


(9a) 


Eo> Pe+Bi+(0 . # astoxS-k)0), (28) 
k=k’ | 


where |0) is the true ground-state wave function. Since 
k’ — ~ as |P|-, it is quite apparent that the last term 
in (28) vanishes at least of order P* and can be neglected. 
It might be supposed that for any P we could always 
choose R such that the last term in (28) vanishes or 
becomes negligible. But this would be contrary to the 
philosophy of the method which is to let the Hamil- 
tonian speak for itself as it were; that is to say, to 
determine all the parameters in H; by a minimum 
principle. We have no other guide to the effective mass 
but that H; is a linear Hamiltonian which has been 
shown to be very similar to the true Hamiltonian, H. 
If we admit the cutoff into H,, then its effect will be 
that integrals of the form /o*dk(p?+#?)71(1-—RP)7 
are to be considered as principal-value integrals. The 
calculation is straightforward but somewhat more 
complicated algebraically than in Sec. 2; the lack of 
symmetry in k space introduces many more parameters 
with respect to which Eo! must be minimized. The 
direction of R will obviously be that of P so that if we 
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let P=(0,0,P) and S=(0,0,S), and furthermore 
displace ay to @% — @k—J' (1+Sk;)—, we find that 


3 
Ed'=— > 7,(1+SC;) (1+97,)7 


i=l 
—> | Ju’ |?(1+Sk3)-, (29) 
© 


where 
(30) 


Ci=t7 Dx hs|Z:(k) 2, 
; — 
i732 ——— ia 


t; 


afet1=0, 0<r,<1, (31) 


and /; is still defined by (13). Equation (29) is correct 
only to second order in S since we have used per- 
turbation theory to obtain it. It turns out that the 
optimum Z(k) is of the form 


Z i(k) = hic(k) + S6,3d(k), (32) 
where 

c(k) = 2), (+ P+ASk3+-9S:ke+nS?)™ (33) 
and 


d(k) = bSk3c(k). (34) 


p, q, , m, and 6 are parameters; the dependence upon 
S has been explicitly included, which means that p is 
still defined as in (25) for P=0. 
Maximizing with respect to all parameters, we find 
that 
Eo(P)> Eo'+P?/2m*, (35) 
where 
(p?—1)(p'+2p?—2) 
900 8 4 rene +1 
P+i 


(36) 


The dimensional dependence of m* on m has been 
explicitly included in (35) and (36). Eo! is defined by 
(24) and p by (25). 

For small a, we get 


m*/m=(1+2a), (37) 
which is correct, but for large a we obtain 
m*/m= (16/81)a‘4, 


a result which is about a factor of 9 greater than 
Pekar’s. It is not understood why the error in the 
effective mass is the square of that for Eo. 

Since a variational principle for the effective mass 
does not exist, the fact that we have obtained a result 
substantially the same as Pekar’s by a completely 
independent method serves to increase our confidence 
in Pekar’s result. For the bare polaron (i.e., with no 
periodic potential present) with strong coupling it is 
fairly certain that the effective mass is as large as Pekar 
has claimed it is. 

We should also like to point out that inasmuch as 
the integrals appearing in the calculation are all 
integrals of rational functions, it is a very simple matter 
to introduce a Debye cutoff and still be able to carry 
through the calculation analytically. 


(38) 


4. GROUND-STATE EXPECTATION VALUES 


If one wishes to find the expectation value of a 
Hermitian operator, O, in the ground state (denoted 
by (O)), then in principle one could proceed as follows: 
define the Hamiltonian 


H(u)=H+u0; 


then, if Zo(u) is the ground-state energy of H(u), one 
has 


(39) 


dEy 
(O)=lim —. 
#0 du 


(40) 


Now, what is often done is to estimate E(u) by a 
variational calculation; but since a variational calcu- 
lation only yields information about a particular 
integral of the wave function, for a general operator, 
O, differentiating the variational result according to 
(40) is a procedure of doubtful validity. However, if u 
is a parameter which appears naturally in H, the 
variational procedure may be justified insofar as a 
differentiation with respect to uw is included in the 
variational calculation. Otherwise another method must 
be found. In the following discussion we shall try to 
clarify the above statement and present a workable 
method for estimating (O) for the general case. 
Consider (7) in the slightly generalized form 


H=£8(P—>-x Kay*ax)’+y Dox ax* ex 
+6(dx Jax +H.c.), 


where 8, y, and 6 are constants. For P=0, a ratio of 
some physical interest is 


(dx ka,*ax)*): (dx ay*ax): (> J yay +H.c.)| g, y, d=1 
OE OE OE 


(41) 


= lim (42) 


6.181 98 dy 5 


For large coupling, the product trial function gives 
EoS — fra? (54y 8), 

from which it may be supposed that the ratio (42) is 

1:2:(—4). 

How correct is this result? Since 8B, y, and 6 are 
parameters which occur naturally in H, it is found that 
the 1:2:(—4) ratio is obtained not only from differ- 
entiation of (43) but also from the expectation values 
of the trial function itself after E has been minimized. 
In other words, the fact that (40) agrees with the 
expectation values obtained with the trial function is 
a direct consequence of the variational method. How- 
ever, a far more convincing argument is the following: 
by the method of Sec. 2 we find that 


E> —}a? (548). 


Since it appears both in the upper and lower bound, 
the factor (5*y-*8!) must be correct except possibly 
for an oscillating factor. If we assume that the ratio, 


(43) 


(44) 
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(42), is asymptotically independent of a then the 
oscillating factor cannot be present and we may be said 
to have proved the 1:2: (—4) ratio. 

If a is not large, the method of Sec. 2 gives 


E)(P)> Eo+ P2/2m*, 
where 
PHI) F+3) 
Ey= ee es 
rr 
‘m* | (p?—1)(p'+2p’—2) 
m 8B (p?+1) 


2aé 
o( 1— —— } =1. 
3p(By*)! 
For small a these equations give the correct ratio 
1:1:(—4) in (42). The dependence of m* on 8, y, and 
6 is also correct in the strong- and weak-coupling limits 
insofar as it agrees with previous results. We may 
therefore conclude that insofar as the dependence of 
Ey on B, y, and 6 is concerned, the variational calcu- 
lations are asymptotically correct, and for intermediate 
coupling they are probably substantially correct. 
However, when we come to consider quantities such 
as (ax*+ay) or (Dox, x k-k’ay*ay-*a,ay-), the results 
obtained from trial functions are very much in error. 
For the latter quantity, the product ansatz gives zero, 
whereas it is easy to see that it is of order a’; there is no 
way, within the framework of the product ansatz, to 
obtain a nonzero result. For the former quantity, the 
product ansaiz with a Gaussian function gives 


Or 
(ay*+ay)= — 2), exp(-—e), 
8a? 


a result which, as we shall show, is definitely incorrect 
for large k. It is true that:in this latter case it is possible 
to choose a product function to give the correct result 
for (a,*+a,), but there is no way of knowing how to 
find it by using a variational treatment. The difficulty 
lies in the fact that the expectation values of the above 
two operators involve a detailed knowledge of the wave 
function which cannot be obtained from a variational 
calculation. 

At this point a lower bound becomes useful. The 
equation 


uw Eo(u)— Eo |<(O)<u- 1 Eo— Eo(—u) ], 
(u>0), 





(48) 


(49) 


(50) 


where Eo is the ground-state energy of H, can be 
derived from the simple equation 


Eo(u)< (H)+n(O) 2 Eot+u(O), 


and may be considered to be a difference-equation 
generalization of (40). Equation (50) may be extended 


(51) 
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to 
wu Eo"(u)— Eo’ ]<(O) <u“ Eo” — Eo4(—y) J, (52) 


where U and L refer to upper and lower bounds, 
respectively. It will be seen that to use (50) it is neces- 
sary to have a lower and not an upper bound as a 
function of uw. If one can find such a lower bound as an 
analytic function of 4, one can then maximize (50) with 
respect to uw. Equation (40) tells us that the best u is 
u— 0, but since there will in general be a finite differ- 
ence between the upper and lower bounds at .=0 one 
must choose a nonzero uw. In any case one can obtain 
definite limits on (O). 

As an illustration let us try to evaluate (a,*+-a,) 
for arbitrary k in the strong-coupling limit. Equation 
(39) reads 


A(u)= (ox Kay*ax)? +30 x Ox*ax+u(ax*+ ax) 
+>. J dy +H.c. 


The method of Sec. 2 is directly applicable to (53). 
Proceeding as before, we find 


(53) 


7 L on ow 2 — 2up' = A 
Eo (m) 9 pa J 
(pP?+k*) 


(54) 


[ the first term in (24) may be dropped for large a |, and 


a & ky 


1—O(a™) = t(u) = }-+- (55) 


— Jy. 
3 (p+k’) 


Hence p is not equal to ja as formerly but is now a 
function of uw and k. Upon solving for u in terms of , 
Eq. (52) reads 
—2p'J 
tale 
(p+?) 
4(2E0p+ap’) 


(Qa—3p)(pP+k)?* 


where the < sign holds if p<4%a and the > sign holds 
for p> 3a. To find the best p we must differentiate (56), 
which leads to a ninth-order polynomial equation in p 
which will have two roots greater and less than 3a, 
respectively. For small k, these two roots coincide and 
we find that 


(ay*+a,y)< or 


(56) 


(ax*+ay)= — 2J ,. (57) 


For large k, the equation reduces to second order and 
we find 


k 
(ax*+ax)< or >- ay ree T (58) 


Equation (57) is exact and is in fact true for all a as 
may be seen from the functional integral representation. 
For large k, if we take Eo” = —a*/3m as given by the 
product trial function, we obtain 


— 0.03402) ,/k?>(ax+ax)> —3.007J,/k. (59) 





GROUND-STATE 


Thus, although the two coefficients in (59) differ by 
a factor of 100, we have established the asymptotic 
dependence of (a,*+-a,) on k (aside, of course, from an 
oscillating factor which undoubtedly is not present), 
and shown it to be quite different from (49). It is 
interesting to note that (59) agrees with the asymptotic 
dependence of (a,*-+-a,) in H, of Sec. 2 and hence tends 
to increase our confidence in the result for m* found in 
Sec. 3. 

The same procedure can be used to calculate (a,*a,) 
although the algebra is a trifle more involved. It is 
found that the asymptotic dependence of (a,*a,) is the 
square of (59) aside from a numerical factor of order 
unity, a result which is anticipated by the adiabatic 
hypothesis. 

Thus, by numerical methods one can obtain upper 
and lower bounds for (a,*a,) for all @ and all k, the two 
bounds being farthest apart for large a and large k. In 
field theory a quantity such as (a,*a,) is, aside from 
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an additional time dependence which can be deduced 
from relativistic considerations, a propagator of im- 
mediate physical interest. Unfortunately, in field theory 
one must face the two problems of renormalization and 
the fact that a ground state does not strictly speaking 
exist, both of which would make a lower bound a 
somewhat unrigorous mathematical concept. Still, the 
nonlinear elements in the usual field-theory Hamil- 
tonian are positive definite so that the method of Sec. 
2 may have some validity. 
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Oxygen Band in Magnesium Oxide* 


Jreo Yamasnitat 
Department of Physics, University of Illinois, Urbana, Illinois 
(Received April 7, 1958) 


The approximation of tight binding is employed to determine the width and the depth of the oxygen 
band in MgO. A width of about 9 ev and a depth of about 7.6 ev are obtained. The agreement between theory 


and experiment seems to be fairly good. 


INTRODUCTION 


XISTENCE of the oxygen double negative ion in 
oxide crystals is usually postulated and widely ac- 
cepted as a useful assumption, although the free O— ion 
is not known experimentally.! Strictly speaking, it is 
more or less meaningless to speak about the existence 
of a particular ion within a crystal, since it is impossible 
to assign the electronic charge cloud to nuclei in an 
unique way.’ However, we always want to have some 
intuitive pictures of nature, and we believe that such 
pictures are sometimes quite useful in the construction 
of suitable models for certain problems. From the point 
of view of the Heitler-London model, the unperturbed 
system consists of an assembly of independent ions 
in the crystal. In that sense we may imagine that the 
oxygen double negative ion is an independent entity 
in oxide crystals. In the usual cases, for example, in 


* This research was in part supported by the U. S. National 
Science Foundation. 

t On leave from the Institute of Science and Technology, Uni- 
versity of Tokyo, Tokyo, Japan. 

1F, Seitz, The Modern Theory of Solids (McGraw-Hill Book 
Company, Inc., New York, 1940), p. 82. 

Pp. O. Léwdin, Advances in Physics, edited by N. F. Mott 
(Taylor and Francis, Ltd, London, 1956), Vol. 5, p. 1. 


alkali halide crystals, the wave function of each ion in 
the free state is assumed to be the unperturbed wave 
function in the crystal. However, the situation is 
different in oxide crystals, where we must determine 
the unperturbed wave function of the O— ion at the 
outset. Although the wave function cannot be deter- 
mined without more or less arbitrary assumptions, we 
have tried to determine the outermost wave function 
of the O— ion within the MgO crystal by a variational 
investigation using 2 orbitals. Our values of the 
electron affinity of the ion and the diamagnetic suscepti- 
bility of the MgO crystal seem to be in good agreement 
with experiment. Thus, the existence of the double 
negative ion in oxide crystals may be a reasonable 
assumption in the Heitler-London model. From this 
point of view the MgO crystal consists of two kinds of 
ions, Mgt* and O—, which have a closed shell structure, 
and consequently there are no conduction electrons. 
However, the band theory can also interpret the 
insulating properties of the MgO crystal. We suppose 
that the uppermost valence bands of the MgO crystal 
have 6N states, and that they are completely filled 


‘J. Yamashita and M. Kojima, J. Phys. Soc. Japan 7, 261 
(1952 
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with 6N electrons, since the crystal is an insulator. Then, 
we may assume that the wave functions of these bands 
are approximately given by LCAO Bloch functions 
formed from suitable atomic orbitals which have the 
character of 2 orbitals of the O— ion. In a first rough 
approximation the 2 orbital which has been deter- 
mined by us may be useful as an atomic orbital. 

The electronic structure of the valence band in alkali 
halide crystal and oxide crystals has been investigated 
by using the optical spectrum and the soft x-ray 
emission spectrum.‘ The observed characteristics of the 
electronic structure of both groups are considerably 
different. Alkali halide crystals have a narrow band of 
the order of magnitude of 1-2 ev, while oxide crystals 
have a wide band of the order of 7-10 ev. Although we 
cannot obtain the accurate value of the band width 
because of the widely spreading tails of the x-ray 
emission spectrum, the band width of the MgO crystal 
is estimated to be of the order of 10 ev. 

Recently some experimental investigations of the 
electronic structure of MgO have been performed by 
observing photoelectric® and thermionic emission.* The 
results are not yet conclusive, but the bottom of the 
conduction band is situated at somewhat less than 1.0 ev 
below the vacuum level, the exciton absorption peaks at 
7.5 ev and the width of the forbidden band is estimated 
approximately as 8.8 ev. Therefore, we suppose that 
the top of the valence band is at approximately 9 ev 
below the vacuum level. Further theoretical work on 
the valence band structure of the alkali halides has also 
been done in recent years. Casella’ has investigated the 
structure of the halogen band in NaCl, and Howland® 
in KCl. However, since there has been no theoretical 
work on MgO, we think that it is worth while to com- 
pute the valence band structure of MgO and compare 
the results with experiment. 


METHOD 


The approximation of tight binding is employed, and 
the computation is carried through for the experimental 
lattice distance. The crystal wave function is written 
as a linear combination of Bloch sums of 3N 29 orbitals 
of Mg** ion and 3N 2 orbitals of O— ions. The former 
is given by the Hartree-Fock function® and the radial 
part of the latter is given by 


P(r) = AP(e?-"+-0.15e7""), (1) 


We construct the potential of the O— ion by using the 
1s and 2s Hartree-Fock wave functions of the O~ ion” 


4N. F. Mott and R. W. Gurney, Electronic Processes in Ionic 
Crystals (Oxford University Press, New York, 1940), pp. 76, 79. 

5 J. R. Stevenson and E. B. Hensley, Bull. Am. Phys. Soc. Ser. 
II, 3, 46 (1958). 

FE. B. Hensley and J. R. Stevenson, Bull. Am. Phys. Soc. 
Ser. IT, 3, 46 (1958). 

TR. C. Casella, Phys. Rev. 104, 1260 (1956). 

8 L. P. Howland, Phys. Rev. 109, 1927 (1958). 

®W. J. Yost, Phys. Rev. 58, 557 (1940). 

1 Hartree, Hartree, and Swirles, Trans. Roy. Soc. (London) 
A238, 229 (1939). 
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and the 2 orbitals (1). As for the potential of the Mg++ 
ion we adopt the Hartree-Fock potential. Then the crystal 
potential is constructed by summing up the potential 
of each ion. We calculate overlap integrals and matrix 
elements of the crystal potential between 2 orbitals 
of nearest neighbor ions of the opposite sign, and second 
nearest neighbor ions of the same negative sign. The 
latter is much larger than the former. Thus, we suppose 
that matrix elements between third neighbor ions are 
not important, and matrix elements between fourth 
neighbor ions become fairly small, and we may neglect 
them. Since the orbitals are p type, there are two kinds 
of matrix element for each pair of ions; one is that for 
maximum overlap of the orbitals, the other is that for 
the minimum overlap. 

For convenience, we introduce here the following 
notation: E is the one-electron energy of the band, 
which is measured from the vacuum level, Eo is the 
energy of the 2 orbital in the free ion, e?M,/a is the 
Madelung energy, where M, is the Madelung constant 
and a is the distance between the nearest neighbor ions. 
X is defined by E= Ey>t+e’M ,/a+X, and k is the wave 
number vector of electrons in an energy band. S; is the 
overlap integral between the 29 orbitals of second nearest 
neighbor O— ions in the maximum overlap direction, 
S» is the similar overlap integral in the minimum overlap 
direction, 7; is the overlap integral between the 
2 orbitals of the nearest neighbor ions in the maximum 
overlap direction, and T; is the similar integral in the 
minimum overlap direction. We calculate these integrals 
by the standard method which was developed by 
Léwdin and others. Further, we introduce the following 
quantities: P; is the matrix element of the crystal 
potential between the orbitals which appear in S, P»2 
is the similar matrix element between the orbitals 
which appear in S2, and Q; and Q» are the matrix ele- 
ments of the crystal potential between the orbitals 
which appear in 7, and T2, respectively. We denote the 
crystal potential by V(r) and the potential of the ion 
by V,(r). If we assume that the crystal potential 
comes from only plus and minus point charges put 
on the lattice sites, then we have Pi;=—5,M,/a, 
Py= —5.M,/a, Qi= T\M ,/a, and QO2= T.M, /a, and 
consequently the energy band has no width. Thus, it 
is convenient to write P}= —S\M,/a+ pi, Q:=T.M./ 
a+ q; and so on. 

Calculation of Q; and Qe is not difficult, because the 
2p orbital of the Mg ion is well localized around the 
nucleus. We expand the 2 orbital of the O~— ion and 
the crystal potential around the Mg nucleus by a 
series of spherical harmonics and calculate the matrix 
element. Convergence of the series expansion is very 
good. On the contrary, calculation of P; or P2 is not so 
easy, because the 29 orbital of the O~ ion spreads con- 
siderably. Let us denote the 2 orbitals of the O~ ion 
by ¢.(r) and ¢.(r). Then we want to calculate the 
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following integrals 


=f f i) $2(2)(r+Ri) 
0 0 0 


XLV (1) —Vol(r) Jeaizy(r+Ro)dr, (2) 
where | Ro—R,| =av2. 

Now, we introduce an approximation. Let us imagine 
a sphere of radius r; around the point Ro, whose surface 
is divided into small portions by planes of = constant 
and g=constant. Further, we denote the area of a 
small portion by 6;(r;) and its middle point by 4A,;. 
Then we replace the triple integral J by a double 
summation, 


I=) LX 0(Aij)V (Ais) e1(Ais)8;(r0), (3) 


where ¢o(A;;) and g;(A,;) are values of (r+ Ro) and 
¢(r+R:) at the point A,;, respectively, and V(A,;) is 
the lattice sum of the potential of each ion at the 
point A ;;, 

V(Aij)= LD Vn(Ais). (4) 


n*0 


In the summation, we use the actual ionic potential 
up to third neighbors of the Ro ion and replace the 
potential of further ions by point charges. In order to 
determine the energy of the electron as a function of &, 
we must solve the six-dimensional secular equation. 
However, in the actual case, g; and g2 are so small as 
compared with p; and p2, that we can neglect them in 
the first approximation. Then, the six-dimensional 
determinant can be reduced, and we can easily manage 
it. We compute E(k) curves for three directions in 
k space, (&,0,0), (&,2,0) and (k,k,k). As a second approxi- 
mation, we modify the results by considering g; and q2 
as a small perturbation. 


RESULTS 


After some numerical calculations, we obtain the 
following results: S;= —0.124, S2=0.039, 7;= — 0.0464, 
T,=0.0137, ~:=0.047, po=—0.013, gi:=0.003, and 
g2= —0.001 in atomic units. By using these values we 
obtain the energy values of the electron in the valence 
band of the MgO crystal. We find that two sets of the 
bands are well separated in energy, so that we can 
approximately assign the upper three bands as the 
oxygen 2p bands and the lower three bands as the 
magnesium 2p bands. The upper energy bands are 
shown in Fig. 1 in atomic units. As seen from Fig. 1 the 
2p O— valence band is very wide in energy, about 9 ev 
wide. The top of the valence band is situated at 7.6 ev 
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Fic. 1. Energy of the O— 2p bands in MgO for three directions 
in k space. X(k) is defined by E(k) =Eo—e@M,/a+X (k), where 
Eo is the energy of the 2 orbital in the free ion, eM,/a is the 
Madelung energy. We use here the atomic units (e=1, m=1, and 
h/2x=1). 


below the vacuum level." These theoretical values are 
in good agreement with the experiments mentioned 
previously. The maximum energy of the valence band 
appears at the point k=0.6(2/a) in the (R,k0) direction. 
However, it is not certain that the accuracy of the 
present calculation is sufficient to give reliable knowl- 
edge of the detailed structure of the band, because the 
structure depends sensitively upon the relative ratio 
of pi and pf» 
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APPENDIX 


For purposes of comparison, we have done a similar 
computation for NaCl. We use the Hartree-Fock wave 
function of Cl 3p and Nat 2p and the Hartree-Fock 
field also. Since calculation of the summation (3) is 
rather laborious, we compute the integral J approxi- 
mately by expanding the crystal potential around the 
Cl- nucleus Ro by spherical harmonics. This method is 
less accurate than that mentioned previously. In the 
following we show the result. The meaning of the nota- 
tion is the same as before. S;= —0.0741, S2=0.0193, 
T= —0.0344, T2=0.0084, ~:=0.0093, p2=—0.0023, 
gi= —90.00052, and g2:=0.00016. The width of the 
valence band is estimated as about 1.7 ev. Casella has 
determined a minimum for the width of the halogen 
band in NaCl. A minimum width of about 1.0 ev was 
obtained by him. 

1 As Eo of the O-~ ion we use the experimental value, 9 ev. See 
reference 1. 
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Some Experiments on the Motion of 180° Domain Walls in BaTiO, 
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(Received February 6, 1958) 


Single-crystal BaTiO; samples with aqueous LiCl electrodes in place of the customary noble metal elec- 
trodes are observed to undergo polarization reversal with electric fields of several hundreds of volts per cm in 
a manner very much analogous to certain ferromagnetic materials. It is shown for the first time that polariza- 
tion reversal in BaTiO; can take place by the expansion of a few domains through extensive sideways 180° 
domain wall motion. The observed domain configurations show that the smallest switched domains are 
probably circular in cross section and do not appear to go through the thickness direction of the crystal. The 
small domains grow through sideways 180° domain wall motion into large ones which have approximately 
square cross sections with the straight sides at 45° to the a axes. It is also noted that few, and sometimes no, 
ferroelectric Barkhausen pulses are observed during polarization reversal, and that Barkhausen pulses can 


occur when two switched domains come together. 





HE question of the motion of 180° domain walls in 
single-crystal BaTiO; has been the subject of a 
number of experimental and theoretical investigations. 
Electrical measurements of the switching transients 
(dP/dt as a function of time and field) and optical 
studies described by Merz! indicate that polarization 
reversal in BaTiO; with fields of several thousands of 
volts per cm is brought about by many nucleations of 
domains which appear to grow only in the forward 
direction. Merz quotes some theoretical considerations 
by P. W. Anderson which give a 180° domain wall 
energy of about 7 ergs cm~ and a thickness of the order 
of one to a very few lattice constants. Anderson esti- 
mates that the energy required to move a thin 180° 
domain boundary will be of the order of the wall energy 
itself, i.e., 10 ergs cm~. In addition, Anderson concludes 
that since the energy gained in moving a 180° domain 
wall sideways by one lattice constant is much smaller 
than the wall energy, sideways 180° domain wall 
motion is unlikely. This situation is very different from 
the ferromagnetic case where magnetization reversal 
takes place largely by the sideways motion of domain 
boundaries which are several hundred lattice constants 
thick.? 

Little® has observed optically the motion of 180° 
domain boundaries in the presence of an electric field 
which is at about 45° to the polarization direction and 
concludes that the 180° walls do not move sideways in 
reasonable laboratory times with a field less than 2.4 
kv cm™. What appears as sideways 180° domain wall 
motion is attributed to unit-cell dipole reversal propa- 
gated in the forward direction rather than by motion of 
the entire domain wall parallel to itself which is ruled 
out by energy considerations like those given by 
Anderson. 

Cameron‘ studied domain patterns on acid-etched 

1W. J. Merz, Phys. Rev. 95, 690 (1954). 

2C. Kittel and J. K. Galt, in Solid State Physics, edited by F. 
ae D. Turnbull (Academic Press, Inc., New York, 1956), 

TE. A. Little, Phys. Rev. 98, 978 (1955). 


4D. P. Cameron, I.B.M. J. Research and Development 1, 2 
(1957). 


partially switched BaTiO; single crystals. The observed 
domain configurations agree with a growth mechanism 
in which cone-shaped domains go through the thickness 
direction of the crystal and then grow sideways as a 
truncated cone. Kinase and Takahasi° presented theo- 
retical arguments which indicate that the 180° domain 
walls are about one lattice constant thick and have an 
energy of 1.4 ergs cm~”. Electric fields of the order of 10° 
volts cm™, predicted solely on theoretical grounds, 
should be required for polarization reversal and for 
sideways 180° domain wall motion. The authors de- 
scribed some mechanisms which may allow polarization 
reversal to take place at much lower fields, as is observed. 

From an electrical study of ferroelectric Barkhausen 
pulses in BaTiO;, Chynoweth® concludes that a 
Barkhausen pulse could arise from the nucleation and 
growth through the thickness direction of a domain 
which is cylindrically shaped by the end of the Bark- 
hausen event. Since the total charge represented by the 
Barkhausen pulses accounts for only 0.1% to 1% of the 
charge required for complete polarization reversal, 
Chynoweth pictures a further growth of the Barkhausen 
domains through a sideways expansion of 100 to 1000 
times, thus accounting for the required charge. 

The conclusions reached by the above-mentioned in- 
vestigators are quite varied, but the trend in both the 
experimental and theoretical work does seem to be in the 
direction of increasing the amount of polarization re- 
versal brought about by sideways 180° wall motion. It 
should be added that the techniques used by these 
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Fic. 1. Schematic drawing of part of the liquid-electrode crystal 
holder; (a) and (b) are before and after contact with the sample, 
respectively. 

5 W. Kinase and H. Takahasi, J. Phys. Soc. Japan 12, 464 
(1957). 

6 A. G. Chynoweth, Phys. Rev. 110, 1316 (1958). 
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Fic. 2. Block diagram of the circuit used to observe simultaneously the occurrence of Barkhausen pulses and the switching 
current i,, (dP/dt). The circuit is also used to obtain a pulse-height analysis of the Barkhausen pulses. 


researchers were quite varied which might account for 
the lack of uniformity in their conclusions. A still 
different technique has been used in the present work to 
study the motion of 180° domain boundaries and once 
again, somewhat different conclusions are reached. The 
present experiments grew out of a study of polarization 
reversal in BaTiO; single crystals in which aqueous 
lithium chloride electrodes were substituted for the 
more usual metal electrodes. It has been found that the 
electrical stability of BaTiO; crystals with certain liquid 
electrodes’ is greatly improved over the stability ob- 
served with metal-electroded crystals. All the experi- 
mental investigations described above were with metal- 
electroded crystals. 


METHOD 


It appears that the experimental procedures may be 
important insofar as sideways domain wall motion is 
concerned, so the techniques used in this work will be 
described in some detail. The single-crystal butterfly 
wings were grown from undoped material by the 
Remeika method’ in an oxygen atmosphere. Clear 
crystal plates with good clean surfaces were selected and 
etched in concentrated HsPO, at 155°C long enough to 
reduce the sample thickness by about 5X 10~* cm. Then 
they were rinsei in water, alcohol, and dc-poled in 
water with platinum electrodes. The specimens were 
then examined with a polarizing microscope, and only 
those with c-domain areas considerably larger than the 
electrode size employed were used for the experiments. 
A cross-sectional schematic diagram of part of the liquid 
electrode holder is shown in Fig. 1. In most of this work, 
the electrolyte used was a room temperature saturated 
solution of lithium chloride in water. After the solution 
is applied to the silver electrodes, they are brought up 
to the sample as shown in Fig. 1(b). 

A block diagram of the circuit employed is shown in 
Fig. 2. The crystal voltage supply is battery operated 
and automatically cycled plus and minus. The signal 


7E. A. Wood (private communication). 

*C. F. Pulvari, Proc. Spec. Tech. Conference, Solid State 
Dielectric and Magnetic Devices, April, 1957, Catholic University 
of America, Washington, D. C. (unpublished), Paper 4. 

9A. W. Ziegler (private communication). 

1 J. P. Remeika, J. Am. Chem. Soc. 76, 940 (1954). 


across the 5X 10®-ohm resistor is fed into two channels; 
an electrometer which measures the switching current 
is, ie., dP/dt, and a circuit described in detail by 
Chynoweth® which permits one to observe ferroelectric 
Barkhausen pulses. The electrometer and rate-meter 
outputs are fed into a dual trace CRO so that both the 
occurrence of Barkhausen pulses and the switching cur- 
rent can be observed simultaneously as a function of 
time. 

The crystals are cycled several times, during which 
the switching current is observed as well as the occur- 
rence of Barkhausen pulses as a function of time. These 
measurements are made for only one sign of the applied 
voltage and this voltage, which is positive with respect 
to ground, is adjusted such that the time to achieve 
complete polarization reversal is about one minute. 
With these long switching times, the voltage drop 
across the load resistor is negligible compared to the 
applied voltage. The voltage to polarize the crystal in 
the other direction is made sufficiently large to insure 
that the crystal is completely switched prior to applying 
the positive voltage. The switching can be interrupted 
at any time during the cycle by opening a manually 
operated switch, S;. When it is decided during the 
measuring portion of the cycle that the domain pattern 
might be of interest, switch S$; may be opened and the 
sample immediately removed from the holder and 
etched in acid to bring out the c-domain configura- 
tion.*:"—® The c-domain pattern on the etched specimen 
is readily observed with a microscope by reflected light. 


RESULTS AND DISCUSSION 


One of the most striking observations with liquid- 
electroded specimens is the small number and large size 
of the domains observed on many of the samples, an 
example of which is shown in Fig. 3. In numerous cases, 
a single switched domain larger than half the electrode 
area (8X10~* cm’) was observed. Another interesting 
result is that the time rate of change of polarization, i,, 
is usually quite irregular. A typical example of this is 
shown in Fig. 4. 

J. A. Hooton and W. J. Merz, Phys. Rev. 98, 409 (1955). 

21). Kontoleon and J. Tomlinson, Metal Progr. 69, 98 (1956). 


4% R. C, DeVries and J. E. Burke, J. Am. Ceram. Soc. 40, No. 6, 
200 (1957). 
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Fic. 3. An accurate repro- 
duction of the domain pat- 
tern observed on a BaTiO; 
sample partially switched 
with a field of 350 v cm™. 
The electroded area was cir- 
cular as shown and 107 cm 
in diameter. The dark area 
has been switched and 
shows that two large do- 
mains had just come to- 
gether. 


The Barkhausen spectrum is also most unusual in 
that the number of pulses observed during a complete 
polarization reversal is smaller than one observes with 
evaporated metal electrodes. When the crystals have 
metal electrodes, of the order of 10° Barkhausen pulses 
per cm? are usually observed,*© whereas samples 
with liquid electrodes as described above, may give 
from zero to about 10° per cm*. The number varies 
widely from one sample to another. The total number of 
pulses is arrived at through normal pulse-height count- 
ing techniques; however, the measurement is somewhat 
uncertain when only a few pulses are counted at a level 
just above noise. It was noticed that discontinuous de- 
creases in the switching current were usually coincident 
with one or more Barkhausen pulses. The Barkhausen 
pulses observed under these conditions, and their origin, 
will be described in detail in a future paper. Most of the 
emphasis here will be on other aspects of the observed 
polarization-reversal characteristics. 

The sample whose domain configuration is shown in 
Fig. 3 illustrates the phenomena just described. It was 
8X 10-* cm thick and was cycled with fields of — 1000 v 
cm and +350 v cm~. During complete polarization 
reversal, nine Barkhausen pulses were observed with the 
pulse-height discriminator set just above the noise level. 
It was noticed that at a certain point there was a sharp 
decrease in i, coincident with a Barkhausen pulse. After 
this phenomenon was shown to be reproducible, the 
voltage was removed immediately after the decrease in 
i, and the sample etched to bring out the domain pattern 
which is reproduced in Fig. 3. A reproduction of the 
switching current and time of occurrence of Barkhausen 
pulses up to the time of the partial switch is shown in 
Fig. 5. Each vertical line on the pulse-height discrimi- 
nator output shown in Fig. 5 represents one pulse. The 
linear rise with time of 7, which starts at about 12 sec is 





ry 








Fic. 4. The switching cur- 
rent 7, as a function of time 
for a sample switched with 
a field of 350 v cm™. 
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4 A, G. Chynoweth (private communication). 
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consistent with a switched domain, or domains, ex- 
panding in two directions with uniform velocities in each 
direction such that the switched area on the electroded 
surface increases as f. The increase in the slope at 42 sec 
can be interpreted as the result of the introduction of 
another domain, or domains, which also expand such 
that the switched area increases as /. The sudden de- 
crease in 1, at 74 sec would be expected if two growing 
domains had just come together. Figure 3 shows that 
two growing domains had indeed just come together and 
that only two observable domains, both large, were 
taking part in the switching at the time the voltage was 
removed. It is interesting to note that the increases in 
the slope of 7, shown in Fig. 5 do not occur at the same 
time or soon after a Barkhausen pulse. Thus there is no 
evidence in these data that Barkhausen pulses are as- 
sociated with the nucleation of domains as suggested by 
Chynoweth* on the basis of less direct experimentation. 
These same type of phenomena have been seen many 
times; however, every sample does not behave in this 
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Fic. 5. Reproduction of i, and the occurrence of Barkhausen 
pulses as a function of the time a field of 350 v cm™ has been on 
the sample. Each vertical line on the discriminator output repre- 
sents one Barkhausen pulse. The field was removed about 1 sec 
after the pulse shown at t=74 sec. The resultant domain configura- 
tion is shown in Fig. 3. 


manner. In fact, it is very seldom that the switching 
transient and the etch pattern can be interpreted as 
completely as the case described above. In several 
samples the voltage was removed just prior to a de- 
crease in 7, which had been shown to occur in a repro- 
ducible fashion. Figure 6 shows a photomicrograph of 
such a sample. The two dark areas are growing domains 
which are about ready to come together. 

These experiments have also shed some light on the 
manner in which ¢ domains grow. Some partially 
switched crystals have a distribution in size of c domains. 
The smallest ones observed are circular in cross section 
on one side of the crystal and cannot be seen on the 
opposite side. If it is assumed that they are conical in 
shape and just go through the crystal in the thickness 
direction, the apex angle is something like 1°. The 
diameter of the base of the cone is 4 u which is well 
within the resolution of the microscope. There is a very 
strong preference for the base to appear on the side of 





MOTION OF 180° 
the sample facing the negative electrode. Then expan- 
sion takes place such that the original volume goes over 
into a truncated cone of smaller apex angle and larger 
base. By the time the base is about 10 u in diameter, the 
truncated cone is nearly a cylinder and further expan- 
sion gives rise to a domain with a strong preference for a 
square cross section. Chynoweth® would expect this 
general type of growth up to the cylinder stage, but 
with smaller radial dimensions. These observations are 
not in agreement with those of Cameron! which indicate 
that the domains continue to retain a truncated cone 
shape as they grow. The shapes of the larger domains 
can be seen in Figs. 3 and 6. The straight sides are at 45° 
to the crystalline a axes. Thus it appears that the 180° 
domain walls can move more easily ina direction parallel 
to the crystalline a axes than in any other direction. A 
strong preference among the larger domains to have 
square cross sections with sides at 45° to the a axes has 
also been observed by the author on partially switched 
metal-electroded crystals. 


CONCLUSIONS 


Several important conclusions can be drawn from 
these observations. It is clear that polarization reversal 
in BaTiO; requiring many nucleations followed by 
domain growth in the forward direction, as originally 
pictured by Merz! to apply at fields of several thousands 
of volts per cm, does not describe polarization reversal 
under the conditions described here. It has been shown 
that polarization reversal in BaTiO; can take place by 
expansion of a few domains at low fields through ex- 
tensive sideways 180° domain wall motion. In this 
respect, this behavior is then analogous to magnetization 
reversal in some ferromagnetic materials.!® The side- 
ways 180° domain wall motion observed with aqueous- 
like electrodes is much more extensive than other 
investigations indicate. The fields at which the domain 
wall motion takes place are much less than reported by 
Little’ and many orders of magnitude less than theo- 
retical considerations alone would predict.'* It hasalso 


16H, J. Williams and W. Shockley, Phys. Rev. 75, 178 (1949). 
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Fic. 6. A photomicrograph of the domain pattern on a BaTiO; 
sample which had been observed to exhibit a sharp decrease in the 
switching current a few seconds later than the time at which the 
field of 300 v cm™! was removed. The dark areas have been 
switched. The electrode periphery has been drawn in. 


been shown that polarization reversal can be accom- 
plished with very few, or maybe even no Barkhausen 
pulses, and that Barkhausen pulses occur when two 
growing domains come together. A number of important 
experiments which should be done in view of the results 
presented here are now in progress or contemplated. 
Most of these experiments were not possible up to this 
time because of the large number of domains usually 
encountered during polarization reversal where the 
customary noble metal electrodes are used. It is clear 
that the electrode plays a most important role in de- 
termining the characteristics of polarization reversal in 
BaTiQOs, a role which is not yet understood. 
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Using simplified models, calculations are made for the contribution of mobile dislocations and small-angle 
boundaries to the specific heat and thermal resistivity of crystals. The specific heat is found to be propor- 
tional to T and T°, and the lattice resistivity approximately to 7—" (where m lies between 3 and } for the 
usual range of measurements) and 7~5 for mobile dislocations and mobile small-angle boundaries, respec- 
tively, over a range of low temperatures, but eventually both go to zero in the limit as the temperature 
approaches zero. The magnitudes of the effects are such that although the contribution of dislocations to 
the specific heat of some pure cold-worked nonconductors and superconductors may be measurable, that 
from small-angle boundaries is not. The effect of dislocations on the thermal resistivity is large and should 
compete with boundary scattering for temperatures of the order of 10~ of the Debye temperature, with 
dislocation densities of the order of 10’ cm™ in specimens of a few millimeters in diameter. The predicted 
temperature dependence is in agreement with recent measurements on superconducting lead at low tem- 
peratures. At present a contribution from mobile boundaries to the thermal resistivity is not excluded as a 


possibility. 





I. INTRODUCTION 


HE influence of defects on thermal properties of 
crystalline materials has been receiving increasing 
attention. The specific heat can be affected by imper- 
fections through their effect on the distribution of 
frequencies and modes of vibration of the lattice. The 
effect of point defects has been examined by Montroll 
and Potts.! Extended defects which are mobile even 
under the influence of small thermal stresses give rise 
to low vibration frequencies and may therefore be 
effective at low temperatures. One- and two-dimensional 
defects of this type will be considered here. The sensi- 
tivity of thermal conductivity to imperfections is well 
known. At low temperatures, the lattice conductivity 
of nonconductors and superconductors is primarily 
limited by the scattering of phonons at defects. A 
detailed discussion of the influence of many different 
types of static defects has been published by Klemens.’ 
Available measurements show that there are com- 
ponents of resistivity which cannot as yet be accounted 
for on the basis of the so far known mechanisms. It is 
therefore appropriate to consider additional mechan- 
isms. Klemens has computed the thermal resistivity 
arising from static dislocations and small-angle bounda- 
ries. We shall attempt here to determine the tempera- 
ture dependence and order of magnitude of the thermal 
resistivity offered by mobile dislocations and small- 
angle boundaries. 
Dislocations which do not lie along crystallographic 
directions where they are restricted by the Peierls’ 
stress and which are not completely pinned down by 
point defects are free to move under the influence of 
thermal shear stresses. Their mode of motion still 
depends, however, on restrictions such as network 


1E. W. Montroll and R. B. Potts, Phys. Rev. 100, 525 (1955). 
See also Magnuson, Palmer, and Koehler, Phys. Rev. 109, 1990 
(1958), who find that a radiation of 2.5 x 10'* deuterons per square 
centimeter produces a decrease of 16°K in the Debye 6 of copper. 

2 P. G. Klemens, Proc. Phys. Soc. (London) A68, 1113 (1955). 


points or the stress fields of other nearby dislocations. 
Anticipating that the largest effects occur when the 
dislocation densities are large, one would like to know 
the exact arrangement and distribution of obstacles 
for motion of the dislocation in the cold-worked state. 
There is little detailed information of this sort available, 
but one may expect that models in which dislocations 
are in networks, pileups, and small-angle boundaries 
would be appropriate. Dislocations which form elements 
of networks for which the average distance between 
dislocation segments is not small compared to the 
lengths of the segments may be treated as isolated 
dislocations pinned at the network points. (See Ap- 
pendix I.) Dislocations in pileups have complicated 
modes of vibration when the interaction between the 
various dislocations are taken into account and will 
not be considered here. It is likely that such pileups do 
not have great mobility. Most small-angle boundaries 
are sessile. Simple tilt boundaries, however, which 
are mobile will be considered. In what follows, there- 
fore, the models used will be isolated, pinned dis- 
locations for one-dimensional defects and glissile tilt 
boundaries for two-dimensional defects. Sessile dis- 
locations and small-angle boundaries will not concern 
us. 


II. SPECIFIC HEAT 
A. Pinned Dislocations 


Consider a dislocation line segment of length Z in an 
isotropic material as in Fig. 1, which is free to oscillate 
as a vibrating string in its slip plane. The equation of 
motion of this dislocation is given by 


E @ 


C df 


ag 
E—=0, (1) 


where the boundary conditions are ¢(0,/)=£&(L,t)=0, 
and where é is the displacement of the dislocation. F is 
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the dislocation line energy, C?=G/p,’ E/C* is the 
effective mass per unit length of the dislocation, p is 
the density, and G is the shear modulus. The resonant 
frequency of the dislocation is given by 


wo=mC/L. (2) 


The number of modes of oscillation of the dislocation 
is given by L/a, where a is the lattice spacing along the 
dislocation line. Although the vibrations of this oscil- 
lating system are transverse, the problem is mathe- 
matically equivalent to that of the determination of the . 
internal energy of a one-dimensional crystal. The 
internal energy U of such a system is well known‘ to be 


his, 
OF D cisaii t, (3) 
« exp(fw,/KT)—1 
where the sum is over all the normal modes of the 
vibrating dislocation; k is Boltzmann’s constant. 
If we approximate the sum by an integral in the 
usual way, Eq. (3) becomes 


i hy dk 
v-{ = isi: w(k) -dw, 
ko exp(hw/KT)—1 dw 


where w(k)dk is the number of modes between & and 
k+dk. For a one-dimensional line, the density of modes 
is given by 


(4) 


w(k)=L/n. (5) 


We are interested in the temperature dependence of 


(4) for low temperatures. For these long wavelengths 
we may take dk/dw=1/C, and (4) becomes 


fi 


Now, upon letting x=fw/kT, Eq. (6) may be expressed 


as 
‘)? ¢ xdx 
0 e7—1 


or, since the integral has the value x°/6, 


L hwdw 
U=— 


aC 


(6) 


exp(hw/KT) — 1 


sacanrre (7) 
aC 


oe LRT 


h 


(8) 
6C 


Fic. 1. Dislocation line of length 
L bowed out by an applied stress, 
but fixed at its end points. 
0 L 
3 This equation holds for a screw dislocation. For an edge 
dislocation, C? will have a slightly different value. [See A. Seeger, 
Handbuch der Physik (Springer-Verlag, Berlin, 1955), Vol. VII, 
p-t.] 
4 See, for example, C. Kittel, /ntroduction to Solid State Physics 
(John Wiley and Sons, Inc., New York, 1953), p. 72, or M. 
Blackman, Proc. Roy. Soc. (London) A148, 365 (1935). 
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The contribution of the loop Z to the specific heat is 


therefore 
a L xK*T 


C ab di nti 


= (9) 

3C h 
This can be put in terms of the Debye 9 once the relation 
between C and v, the velocity of sound in the perfect 
lattice, is determined. 0 is defined by 


KO=hym, (10) 


and therefore 


0=vorh/ka= pCrh/Kka, (11) 


where p=%0/C, and v,, is the limiting frequency in the 
perfect lattice. Upon using (11), Eq. (9) becomes 


(12) 


Finally, to obtain the specific heat per mole (C,), we 
multiply (12) by the number of loop segments L per 
unit volume (A/L), by the volume per atom (a*/Z), 
and by the number of atoms per mole (.V), where A is 
the dislocation density and Z is the number of atoms 
per unit cell. Then (12) becomes 


(13) 


The magnitude of this contribution to the specific 
heat will be discussed in a later section. For the present, 
we simply note that Eq. (13) predicts a specific. heat 
which is proportional to the dislocation density and 
the temperature at low temperatures. Equation (13), 
however, is not valid in the limit as T— 0, since for 
very low temperatures (K7<fiwo) even the lowest mode 
(wo) is not fully excited. For this case, only the first 
term of the sum (3) need be used and one obtains 


hur : 
(=) exp(—fiwo nT). (14) 
KT 


so that the specific heat goes to zero exponentially at 
very low temperatures. 

For temperatures such that fwo=KT, the approxi- 
mation of replacing the summation by an integration 
should not be accurate. To determine the error intro- 
duced, we evaluate this case separately. The value 
obtained by direct summation of Eq. (3) is 


C=2.88NKAa*/LZ, 


so that the ratio of the specific heat as computed by 

summation of Eq. (3) to that determined approxi- 

mately by integration, CS) is 
C®/CS) =0.88, (15) 


We therefore see that no great error is introduced by 
using Eq. (13) for temperatures KT > hwo. 
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Fic. 2. Small-angle boundary 
consisting of parallel edge dislo- 
cations spaced a distance h/ apart. 
Under a stress, the individual dis- 
locations bow out, but are re- 
stricted at the edges of the 
boundary. 


The temperature defined by KT=fwo depends on 
the length of the dislocation segment, according to 
Eq. (2). Taking an average value of C to be ~10° 
cm/sec for most metals, one finds 


KT =heC/L~hn105/L, 


LT~2.4X10-*. 


Thus for loop lengths ZL of 2.4X10~*, 2.4X10~°, and 
2.4X10~ cm, Eq. (13) should be valid for temperatures 
greater than 1.0°K, 0.1°K, and 0.01°K, respectively 
(but only for temperatures which are also much 
smaller than the Debye 8). 


B. Simple Tilt Subgrain Boundaries 


As a model here, we consider a simple tilt boundary 
composed of edge dislocations arrayed as in Fig. 2, 
separated by a distance / and supposed to be clamped 
down at the ends. The tilt angle of the boundary is 
given by 

0=b/h. 


Under the action of a shear stress a, the boundary will 
bow out, but be constrained at the ends. The dis- 
locations will not be able to bow out independently 
but will be coupled through their mutual stress fields. 
In general, the tension in the two coordinate directions 
will be different although of the same order of mag- 
nitude. For the purposes of the following estimate, this 
difference will be ignored and the tension will be taken 
to be the grain boundary energy per unit area (A). The 
equation of motion of the dislocation is then 


EGE (dot 
——~4(—+ )-o. 
Ch ae ax? dy? 


(16) 


Thus the natural frequency of the system is given by 


aC ( —) ; 
ee ’ 
L\E 
which is of the same order of magnitude as that for the 
dislocation segment. 
Proceeding now in the same way as before, but using 
a two-dimensional distribution of modes w(k)=k/27, 
and the resonant frequency (17), one obtains 


(kT)! p2 ade 
U= f 
Qhrrvy? Jo «=e? — 1 


(17) 
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or U=7kT*I,/2a°0’ per unit area of boundary per unit 


volume, where 
* ds 
he f ’ 
« &=— 1 


3 T\2 aS 
cmt *)an(2) 
2 0 Z 


where S is the total area of simple tilt boundary found 
in unit volume of the specimen. The two-dimensional 
aspect of the vibration is reflected in the 7? temperature 
dependence. 


(18) 


III. THERMAL CONDUCTIVITY 


We start with the expression for the thermal con- 
ductivity in the form 


K = i> ViCKl Re 


Since we shall be interested in the results for low tem- 
peratures, we can take 2 to be a constant, v. The 
contribution to the specific heat from the mode with 
wave vector k is found by differentiation of the kth 
term of Eq. (3) with respect to T to be 


(19) 


(20) 


where x=fw/KT. The distribution of modes to be used 
is that for the lattice phonons, or 


w(k) = 3k? /29? = 3u?/2000°. (21) 
We then need only find the mean free path /, for the 


two cases of incident thermal phonons on isolated 
dislocations and on small-angle boundaries. 


A. Dislocation Line Segment 


The scattering cross section o for a thermal wave 
incident normally on a screw dislocation has already 
been computed by Nabarro® for a different purpose. 
Nabarro gives 


o=2n°C/ {cl In(4/kb)— 1.077}, (22) 


as the scattering width per unit length of dislocation. 
Multiplying (22) by the dislocation density A, we 
obtain the attenuation a of the incident sound wave. 
The mean free path / is the reciprocal of a and is 
therefore given by 


(w) =w[In(4/kb) — 1.077 P/29°CA. 


(23) 


Now using (23), (21), and (20) in (19) and replacing 
the summation by integration, we find 
vo c*™ Katet [ln(4/kb)—1.077 PKTx 
345 (e—1) 2m°CAh 
3(KT)*x? KT 
—-—dx, (24) 
20h? vh 
5 F. R. N. Nabarro, Proc. Roy. Soc. (London) A209, 279 (1951). 
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For the purpose of the integration, we regard the 
logarithmic factor as an average value and find 


k[In(4/kb)— 1.077 ? ve? KT \! 
K=— - ~{ ) J5(x), 
44 CA 


tivo 


where 


e 2"dz 
J (x)= f (nities, 
0 (e*—1)(1—e7*) 


To express the results in terms of the Debye 0, we use 
the relation‘ 


O=hyo(6r?N)*/K, (25) 


in terms of which K may be written as 


3 vok T4 
K=—WNx[In(4/kb)—1.077 ?}J;— —, 
2r* Ch AG 


(26) 


o | 
lim J,=n! >> —. 


T/6->0 r=] 7” 


Tables of the values of J,(~%) have been tabulated 
by Sondheimer.*® Js5, as 7-0, is given by 124.3. We 
note that the conductivity is a very strong function of 
the temperature and inversely proportional to the 
dislocation density. The magnitude given by Eq. (26) 
will be discussed in a later section. 


B. Simple Tilt Boundary 


To find the mean free path, we first determine the 
energy irradiated by the boundary when it oscillates 
with amplitude d. Consider the tilt boundary of Fig. 3. 
The stress field surrounding a simple edge boundary is 
very complicated in the immediate vicinity of the 
boundary, but goes to zero quickly at points distant 
from the boundary larger than the spacing / of the 
dislocations in the boundary because the stress fields 
of the individual dislocations tend to cancel at large 
distances.’ The strain field is therefore very simple for 
distances z>h. If the boundary moves a distance &, 
then the displacement at points s>A will be given by 


v/2=€ tan(6/2). (27) 


The displacements « and w (in the x and z directions) 


Fic. 3. Schematic figure rt 


showing the displacement 2 
when a small-angle boundary 
(solid line) of angle @ is dis- 
placed a distance &. 


pet) 
oa 


6 E. H. Sondheimer, Proc. Roy. Soc. (London) A203, 75 (1950). 
7A. H. Cottrell, Dislocations and Plastic Flow in Crystals 
(Oxford University Press, Oxford, 1953), p. 93. 
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are zero, and for small-angle boundaries we have 


v=6€. (28) 


We can now find plane-wave solutions for the ir- 
radiated wave with the required properties for small 
and large z. For example, the solution 


v=6d exp[i(kz—w1) ], (29) 


satisfies the wave equation and reduces to the proper 
stress field »x=6de~‘“' for h2z<«X/2r. The rate at which 
energy is irradiated by this oscillating surface per unit 
area is given by o.,(dv/d1). Since o,y=Gezy=G(dv/02), 
we have 


W=G@'Pwr/C, (30) 


as the energy irradiated away per unit area of boundary 
per cycle. We determine d in terms of the applied 
thermal stress oo from the differential equation for the 
motion of the boundary: 


E &é bao 
——= ri exp[iwt ], 


Ch ot 


(31) 


where it has been assumed that the motion is mass- 
limited. From (31), we find that 


d=a0bC?/ Ew”. 


The attenuation a is conveniently found in terms of 
the decrement A by means of the relation 


A=ayX. 


(32) 


(33) 


The decrement is a measure of the damping of a sound 
wave commonly used in internal friction studies and is 
given by the ratio of the energy lost per cycle by ir- 
radiation to twice the maximum stored energy in the 
lattice by the sound wave. Taking E=G0* In(h/b)/ 
[44(1—v) ] as the line energy of the dislocation and an 
average value of y=} for Poisson’s ratio, we find 

A=128rC*S/[In(h/b) Phd 'w, (34) 


where S is the boundary area per unit volume of 
specimen. The mean free path is then 


1(w) = h?w*[ In (h/b) P/64CS. 
Now, using (35), (21), and (20) in (19), we obtain in 


the same manner as for the previous calculation 


WS, Vo K? J 


S CH OE 


(35) 


(36) 


3 
K=—! 
64 


Vln (h/b) 


where J,= 731.2. 


IV. DISCUSSION 


We consider first the contribution to the specific heat 
given by dislocations in detail for a specific case. There 
seems to be reliable evidence that dislocation densities 
of the order of 10'° cm™ are achieved in the case of 
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cold-worked aluminum.* We therefore take A= 10" 
cm’, L=1.7X10~ cm (roughly estimated from the 
relation, AZ?=3, for a cubic array), 0=398°K, 
G=2.5X10" dynes/cm*, p= 2.69 g/cm’, b= 2.86 10-* 
cm, a=4.04X10-* cm, and Z=4, from which we find 
that p=2.21, using »=akO/xh. Then from Eq. (13) 
we find that the dislocation contribution to the specific 


heat is 
Cp=29.7X10-*Nx(T/8), 


whereas the lattice contribution is 
C,=233.8Nx(T/@)*. 


The two should have the same size, therefore, at 
T=0.142°K. 

The product LT is close to the critical value of 
LT=2.4X10~' so that Eq. (13) will give a value slightly 
too high. For aluminum in its normal state, both of 
these contributions will be overshadowed by the 
electronic specific heat. However, in the supercon- 
ducting state, the electronic specific heat becomes small 
at these temperatures. Using the data of Goodman’ for 
aluminum, the electronic specific heat, C., is given by 


Ca=byT. expl—b7./T], 


where y = 3.34X 10~ cal/mole deg’, b= 6.9, b= 1.28, and 
T-.=1.18°K; so one finds that 


C.(0.142°K) = 7.45 X10 cal/mole deg, 
C,=2.17X10-* cal/mole deg, 
Co=C:. 


Therefore nearly 20% of the measured specific heat at 
this temperature could be due to the dislocations. For 
slightly lower temperatures (or higher dislocation 
densities) the dislocation contribution could be a larger 
fraction of the total, but at very low temperature Cp 
also goes to zero exponentially according to Eq. (14). 

It is therefore concluded that dislocations can have 
a measurable effect on the specific heat of some pure 
deformed superconductors. In general, however, the 
effect appears to be a small one and is probably not 
detectable in most materials with present techniques. 

For a dielectric material the electronic component 
would be absent, but it may be more difficult to achieve 
the same dislocation densities that are obtained in 
metals. The effect would appear at lower temperatures 
for lower dislocation densities. The writer is not aware 
of any measurements which could be examined for this 
effect. 

For the magnitude of the contribution of the mobile 
small-angle boundaries to the specific heat, we note that 


8P. B. Hirsch, Progress in Metal Physics (Pergamon Press, 
Ltd., New York, 1956), p. 236. 

®B. B. Goodman, Conférence de Physique de Basses Tempera- 
tures Paris, 1955 (Centre National de la Recherche Scientifique 
and UNESCO, Paris, 1956), Supplement to the Bulletin de 
l'Institut International du Froid, 1955, p. 506. 
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Eq. (18) yields, for a rough order of magnitude, 


Ca~10-"7SNK(T/0)?, 
while 
Cr~2X10?°-NK(T/6)*. 


Therefore, the two contributions would have the same 
order of magnitude when 


T/O0~5X10-S. 


Taking a typical Debye 6 value of 8=300°K, we have 
T=0.15X10-8S. Thus, in order for the specific heat 
contribution from the boundaries to be appreciable even 
at 0.1°K, we would require a surface area of boundary 
of ~10° cm? per cubic centimeter of specimen. This is 
exceedingly large and could be achieved only if mosaic 
blocks with average dimension of 10~* cm permeated 
the crystal and if the boundaries of these blocks con- 
sisted entirely of simple mobile small-angle boundaries. 
Even if this were so, the dimension of 10~* cm implies 
that the natural frequency of the system would be 
much higher than the average phonon frequency at this 
temperature, so that Eq. (18) would not apply and the 
exponential form of this equation would have to be 
used. We conclude, therefore, that although dislocation 
line segments can contribute to the specific heat at low 
temperatures, mobile low-angle boundaries cannot. 

In discussing the thermal conductivity due to dis- 
locations, it is of interest to consider the order of 
magnitude of the mean free path given by Eq. (23). 
Using w= 3kT and 19= ak0/rh, we find that the factor 
In(4/kb)—1.077, may be written approximately as 
In(@/5T). Then Eq. (23) may be expressed as 


l=3p[In(0/5T) PT /(@2raA), 


where p=v/C. Using typical values of p=2.5 and 
a=4.0X 10-8 cm for metals, we find that for T= 10-0, 


W~2.7X108/A, 


so that for a dislocation density of 2.710’ cm the 
mean free path should be about one millimeter in a 
typical metal. At low temperatures the thermal con- 
ductivity of nonconductors and superconductors is 
usually limited by boundary scattering. This process 
has been considered by Casimir,'° who showed that the 
conductivity should be proportional to d7*, where d is 
the diameter of the specimen. From our expression it is 
clear that even moderate dislocation densities (~107 
cm™*) should compete with boundary scattering at low 
temperatures for specimens of the usual diameters (say, 
several millimeters). 

We now express Eq. (26) for the conductivity in a 
somewhat more useful form. Multiplying (26) by 
(Z/Na*)X10~7 to obtain units of watt/sec-cm-deg, and 
introducing 0 through v= akO0/rh, we obtain 

K=5.70°F(T/0)/a°CA, 


” H. B. G. Casimir, Physica 5, 495 (1938). 
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where 

F(T/®)= (T/0)‘[log(0/5T) F. 
The effect of the slowly varying logarithmic term is to 
decrease the temperature dependence somewhat. In- 
spection of a log-log plot of F shows that it can be 
represented to within 10% by 


Fx=F\=9.0X10-°[7/ (0X10) }, 
for the range 0.005 < 7/0 <0.02, or by 
F=F,.=9.4X10-°(7/(0X10) ]'? 


for the range 0.002 <7/0<0.008. Upon using F2, our 
expression for the conductivity becomes (in watt units) 


K =5.4[T/0 }''6?/a°CA. 


Using the values, 9=398°K and 88°K, a=4.04X 10" 
and 4.94X10-8 cm, C=3.05X10° and 0.715X105cm/ 
sec, for aluminum and lead, respectively, one obtains 
K=1.7X108/A and 0.24X108/A, respectively, when 
T=10-°0. Thus the order of magnitude of the dis- 
location resistivity is unity (in watt units) for dis- 
location densities of ~108 cm~ at one percent of the 
Debye 9. This result is in contrast to that found by 
Klemens? for the thermal conductivity resulting when 
phonons are scattered by static dislocations. In that 
case a 7? law is found and dislocation densities of the 
order of 10" cm™ are required for observable effects. 
Although it is often reported that there seems to be 
more thermal resistivity in some specimens than can 
be accounted for by boundary scattering, there seems 
to be little systematic work along this line at the present 
date. One experiment, however, reported by Mendels- 
sohn and Montgomery" provides us with some evidence 
for dislocation resistivity of the foregoing type. Lead 
specimens were deformed and the conductivity was 
measured before and after, in both the normal and 
superconducting states between 1 and 4°K. The normal 
conductivity, which is believed to be mostly by elec- 
trons, was unaffected, but the conductivity in the 
superconducting state was reduced from 0.2 to 0.033 
watt units as a result of the deformation. Furthermore, 
the temperature dependence of the conductivity was 
increased as a result of the deformation. Since the 
conductivity in the superconducting state is believed 
to be primarily by phonons, it is reasonable to suppose 
that the increased resistivity is a result of the increased 
density of dislocations. According to the expressions 
written above, a dislocation density of about 7X10 
cm-? would be required to account for the added 
resistivity at 1°K. The measured temperature de- 
pendence, however, is only 7°’. It is likely that the 
measured resistivity in this range contains components 
from other sources since the measurements are near a 
maximum, and measurements over a wider and lower 
temperature range should be more informative. In 


1K, Mendelssohn and H. Montgomery, Phil. Mag. 1, 718 
(1956). 
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measurements on superconducting lead below 1°K by 
Felix, Passell, and Silsbee, a conductivity of A7*-7+°? 
was found, where the values of A for three specimens 
lie between 0.1 and 0.2 for the range from T=0.15°K 
to 0.8°K. This is in good agreement with the tempera- 
ture dependence predicted here for this temperature 
range. It should be pointed out that there are no other 
known mechanisms which predict such a large tem- 
perature dependence and the magnitude of the dis- 
location density required (~2X10* cm™*) ‘appears to 
be reasonable. 

We shall limit our discussion of the contribution of 
mobile small-angle boundaries to a discussion of the 
magnitude of the mean free path, as there seems to be 
no experimental evidence of such a large temperature 
dependence at present. From Eq. (35), making the 
same substitutions as before, and using p=2.5 and 
h=3X10' cm for the dislocation spacing (corre- 
sponding to a boundary of 0.6 degree), we find 


I~8.7X104(7/0)*[In(h/b) 2/S, 


where S is the small-angle boundary area per unit 
volume of crystal. Then, at 7/@= 10~, one has /= 200/S. 
Thus to achieve a mean free path of the order of two 
millimeters, one would need S~10* cm?/cm*. If the 
entire crystal were broken into mosaic blocks of linear 
dimension L, and if the fraction of boundaries that are 
mobile is called f, then S would be given by 6f/L. For 
f=4% and L~10-*°cm, the above conditions can be 
met so that we cannot exclude this possibility. 

There are a number of assumptions and simplifi- 
cations in the estimates made here which require 
comment. For example, it has been assumed that the 
modes of vibration of the lattice could be split into 
those associated with dislocations and those connected 
with running waves in the lattice. Since there are only 
3N normal modes, those connected with the dislocations 
must be subtracted from the total number. The total 
number connected with dislocations is given by VAa?/Z, 
which is, under ordinary circumstances, negligible 
compared with 3N. Some evidence that this dis- 
sociation of the modes may be valid is given by the 
fact that deformation does not seem to affect the 
Debye 0 as measured in the usual manner.” 

The loop lengths Z have been assumed to be constant, 
and an improved model would consider a distribution 
of loop lengths and also the effect of mild amounts of 
pinning. The materials have been assumed to be 
isotropic, whereas it is known that such quantities as 
the dislocation energies depend on the degree of ani- 
sotropy of the crystal. For the case of the contribution 
of mobile tilt boundaries to the specific heat, it seems 
to be not worthwhile to improve the model by con- 
sidering the tension forces in detail since they cannot 
make a measurable contribution. 


” Felix, Passell, and Silsbee, Phys. Rev. 100, 1808(A) (1955). 
13 J. A. Rayne, Phys. Rev. 107, 669 (1957). See also S. Nishioka 
Mem. Coll. Sci., Univ. Kyoto A27, 35 (1953). 
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The contribution of dislocation segments to the 
thermal conductivity, however, seems to be large 
enough. to provide a serious difficulty to workers who 
would like to avoid it. It is remarkable to find the 
result of this simplified calculation to be in such good 
agreement with the data so far available. The result 
holds strictly only for a phonon incident normally on a 
screw dislocation. If edge dislocations are more effective 
than screw dislocations in scattering the phonons, then 
A in Eq. (31) will have to be replaced by a factor 
(A,+gA.), where A, is the edge dislocation density and 
g is the ratio of the effectiveness of the edge to the 
screw components. The scattering by dislocations is 
directional, and this as well as the distinction between 
longitudinal and shear thermal waves should be taken 
into consideration in a more accurate treatment. Also, 
for an oblique angle of incidence, the dislocations will 
be bent and tension forces should be taken into account. 
The expressions derived here for the mean free paths 
should only hold at frequencies much higher than the 
resonant frequencies. For frequencies much smaller 
than the resonant frequencies, the mean free path 
should increase again, so that as T — 0, the dislocation 
resistivity should eventually go to zero, and the thermal 
conductivity should finally be limited only by the 
boundary scattering. It may be possible to measure the 
resonant frequencies of dislocations by this approach. 


V. CONCLUSIONS 


Simple models have been used to estimate the con- 
tributions of mobile dislocation segments and mobile 
low-angle boundaries to the specific heat and thermal 
lattice resistivity. Dislocations and boundaries have T 
and. 7° specific-heat temperature dependence and 
approximately 7" and T® thermal-conductivity tem- 
perature dependences, where m lies between 3.3 and $ 
for the usual range of measurements. Dislocations may 
be able to make contributions to the specific heat of 
superconductors and nonconductors at very low 
temperatures. Low-angles boundaries cannot. Dis- 
locations can make relatively large contributions to the 
thermal resistivity of nonconductors and superconduc- 
tors at low temperatures. It seems to be possible to 
interpret the available data with reasonable dislocation 
densities. It is at present uncertain whether or not 
mobile low-angle boundaries can be available in 
sufficient quantities in crystals to influence the meas- 
ured thermal conductivity. 
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APPENDIX I 


We wish to demonstrate that two parallel edge dis- 
locations of length L, which are separated by a distance 
L, have displacements which are approximately inde- 
pendent of small displacements of either. Consider the 
displacement y of a pinned dislocation when acted upon 
by a shear stress ¢. One has 


bo = Td*y/dx’, 


where T is the tension of the dislocation line. Solving 
this with the boundary conditions y(0)=y(L)=0 gives 


y= (b0/2T)x(L—x). 


The interaction stress, o;, between two parallel edge 
dislocations is given by’ 


Ge 1 
bee 


“ Ma(l—s) R 


where R is the distance between them, and » is Poisson’s 
ratio. R is given by L+y2—¥1, where ¥; and y2 are the 
displacements of the first and second dislocations, 
respectively. We shall assume that y,/Z and ¥2/L are 
small, and can take R to be L+%2—9:, where J: is the 
average displacement of the second dislocation. Also, 
taking the approximate values, 7=}G0? and v=}, we 
obtain 


bo;~T/[2(L+92—1) J, 
and 


1 { (xd bo L? 
y=— y(x)ax=—_. 
Lo 12T 
Consider the dislocation numbered (2). Because of the 
interaction force, it will bow out until the interaction 
force is just balanced by the tension force. The total 
interaction force is given by bo;L and the tensile 
restoring force by 7(d*y/dx*)L. For equilibrium the 
net force on dislocation (2) must be zero, and we have 


TL/(2(L+92—f1) ]—12T92/L=0, 
or 
yo= (L/24)[1— (G2—G1)/L+terms of order(g/L)*]. 


Therefore, to a first approximation, the average dis- 
placement #2 is unaffected by variations in 4. 
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The frequency wave-number relations of the lattice vibrations in germanium which propagate in the sym- 
metric [100] and [111] directions (and some results in other directions) have been obtained by studying 
energy distributions of neutrons scattered by a germanium single crystal. The characters of the phonons 
were ascertained from the intensities and positions of the neutron groups in the reciprocal lattice. The 
methods are discussed. The results cannot be fitted by simple models using the Born-von K4rman theory, 
but explain satisfactorily the specific heat. The far-infrared spectrum of germanium can be interpreted as 


combination bands in terms of our results. 


I. INTRODUCTION 


T is possible to measure the frequency wave-number 

relation of the normal modes of a crystal by studying 
the energy distributions of initially monoenergetic 
neutrons after scattering by the crystal. The lattice 
frequency spectra of germanium are of particular in- 
terest from several points of view. Because of its 
interest as an important semiconductor many properties 
of germanium in which lattice vibrations play a part 
have been extenstively studied so that knowledge of 
the lattice vibrations is of special usefulness. The 
diamond-type lattice of germanium is perhaps the 
simplest lattice with more than one atom per unit cell, 
and hence offers the possibility of studying optical 
vibrations in an uncomplicated way. Finally, the 
elastic constants satisfy an identity due to Born accord- 
ing to which the forces in germanium might be 
peculiarly simple. We have determined the frequency 
wave-number relation for the lattice waves propagating 
in the symmetric directions,’ and have also made some 
measurements in other directions. In the paper a 
brief statement of scattering theory for a crystal with 
more than one atom per unit cell is given, and the use 
of this theory in determining the lattice frequencies is 
discussed. The results verify that in the uncharged 
germanium lattice the optical branches are degenerate 
at g=0. The measurements cannot be fitted by simple 
models’ in the Born-von Karman theory,’ general forces 
out to at least third neighbors being required. The 
results are compared with previously published meas- 
urements of the specific heat, and infrared absorption. 
The specific heat is satisfactorily accounted for in 
terms of our dispersion relations. By comparison 


* This paper was presented at the Washington Meeting of the 
American Physical Society, May 1-3, 1958. [Bull Am. Phys. 
Soc. Ser. IT, 3, 192 (1958). ] 

+ Guest scientist from Atomic Energy Establishment, Bombay, 
India, now returned. 

1 See B. N. Brockhouse and A. T. Stewart, Revs. Modern Phys. 
30, 236 (1958) for a general discussion and references. 

2 Some results for the [111] direction were previously given 
[B. N. Brockhouse and P. K. Iyengar, Phys. Rev. 108, 894 
(1957) }. 

3H. M. J. Smith, Trans. Roy. Soc. (London) 241, 105 (1948). 

4M. Born and K. Huang, Dynamical Theory of Crystal Lattices 
(Oxford University Press, Oxford, 1954). 


with the infrared absorption edge measurements of 
MacFarlane eé a/.° and with other measurements it is 
verified that the minimum of the conduction band in 
germanium is at or near the 111 zone boundary. The 
far-infrared spectra of Collins and Fan‘ and of Simeral’ 
can be interpreted in terms of our measurements. The 
absorption spectrum at 77°K can be interpreted as two- 
phonon summation bands. The spectra at 300°K and 
362°K contain in addition three-phonon combinations. 


Il. THEORY 
1. Crystal Dynamics and Neutron Scattering 


According to the Born-von Karman theory of lattice 
dynamics,’*5 a crystal approximates a harmonically 
bound system and heat motions can be analyzed in 
terms of lattice waves which are the normal modes of 
the crystal. The frequencies of the normal modes (vr) 
are related to their wave vectors (q) by the dispersion 
relation 

v=v;(q), (1) 


where the index j signifies a particular branch of the 
multivalued function. For a crystal with m atoms per 
primitive unit cell there are 3” branches to the frequency 
spectrum. Three branches are acoustic branches for 
which »-0 as q-—0; the other 3n—3 branches are 
optical branches for which y tends to a finite value as 
q—0. In certain special directions the normal vibrations 
are strictly transverse or longitudinal because of 
symmetry, but in general the polarization is neither 
longitudinal or transverse but is determined by the 
details of the interatomic forces. The lattice vibrations 
have amplitudes 


C;(q)Exj(q) exp(iq-Ri)/(NM;,)}, 


where JN is the number of cells in the crystal, M; is the 
mass of the &th atom in the unit cell, and R; is the 
position of the origin of the /th unit cell. The numbers 


5 MacFarlane, McLean, Quarrington, and Roberts, Phys. Rev. 
108, 1377 (1957). 

®R. J. Collins and H. Y. Fan, Phys. Rev. 93, 674 (1954). 

7™W. G. Simeral, thesis, Michigan, 1953 (unpublished). 

8A good review article is that of J. deLaunay, in Solid State 
Physics, edited by F. Seitz and D. Turnbull (Academic Press, 
Inc., New York, 1956), Vol. 2. 
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C;(q) are the complex normal coordinates. The wave 
vector q ranges over one zone of reciprocal space. The 
polarization vectors &;;(q) in general are complex quan- 
tities of order n~ which satisfy certain orthonormality 
relations.® 

When neutrons are scattered coherently by a crystal 
there are interference conditions on the scattering 
process, and energy must be conserved. If the crystal 
orientation, angle of scattering, and wavelength are 
such that Bragg scattering cannot occur, then a 
process in which one phonon is created or annihilated is 
usually the most important.’ By virtue of Eq. (1) the 
scattered neutrons occur in groups in the energy dis- 
tribution such that 


ko— k’ = 2x2—q, (2a) 


Eo— E'| =hyv, (2b) 
where ko and k’ are the initial and final propagation 
vectors of the neutron, Zo and £’ are its initial and final 
energies, and ¢ is a vector of the reciprocal lattice. By 
means of Eqs. (2) each observed neutron group yields a 
pair of values of vy and q belonging to the dispersion 
relation (1), which can be thus constructed by repeated 
observation.! 

The dispersion relations are probably chiefly of 
interest as an approach to the interatomic forces. On 
the Born-von Karman theory the quantities v are 
eigenvalues of a 3nX3n determinant, the elements of 
which are complex functions of the force constants and 
of q. In the general case determination of the force 
constants from the dispersion relation is difficult. With- 
out knowledge of the polarization vectors (the eigen- 
vectors) the force constants cannot be determined by 
inversion," and a least-squares fitting to special models 
results in ambiguity unless approximate values of the 
force constants are known. For q in a symmetry direc- 
tion one has some knowledge of the eigenvectors, and 
this permits simplification of the experiment on the one 
hand, and of the mathematical analysis on the other. 
For example, if q is in a mirror plane then there are 
n branches with their polarization vectors normal to 
the plane, and 2m branches with their polarization 
vectors in the plane. Correspondingly the 3X 3n deter- 
minant factors into mXn and 2nX2n determinants. 
Other symmetry operations can reduce the deter- 
minants further. However, one must be able to assign 
a value of v obtained experimentally to the correct 
factor. This can be done by correlating the intensities of 
the neutron groups with their positions in the reciprocal 
lattice. 

The theory of the inelastic scattering by a crystal 
with more than one atom per unit cell has been given 


® Reference 4, Eqs. (38.25), p. 298. 

 R. Weinstock, Phys. Rev. 65, 1 (1944). 

" This was pointed out to us some time ago by Dr. N. K. Pope. 
See also A. J. E. Forman and W. M. Lomer, Proc. Phys. Soc. 
(London) B70, 1143 (1957). 
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by Waller and Froman.” The cross section for produc- 
tion of a neutron group with creation or annihilation 
of one phonon is, after some manipulation, 


Sh) 


a; (Ky —k’) = - oo 
|J;| 


h -| 
4dr k 


V; 
r 
N;+1 


per 4m steradians per unit cell. For phonon annihilation 
(neutron gain of energy), V;=[exp(hv/keT)—1}" is 
used ; for phonon creation, .V ;+1 is used. The factor 


J ;=1+ (eh/2E’)(k’ -grad,v; ], (4) 


where «=+1 for neutron energy loss and —1 for 
neutron energy gain, sums over the number of normal 
modes which contribute to one neutron group, and 
2 is the Debye-Waller factor. The quantity 


eo 
b.Q- ik ( ‘ 
67(4,2) =| — e ° exp(7Q-R,) | (5) 
| k [M,v;(q) }! 
is analogous to the structure factor in elastic scattering. 
Here R, is the position of the kth atom in the unit cell, 
b, is its bound scattering length, and Q=ko— k’ = 272—q 
by virtue of Eq. (2a). It is observed that the structure 
factor g? depends on ¢ and therefore does not repeat 
over one zone, but rather over a larger unit in reciprocal 
space. Comparison of Eq. (3) with measured cross 
sections permits assignment of the character of the 
observed phonons. 


2. Lattice Dynamics and Neutron Scattering 
for Germanium 


Germanium has the diamond structure consisting of 
two identical interpenetrating face-centered cubic lat- 
tices based on atoms at (0,0,0) and (4,},3) in the cubic 
unit cell (@=5.6575 A). The primitive rhombohedral 
unit cell contains two atoms and there are thus six 
branches in the vibration spectrum. There are six 
mirror planes {110} and four three-fold axes of rotation 
[111]. The lattice dynamics have been extensively 
treated by Smith* and by others.~'"® The dispersion 
relation is given by the solutions of the characteristic 


equation 
|D—4°Mv*I| =0, (6) 


where D is the (6X6) dynamical matrix and J is the 
unit matrix. In the mirror planes the determinant 
factors into 2X2 and 4X4 determinants. The solutions 
of the 2X2 determinant belong to branches whose 
polarization vectors are perpendicular to the plane, and 
therefore do not contribute to neutron scattering experi- 
ments if ko and k’ are in the mirror plane. There are 
thus four branches effective in the mirror plane. In [100] 
and [111] directions the 4X4 determinant factors 


127. Waller and P. O. Froman, Arkiv Fysik 4, 183 (1952). 
13K, G. Ramanathan, Proc. Indian Acad. Sci. 26, 481 (1947). 
41), St. James, J. Phys. Chem. Solids 5, 337 (1958). 

16 W. Harrison, thesis, University of Illinois, 1956 (unpublished). 
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again into two 2X2 determinants because of symmetry. 
These equations can be solved explicitly and have 
solutions of the form 


4n*My 2= V+Z,(q,11)+|Z;(q,12)| (7) 


where Y is a linear combination of the force constants, 
Z(q,11) is a real function of q and of the force constants 
between atoms on the same sublattice, and Z(q,12) is 
a complex function of q and of force constants between 
atoms on different sublattices. One of the 22 deter- 
minants gives the transverse modes and the other the 
longitudinal modes. The positive sign in (7) applies to 
the optical branch and the negative to the acoustical 
branch. 

For q in [100] or [111] directions the polarization 
vectors of the two atoms in the unit cell (k=1, 2) are in 
the same direction and either parallel to q (longitudinal) 
or perpendicular (transverse). Hence we can write 


Ex5(q) = E5é5(@), 
where &; is a unit vector, and for both polarizations and 


both directions the ratio 


£1;(q)/&2;(q) =+Z;(q,12)/|Z;(q,12) . (8) 
The + sign refers to optical modes and the — sign to 


acoustical modes. The structure factor is then 
(b&;-Q)?| £:5(q) e 


g7(q,2) = | + exp(iaQ.-(33,4))| , 
2Mv; | £2;(q) 


(9) 


where a is the lattice constant of the cubic unit cell. 
The reciprocal lattice is body-centered cubic. Figure 
1 shows the (110) plane of the reciprocal lattice, each 
point being surrounded by the zone over which q 
ranges. The structure factor, Eq. (9), repeats over the 
larger unit shown by bold lines. For diamond-type 
lattices with general forces between neighbors there 
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Fic. 1. The (110) plane of the reciprocal lattice of germanium, 
each lattice point surrounded by its zone. The rectangular figure 
CACDCACDC is the unit over which the structure factor repeats. 
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TABLE I, Experimental and computed elastic constants. The errors 
on the experimental constants are believed less than 1%. 


Best fit, second 
neighbor model 
(dynes/cm?) 


1.280% 10!2 
0.505 < 10" 


Experimental 
value* 
(dynes/cm?) 


Expression on second 


Constant neighbor model 


Ci 1.289 x 102 aii, =a +8yu 

C12 0.483 x 10!2 a@i2=—a +28 
—4yu—4+-8y 

AC644=a— (B?/a) 


+4r\+4y 


Cus 0.671 10! (0.257 X 10"? calc) 


® See reference 18 


are two independent force constants, a and £B, and, 
according to Smith,’ three second-neighbor constants, 
A, w, and v. Other workers have added'® an additional 
second-neighbor constant 7, which, however, is not 
effective in the symmetric directions. Smith gives 
equations for the elastic constants in terms of the force 
constants which are listed in Table I. 

The elastic constants of germanium!’'§ (Table I) 
satisfy to about 1% an identity due to Born’: 


(cruitei)’, 


which is a necessary, though not sufficient condition 
that only first neighbors be important. Dispersion 
relations for germanium have been computed by Hsieh”® 
on the assumption that only first neighbor forces in 
fact occur. The specific heat computed by Hsieh did 
not fit the experimental measurements, though some 
resemblance was shown, and the dispersion relations 
do not agree with infrared absorption® and neutron 
scattering? measurements. The model is therefore 
clearly insufficient. Nevertheless it is likely that the first- 
neighbor model furnishes a useful first approximation. 

With the values for a and # determined from the 
elastic constants on the first-neighbor model, the 
structure factors have been computed along the lines 
in reciprocal space shown in Fig. 1, and are presented 
in Fig. 2. By reason of symmetry the acoustical and 
optical longitudinal branches in the [100] directions 
actually form one continuous branch when plotted in 
reciprocal space and not in the reduced-zone scheme. 
This is the reason for the especially simple behavior of 
the structure factors for these branches. The exact 
shape of the other structure factors depends on the 
values of the force constants, but must pass through 
one of the points marked X at the zone boundary. 


(10) 


40611 (C11 — C44) 


III. EXPERIMENTAL METHODS AND RESULTS 


Energy distributions of initially monoenergetic 
neutrons scattered by a single crystal of germanium at 
room temperature were obtained. A crystal spectrom- 


16 This was pointed out to us, individually, by Dr. M. Lax and 
Dr. F. Herman. 

1 Bond, Mason, McSkimin, Olson, and Teal, Phys. Rev. 78, 
176 (1950). 
8H. J. McSkimin, J. Appl. Phys. 24, 988 (1953). 
°M. Born, Ann. Physik 44, 605 (1914), quoted in reference 3. 
* Y-C. Hsieh, J. Chem. Phys. 22, 306 (1954). 
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Fic. 2. Calculated structure factors on the first-neighbor 
model (a=7.27X104, 8=5.0010* dyne/cm) in units of 
(bE-Q)?/2M>. 


eter at the NRX reactor supplied the initial mono- 
energetic neutrons, and another crystal spectrometer 
employing the (111) plane of an aluminum crystal 
analyzed the energy of the scattered neutrons. The 
angle of scattering (¢) and the crystal orientation were 
equally available as independent variables: for trivial 
experimental reasons the wavelength of the incoming 
neutrons could not readily be changed. Neutrons of 
1.12 A were used in initial experiments, but most of the 
work was performed using 1.52 A neutrons. The mono- 
chromating and analyzing spectrometers each had an 
angular acceptance of about one degree full width at 
half-maximum, including crystal mosaic. The wave- 
length resolution of the incoming beam was about 
0.04 A full width at half-maximum and the analyzing 
spectrometer also had this resolution. Detailed analysis 
of resolution effects is difficult because of correlations 
between the effects of the different resolution elements. 
Some details of experimental methods have been 
published elsewhere.'”! 

Typical neutron groups observed with the germanium 
crystal in various orientations 2 for various angles of 
scattering are shown in Fig. 3. The neutron group 
produced by elastic scattering” : from vanadium meta] 
is also shown. The width of this group corresponds to 
the energy resolution of the apparatus. Two single- 
crystal specimens of germanium were used: a cylin- 
drically symmetrical, irregular boule about 1 in. diam- 
eter and 3 in. long, and a rectangular parallelopiped* 
about 1 in.X2 in.X3 in. The crystals were aligned with 
their [110] axes vertical, so that the vectors ko and &’ 
were always in the (110) plane. Because of the irregular 


*1 B. N. Brockhouse, Phys. Rev. 106, 859 (1957) ; Suppl. Nuovo 
cimento (to be published). 

2B. N. Brockhouse, Can. J. Phys. 33, 889 (1955). 

% Kindly loaned by the Texas Instrument Company through 
the courtesy of Dr. W. R. Runyan. 
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shapes of the specimens good values for the intensities 
could not be obtained. 

As was seen in Sec. II it is especially desirable to 
obtain the dispersion relations in the symmetric direc- 
tions. It is not possible to do this directly so an experi- 
mental “method of successive approximations” was 
used, for which the multiple-axis crystal spectrometer 
is especially suitable because of its flexibility. The calcu- 
lations of Hsieh*® were used as a starting point and kp 
and k’ were calculated for a particular desired phonon 
by using Eqs. (2) and Hsieh’s v;(q) relation. The magni- 
tude of kp was constant, being fixed by the wavelength 
of the incoming neutrons, and the direction of kp was 
adjusted by changing the orientation of the crystal in 
the (110) plane. The direction of k’ was adjusted by 
changing the angle of scattering ¢. If the observed 
neutron group did not have q in the desired direction a 
new calculation, based on the phonon actually ob- 
served, was made and the process repeated. In all cases 
the position of the neutron group in the reciprocal 
lattice rp selected to make the structure factors shown 
in Fig. 2 as large as possible, and the polarization factor 
(Q-&)? a maximum. Where possible, phonon creation 
(neutron energy loss) was used since the instrumental 
resolution improves as /’ decreases. As far as possible, 
positions in reciprocal space which gave particularly 
sharp neutron groups were selected, and positions in 
which broad neutron group would occur were avoided.*4 
As the real structure factors (g*) are actually unknown, 
the philosophy was adopted that the structure factors 
of Fig. 2 could safely be used whenever they did not 
depend strongly on q. For the longitudinal branches in 
the [111] directions g? depends strongly on q, and here 
the zone boundaries were approached from safe regions, 
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Fic. 3. Counting rates for typical neutron groups plotted as a 
function of the angle of the analyzing spectrometer. 


%Tf the »(q) relation is such that the quantity | [Eq. (4)] 
is large (>>1), then the groups will be sharp. If |J|<1, broad 
groups will be observed since then Eqs. (2) can be satisfied over a 
range of values of k’. See references 1 and 12. 
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Fic. 4. The (110) 
plane of the reciprocal 
lattice, with neutron 
groups plotted accord- 
ing to Eqs. (2). 


point by point with caution, to try to ensure that 
correct assignments of the branches were made. 

Some typical results are shown in Fig. 4 plotted on 
the reciprocal lattice. The widths at half-maximum of 
the neutron groups are indicated by the heavy bars. 


A rough estimate of the resolution function (half- 
intensity contour) is shown as the shaded area “R”. 


Neutron groups which gave q’s within +5° of the 
desired directions were selected; their frequencies (v) 
were calculated from Eq. (2b) and were plotted in Fig. 5 
as v (in units of 10" cycles ‘sec) vs q. Almost always the 
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Fic. 5. Dispersion relations in [100] and [111] directions. The 
legend at the top indicates the polarization and character of the 
vibrations. The signs indicate neutron energy loss (—) or gain (+). 
The heavy lines indicate the slope of the appropriate velocity of 
sound as calculated from the elastic constants. 
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polarization and type (optical or acoustical) could be 
unambiguously determined from the fact that an intense 
phonon was observed at that particular position, in 
reciprocal space. The small letters refer to the appro- 
priate neutron distributions of Fig. 3 and to appropriate 
points on the reciprocal lattice of Fig. 4. The approxi- 
mate errors were formally computed by taking them 
to be half of the variation produced on v and q by the 
width at half-maximum of the neutron group. As 
probable errors they are likely conservative, particu- 
larly for the frequency. There are also errors connected 
with fixing the direction of q which are perhaps a little 
larger than the errors in the magnitude of q. In the 
symmetry directions the first derivatives of y in the 
direction perpendicular to q are zero. The second deriva- 
tives are probably negligible for the optical branches 
but not for the acoustical branches. For the TA 
branches the second derivatives are positive and there- 
fore the frequencies of Fig. 5 for these branches are too 
high by a few percent. The errors given for y in Fig. 5 
may thus be reasonable probable errors except that the 
true values for the 7A modes are more likely to lie on 
the low side than the high side of the points. 

In the process of successive approximation it turned 
out that a little less than half the measured phonons 
were discarded. 

Because it was thought that some forces might not 
appear in the symmetric directions, it was decided to 
obtain data in other directions. In Fig. 6, frequencies 
belonging to the branch which is transverse acoustic in 
the symmetric directions are presented for q’s lying on 
the zone boundary. The capital letters refer to Fig. 1. 

For small q the results of Fig. 5 probably agree 
within the errors with the elastic constants, the appro- 
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TABLE IT. Frequencies of phonons at zone boundary and at q=0 with probable errors. 
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Other work 
(102 cycles/sec) 


This work 


Designation (10"2 cycles/sec 


Best fit 
second-neighbor 
Second-neighbor model (102 cycles/sec) 


42M yt 
Reference 








8.25+0.3 
6.9 +04 
2.45+0.15 
8.4 +0.3 
74 +0.3 
6.45+0.3 


TO [100 
L [100 
TA [100 
TO [111 


Lo [111) 
LA [111) 


TA [111] 
O [g=0) 


1.95+0.10 
9.0 +0.3 


4a+48+ 8u+8) 8.12 
4a +16u 7.12 
4a—48+ 8yu+8)r 2.78 
6a+28+ 8u+4\—4y 8.75 
2a+48+ 8u+4\+8y 7.05 
6a—48+ 8y+4r+8r 5.68 


25 


2a—28+ 8u+4A—4y 2.56 


9.04 





priate velocities of sound being indicated by the slope 
of the heavy lines. A few measurements at special 
positions are also available for comparison. Within the 
errors our results agree with values for the transverse 
and longitudinal acoustic phonons at the zone boundary 
in the [111] direction obtained by MacFarlane et al.* 
from infrared measurements, with the longitudinal 
phonon at the zone boundary in the [100] direction 
deduced by Weinreich® from measurements on the 
acousto-electric effect, and with values for the trans- 
verse acoustic and optical phonons in the [111] direc- 
tion obtained by Haynes” from emission spectroscopy 
measurements. All the results quoted here depend for 
their assignments on the assumption that the maximum 
in thé valence band is at the origin and that the mini- 
mum in the conduction band is at the zone boundary 
in the [111] direction.” The agreement between our 
results and those quoted indicates once again the cor- 
rectness of the placement of the electron bands. The 
optical frequency at q=0 agrees with a value obtained 
from neutron measurements by Pelah ef al.2* The 
general level of the optical branches is in agreement with 
an observation of Pelah ef a/.*® that a large number of 
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Fic. 6. Dispersion relation of “‘7A” branch along zone bound- 
ary. The crosses indicate phonons reflected through the symmetry 
directions. 


26 Weinreich, Sanders, and White (private communication). 

26 J. R. Haynes (private communication via M. Lax). 

27 See F. Herman, Revs. Modern Phys. 30, 102 (1958). 

28 Pelah, Eisenhauer, Hughes, and Palevsky, Bull. Am. Phys. 
Soc. Ser. IT, 3, 60 (1958). 

2 Pelah, Eisenhauer, Hughes, and Palevsky, Phys. Rev. 108, 
1091 (1957). 


phonons of unstated q have frequencies within 5% of 
8.210" sec. Our results for some important points 
in reciprocal space, and the results of the authors 
quoted above, are listed in Table II. In assigning values 
and errors, account has been taken of the fact that the 
slopes of the v(q) curves are zero at these points, except 
for the longitudinal [100] branch, and that the [111] 
and [100] transverse accoustic branches are local 
minima in the directions normal to q. The errors are 
estimated probable errors ‘“‘all things considered.” No 
errors are available for the results of the other workers. 


IV. DISCUSSION 
1. Force-Constant Models 


As discussed in Sec. II, the elastic constants of ger- 
manium obey an identity which suggests that only 
the general first-neighbor force constants are important. 
The measured frequencies are, however, greatly different 
from the calculations of Hsieh” on this model. We have 
made computations using the general second-neighbor 
force model of Smith.? At the zone boundary the 
quantity 4r°M/ is linear in the force constants for all 
branches in the two symmetric directions, as shown 
in Table II. The reststrahlen frequency at q=0 and two 
of the elastic constants (¢;,; and ¢)2, Table I) are also 
linear in the force constants. We have made least-squares 
determinations of the five force constants on the second- 
neighbor model, using the ten experimental linear equa- 
tions, weighted according to their inverse square errors. 
The calculated values for best fit are given in Tables I 
and II. The disagreement found persists for any reason- 
able assignment of weights and is not removed by omis- 
sion of any single measurement from consideration.”* 


2. Specific Heat 


The specific heat of germanium has been measured 
by Hill and Parkinson, and by Estermann and Weert- 
man*! at temperatures in the range 5°K to 200°K, and 


28 St. James (reference 14) suggests that still another condition 
may be derived from the elastic constants. This condition amounts 
to setting the force constant BO and hence if St. James’ ideas 
are valid the conclusion of lack of fit holds a fortiori. 

* R. W. Hill and D. H. Parkinson, Phil. Mag. 43, 309 (1952). 

31T, Estermann and J. R. Weertman, J. Chem. Phys. 20, 972 
(1952). 
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by Keesom and Pearlman® at helium temperatures. 
The measurements are presented in Fig. 7 as a Op vs T 
curve. The value of @p at 0°K (Qo) is about in agree- 
ment with a value of 374° calculated® from the elastic 
constants. The calculated @p vs T curve of Hsieh”? is 
shown as a solid line. Hsieh computed the frequencies of 
all six branches at 29 points in reciprocal space, giving 
174 frequencies. We have measured the frequencies at 
eight of his points in reciprocal space and find that the 
mean of the 48 frequencies is 82% of the mean of his 
corresponding values. Simply lowering his values of Op 
by 18% as shown by the dashed line of Fig. 7 improves 
the fit considerably. Further consideration shows that 
this is probably an overcorrection as observed. 

The value of Op as T—~ can be defined as 


0,,=4hd/3kp. 


If the average frequency 7 calculated from Hsieh’s 
results is multiplied by 0.82 as before, 0, turns out to 
be 376°, in good agreement with Fig. 7. We conclude 
that our dispersion relations are consistent with the 
specific heat measurements. 


3. Far Infrared Absorption 


Lord,* Briggs,** Collins and Fan,® and Simeral’ have 
measured the far-infrared absorption by germanium 
and find a complicated spectrum extending from 11 
microns to beyond 100 microns wavelength. The meas- 
urements of Collins and Fan at 77°K and 300°K, and 
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Fic. 7. Experimental and calculated @p 2s T curves for germanium. 


3 P. H. Keesom and N. Pearlman, Phys. Rev. 91, 1347 (1953). 
3R. C. Lord, Phys. Rev. 85, 140 (1952). 
“H. B. Briggs, J. Opt. Soc. Am. 42, 686 (1952). 
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Fic. 8. Far-infrared absorption coefficient of germanium 
and assignments of combination bands. 


those of Simeral at room temperature are shown in 
Fig. 8. In the region of overlap the two sets of measure- 
ments agree perfectly for our purposes and only those 
of Collins and Fan are shown. First-order infrared 
absorption (absorption with creation of one phonon) is 
forbidden in germanium. Simeral considered the possi- 
bility that the absorption was a second-order (two- 
phonon) process but could not get a fit with the then 
existing knowledge of the lattice vibrations, and intro- 
duced the idea that the presence of several isotopes in 
germanium causes a relaxation of the selection rules 
against first-order absorption. Collins and Fan con- 
sidered their discovery of the temperature dependence 
to show that the normally forbidden absorption becomes 
permitted by virtue of the distortion of the lattice by 
the lattice vibrations, and suggested the possibility of 
the absorption being a second-order process, but inter- 
preted the strong band at 10.4X10" sec™ as the rest- 
strahlen frequency. Lax and Burstein*® worked out 
the basic theory of the second-order process on the 
assumption that it arises from second-order terms in the 
phonon expansion of the electric moment; i.e., that a 
lattice vibration induces charges on the atoms which 
would otherwise not be present, and these fluctuating 
charges are coupled to the electromagnetic field by 
another lattice vibration. The two vibrations concerned 
must have wave vectors (qi,q2) such that qi+qo.=+q, 
where q, is the wave vector of the infrared radiation, in 


%§M. Born, Revs. Modern Phys. 17, 245 (1945); N. K. Pope, 
thesis, Edinburgh, 1948 (unpublished); Burstein, Oberly, and 
Plyler, Proc. Ind. Acad. Sci. 28, 388 (1948). 

36M. Lax and E. Burstein, Phys. Rev. 97, 39 (1955). 
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general very small. Lax and Burstein showed that 
absorption was forbidden if the two vibrations belonged 
to the same branch. Thus, since q:i~—q,2 and »;(q) 
=v;(—q), only phonons having the same wave vector 
but belonging to different branches (j,7’) can combine. 
Other selection rules probably occur but these can be 
expected to cause vanishing of the matrix elements for 
particular q’s and not to forbid combinations of entire 
branches.*®* 

We find that, in fact, every major feature of the ab- 
sorption of Fig. 8 can be readily explained as multiple- 
phonon processes in terms of our dispersion relations 
and the selection rule of Lax and Burstein. The positions 
of the various assigned combinations are indicated by 
the arrows in Fig. 8, as computed from the dispersion 
relations of Fig. 5. Because the two 7A (and the 70) 
branches are degenerate in the symmetric directions, 
(2TA) and (270) combinations are forbidden by the 
selection rule of Lax and Burstein in these directions. 
Away from the symmetric directions these combinations 
are probably allowed, but the (27A) combination 
would have a considerably higher frequency than the 
4 or 5X10” sec“ it would have in the symmetric direc- 
tions as shown by Fig. 6. We note also that combina- 
tions (LA,LO) are forbidden for the [100] direction 
near the zone boundary and thus the gap between 
(LA,O) and (0,0) combinations is preserved. The in- 
tensities of the infrared absorption are roughly con- 
sistent with the multiple-phonon interpretation both 
as to dependence on frequency and on the temperature. 
The absolute absorption coefficient leads to a mean 
value*” for the matrix element |MH;;| in Lax and 

368 Note added in proof.—See also M. J. Stephen, Proc. Phys. 
Soc. (London) 71, 485 (1958). 

57 Using values for the dielectric constant e=16 and the re- 
fractive index n=4 [see H. Y. Fan, in Solid State Physics, edited 
by E. Seitz and D. Turnbull (Academic Press, Inc., New York, 
1955), Vol. 1, p. 295]. The quantity Z,/E was assumed to be 
unity. The integrated absorption from Fig. 8 for particular (j,7’) 
was estimated and mean values of the frequencies used. All wave 


vectors were assumed to contribute equally, and no polarization 
factor was included. The estimate is thus probably low. 
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Burstein’s theory of ~0.5 electronic charge/angstrom, 
a reasonable number in our estimation. Thus the far- 
infrared absorption of germanium at 77°K seems to be 
satisfactorily accounted for as two-phonon summation 
bands, with three-phonon summation bands and a two- 
phonon difference band also involved at room tempera- 
ture. Individual errors in the assignments of Fig. 8 may 
well have occurred, but there can be little doubt of the 
over-all correctness in view of the excellent agreement. 


4. General Discussion 


The results of these neutron experiments thus seem 
to be in good agreement with other experimental data 
in the literature, but are not in agreement with any 
very simple model of the interatomic forces. This lack 
of a suitable model is disturbing. The Born-von Karman 
calculation might be extended to more and more neigh- 
bors until agreement is reached, but then the satis- 
faction of Born’s identity [ Eq. (10) ] must be dismissed 
as an accident. We, ourselves, wonder if the satisfaction 
of the Born identity is not actually significant, and if 
the deviations observed at short wavelengths are not 
the result of failure of the Born-von Karman theory, 
perhaps in the adiabatic approximation. The magnitude 
of the infrared absorption indicates that appreciable 
readjustment of the electronic structure must take 
place because of the presence of a lattice vibration and 
if this readjustment cannot be completed in a short 
enough time the effective force constants may depend 
on the wave number and frequency of the vibration. 
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The singularities in the distribution of vibrational frequencies in the one-dimensional] ionic lattice are 
studied. It is shown that presence of Coulomb forces, however weak, not only produces at least one additional 
singularity, but also changes the nature of one singularity qualitatively. 


HE vibrational spectra of infinite one-dimensional 
crystals have been studied for many years.'? Re- 
sults cannot be applied to real crystals directly, but are 
often obtained in closed form by mathematically simple 
methods. Certain conclusions can thus be drawn in a 
particularly clear-cut way and extended to real crystals 
later. On the other hand, direct calculations in more 
than one dimensions of models with long-range (Cou- 
lomb) forces have had to rely mostly on numerical 
methods.’ More recently it has been shown that the 
frequency distribution of any crystal will exhibit certain 
singularities‘; and since these singularities constitute the 
most striking feature of the distributions, attention has 
been drawn to the problem of locating them and study- 
ing their nature. The purpose of this note is therefore to 
investigate the singularities in the frequency distribu- 
tion of the one-dimensional lattice with Coulomb forces. 
It turns out that when all atomic masses are equal, the 
presence of Coulomb forces produces a new singularity 
regardless of how slight the Coulomb forces may be 
compared to the short-range forces, and that the nature 
of one of the singularities is changed qualitatively, 
differing from the usual inverse-square-root behavior. 
When atoms of opposite charge have different mass (as 
in case of all real ionic crystals) the allowed frequencies 
separate into two bands and additional singularities 
appear, as is usual; but again the behavior of only one of 
them differs from the usual inverse-square-root one. 
Consider, then, an infinite chain of atoms a distance a 
apart. Let atoms i and 7’ interact by the usual Coulomb 
force (—)**+*e*/r,,? and in addition let nearest neighbors 
interact with Hooke’s law force constant a. At first, for 
simplicity, let all atoms have the same mass m. Then 
Newton’s equation of motion for the displacement u; of 
the 7th atom, 
mii ;= F Sort. fF Coulomb 


can be solved by expanding F*°™ in terms of the u; 
and making the usual normal mode transformation 


u;=U exp[i(wi+inrp) ]. 


1M. Born and Th. von Karman, Physik. Z. 13, 297 (1912); M. 
Blackman, Proc. Roy. Soc. (London) A148, 365 (1935). 

2 E. Broch, Proc. Cambridge Phil. Soc. 33, 485 (1937). 

3M. Smollett, Proc. Phys. Soc. (London) A65, 109 (1952); E. 
W. Kellerman, Trans. Roy. Soc. (London) 238, 513 (1940); M. 
Iona, Phys. Rev. 60, 822 (1941); H. B. Rosenstock, J. Phys. 
Chem. Solids 4, 201 (1958). 

4L. van Hove, Phys. Rev. 89, 1189 (1953). 


We find 
\(p)=Ao(p)—aS(p), (1) 


where we have defined \=ma*/2a, o=2e?/aa*, and 
where 


Ao(p) =1—cosp (2) 


is the well-known expression for the squared frequency 
of a one-dimensional metal and 


® 


S(p)= ¥ (—)*k[Lcos(krp)—1 ]. (3) 


k=1 


S(p) is best studied with the use of two series, of 
which at least one converges rapidly for any value of p 
of physical interest (O<p<1): 


x 


S(p)= ¥ corp?" for 


n=() 


0< p<, 


or 
S(p)=2i:+T(q) for O<q<2, 
with 


T(g)= ¥ vang?"®, 


n=0 


where 


g=1—)p, Con= —Tkon/n(2n+1)(2n+2), 
and 
Y2n=Con/(2°"—1), 
for 
co=}m' In2, yo= 32 (Inwq—}), 


—— S (p) 
—--- A, (p) 


= 








ie) 


Fic. 1. The functions A» and S as defined by (2) and (3). 
5H. B. Dwight, Tables of Integrals (The Macmillan Company, 
New York, 1947), formulas 630.1, 630.2, and 47.3. 
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Fic: 2. Critical points of \(p) as a function of o. 


and the 


Ex= D> (2h+1)-*, 


h=0 


are known constants.® Both S(p) and Ao(p) are shown in 
Fig. 1, and A(p) as given by (1) can be constructed from 
them for any 0<o0<£;'=0.9508 [for larger o, \(1) 
becomes negative which implies that the lattice is 
unstable J. 

In the metallic case ¢=0, \(p) is known to have only 
two critical points, a minimum at p=0 and a maximum 
at p=1. In the ionic case, the interesting modification 
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Fic. 3. Frequency distribution, 7={ (ordinate scale arbitrary). 


6 T. J. Stieltjes, Acta Mathematica 10, 299 (1887). 
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results from the second term, —const ¢’ Ing, in the 
expansion of \(p) about A(1). In the first place, it differs 
from the usual const g’; also, since it is positive the point 
p=1 is a minimum rather than a maximum; and an 
ordinary maximum, Amax Will appear elsewhere (at a 
point we shall call pmax) between p=O0 and p=1. In 
addition, there is always the usual minimum at p=0. 
The values of the two critical points Amax and A(1) as a 
function of o are shown in Fig. 2. 

The function of interest in physical problems is the 
frequency distribution g(A), which in one dimension is 
equal to dp/dX, and in particular its singularities.‘:’ 
Their position and nature, for all positive o, however 
small, can be deduced from the critical points of \(p): 
there are three of them, at A=0, Amax and A(1) 
=2(1—cé;). The first two are the usual one-sided 
infinite peaks of inverse-square-root nature, but the one 
at A(1) may be expected to differ from this behavior, 
though only slightly (in some sense), since gq? Ing differs 
only “slightly” from g*. This statement can be made 
precise by proving the following theorem: 


2-4e[A—(1) FA(1 +.) [A—A(1) J” 
<g(d) <2-4e[A—A(1) 4 


holds for all A—A(1) <6(e), where 6= (x°/2)(p*)* and 
p*(e) is the solution of p exp(p*“"t®)=1. Figure 3 
shows g(A) for c=4, a value which is physically reason- 
able (e.g., 0.5S0<0.8 for alkali halides of the sodium 
chloride structure). \(1)—Amax as 0 and when o=0 
(metallic case) they coalesce, leaving only the two well- 
known inverse-square-root singularities. 

If we assume different masses, m, and m2>m,, for 
adjacent atoms, and write \= (mym;)4w?/2a, r?>= m2/m, 
then two values of \ are possible for every O0< p<1 and 
two additional singularities of the usual one-sided 
inverse-square-root type appear in the frequency distri- 
bution, at As(1/2)=r+'(1—3cé;). The allowed fre- 
quencies appear in two bands, separated by a gap 
bounded by these two new singularities. There is only 
one singularity whose behavior differs from the usual 
one in the described way; this one appears at A, (0) 
=h,(1)= (r+1) (1—o83). 

It has been known for sometime that introduction of 
new forces into the crystal models often increases the 
complexity of and in particular the number of singu- 
larities in the frequency distribution,*® and the appear- 
ance of more singularities on account of Coulomb forces 
should therefore occassion no surprise. What is of 
interest however are the following two facts: first, a new 
singularity occurs however small the Coulomb forces 
may be; second, the new singularity that occurs is of a 
qualitatively different kind from the usual inverse- 
square-root singularity. Since the nature of the singu- 
larities themselves differ with dimensionality, precise 


7G. Placzek and L. van Hove, Phys. Rev. 93, 1207 (1954); 
H. B. Rosenstock, J. Chem. Phys. 27, 1194 (1957). 

® H. B. Rosenstock, Phys. Rev. 97, 290 (1955); J. C. Phillips, 
Phys. Rev. 104, 1263 (1956). 
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conclusions directly applicable to phenomena in three- 
dimensional crystals’ cannot be drawn at this time. It 
does not seem possible to extend these calculations to 
two or three dimensions by the use of the present, or 
similarly simple, methods: we have been unable to 
generalize the simple representation (4) of the lattice 
sum (3) to higher dimensions. Representations, ob- 
tained by the use of theta functions, do exist® and pro- 


9M. Born and M. Bradburn, Proc. Cambridge Phil. Soc. 39, 104 
(1942). 
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vide a good starting point for numerical work ; but they 
do not provide one with a comparably simple expansion 
of the dispersion relation about the critical points which 
are required for an investigation of the resulting singu- 
larities. Although one may conclude from these repre- 
sentations that the behavior of the dispersion relation 
will differ from the usual quadratic one, we have been 
unable to determine the precise effect on the frequency 
distribution from them. A detailed investigation of these 
“unusual” singularities in three dimensions would be of 
considerable significance. 
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Thermoelectric Power of Dilute Indium-Lead and Indium-Thallium Alloys*t+ 


W. J. Tomascu Anpv J. R. Reitz 
Case Institute of Technology, Cleveland, Ohio 
(Received March 24, 1958) 

An earlier investigation of the thermoelectric power of dilute (a-phase) indium-lead alloys, measured 
relative to pure indium, indicated that there is detailed structure superimposed on the smooth trend of the 
data. This investigation is now extended to include some twenty-two indium-lead alloys as well as thirteen 
indium-thallium alloys. For the indium-lead alloys, the existence of structure at both 273°K and 77°K is 
reafirmed. On the other hand, the thermoelectric power of the indium-thallium system is found to be an 
extremely smooth function of the composition in the same range of solute concentration. As a consequence, 
it is concluded that the observed structure in indium-lead is due exclusively to changes in electronic con- 
centration brought about by alloying. 

An estimate of the pure electronic concentration contribution to the thermoelectric power is obtained 
by subtracting the indium-thallium data from the corresponding indium-lead data. The results of this 
procedure are demonstrated to be in qualitative agreement with the predictions of a band-model theory 
which is developed for this comparison. It is therefore suggested that the observed structure can be attributed 
to the extinction of bands of electron holes and the initiation of bands of overlap electrons. Furthermore, 
as the result of comparing the thermoelectric data with lattice spacing information, definite suggestions are 
made concerning the band configuration of pure indium and the evolution of said configuration with alloying. 
Finally, a very qualitative explanation is offered for the novel face-centered tetragonal (c/a>1) to face- 
centered tetragonal (c/a<1) phase transformation which occurs at the a-phase solubility limit. 

I, INTRODUCTION to as the electronic concentration effect and the lattice 
effect, respectively.) 

Recent work on the composition dependence of the 
thermoelectric power of dilute magnesium alloys, as 
measured relative to pure magnesium, indicates that 
the lattice and electronic concentration effects may be 
separated by considering the two contributions to be 
algebraically additive.' Thus, for example, the electronic 
concentration contribution for a magnesium-indium 
alloy of a given atomic percent composition is obtained 
by subtracting the observed thermoelectric power of 
a magnesium-cadmium alloy of identical atomic 
composition from the observed value for the magnesium- 
indium alloy. According to this scheme, the thermo- 
electric 
system represents, to some degree of approximation, 
the lattice contribution associated with the solutes of 
the fifth period of the periodic table. 


N general, the addition of a solute impurity differing 
in valence from the solvent metal produces three 
important changes relative to conditions existing in the 
pure solvent : the concentration of nonlocalized electrons 
changes, thereby changing the Fermi-level ; the coupling 
of such electrons to the lattice changes because of 
increased impurity scattering, thereby changing the 
electronic relaxation times; and the strains introduced 
by the addition of foreign ion-cores cause a relaxation 
of the Fermi-surface. (This last effect will be assumed 
quite small by comparison and consequently ignored. 
In the future, the remaining two effects will be referred 


* This work was supported in part by The National Carbon 
Company (Division of Union Carbide Corporation), and in part 
by the Office of Naval Research. 

+ This paper is part of a thesis submitted by W. J. Tomasch in 
partial fulfillment of the requirements for the degree of Doctor of 
Philosophy. A major portion of the measurements were made 
while he was a Standard Oil Fellow (Standard Oil Company of 
Ohio). 


power of the magnesium-cadmium = alloy 


' Salkovitz, Schindler, and Kammer, Phys. Rev. 105, 887 (1957). 
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Similar measurements using indium as the solvent 
metal are reported here by the authors. A scheme 
analogous to the one just outlined is used in an attempt 
to isolate the electronic concentration contribution to 
the thermoelectric power. It is possible to interpret the 
final results in terms of the band-model approximation. 


II. EXPERIMENTAL SITUATION 


Figure 1 indicates the basic thermoelectric circuit 
used to measure the thermoelectric power of indium 
alloys relative to pure indium. It consists of a pure 
indium wire soldered to an indium alloy wire, thereby 
forming a hot junction, and copper voltage leads 
soldered to the other ends of these wires, thereby 
forming two cold junctions. The temperatures of the 
cold junctions are fixed at a common value (7;) by 
immersion in a constant-temperature cold bath con- 
sisting of either boiling liquid nitrogen or melting ice, 
while the hot junction can be raised to a higher tempera- 
ture (J2) by means of an electric heater. Copper- 
constantan thermocouples are soldered to the hot 
junction and to one of the cold junctions for the 
purpose of measuring the temperatures at these points. 
The copper wires from the cold junctions serve as input 
leads for a high-impedance (13X10° ohms) recording 
dc amplifier.2 It is possible therefore to measure the 
emf developed as a function of the temperature differ- 
ence, the initial slope of this emf-temperature curve 
being the thermoelectric power at 7;. At no time during 
the course of the measurements did the dc amplifier’s 
input circuit draw more than 2X10-" ampere from 
the thermocouple. 

The cryostat used to produce the proper thermal 
environment for the indium-alloy thermocouples has 
two important features: hot and cold junctions are 
situated in approximately isothermal surroundings, 
and the thermal gradient achieved over the remaining 
length of the thermocouple wires is essentiaily constant. 


LA 


Fic. 1. Schematic 
diagram of circuit 
used to measure the 
thermoelectric power 
of indium alloys rela- 
tive to pure indium: 
(a) alloy wire, (b) 
pure indium wire, (c) 
hot junction moni- 
toring thermocouple, 
and (d) cold junction 
monitoring thermo- 
couple. 
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2 Leeds & Northrup No. 9835 synchronous chopper amplifier in 
series with a type-H recording potentiometer. 
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The first of these removes the possibility of influencing 
the measurements through the presence of soldered 
connections at the junctions. If local inhomogeneities 
are present in the wires, e.g., those due to crystalline 
anisotropy, the second feature assures a uniform 
averaging process in which no local element of the 
thermocouple is overemphasized by the thermal 
gradient. A generous length for the thermocouple wires 
themselves, about twenty centimeters or roughly one 
hundred times the length of a single crystallite, allows 
such an averaging process to be effective. Attention to 
all these factors is known to be important from experi- 
ence with other cryostat designs. As a result of explicit 
tests, as well as long term experience, it is believed 
that the design utilized for the measurements here 
reported adequately satisfies the aforesaid conditions, 
and that the data do not depend significantly on the 
operating parameters of the cryostat. 


III. ALLOY PREPARATION 


All alloys are prepared from pre-outgassed constitu- 
ents by a vacuum casting technique which is now 
described. The alloy constituents are placed in a Pyrex 
tube crucible whose interior has been coated with a 
vacuum-baked layer of colloidal graphite to prevent 
the finished ingot from welding itself to the glass walls. 
A mechanical vacuum pump is connected to the crucible 
which is then inserted into a tight-fitting electric tube 
furnace (~ 400°C) where it remains for about twenty 
minutes. The crucible is agitated vigorously several 
times during this period so as to achieve mixing of the 
constituents, all of which are molten at the indicated 
temperature. After this period, the crucible is removed 
from the furnace and quenched in water. When the 
ingot is removed, it is covered with a smooth layer of 
carbon which disengages itself in large flakes upon 
immersion in concentrated nitric acid. After washing, 
the ingots are ready for extrusion into wire. The 
outgassed alloy constituents are prepared from spec- 
troscopically pure metals by a process quite similar to 
that just described. This procedure is observed to 
remove dissolved gasses and reduce oxidation in the 
final alloy ingots. 

Wires of pure indium (99.999%) and indium alloy 
forty mils in diameter are manufactured by means of 
a stationary billet extrusion process. Only one wire is 
produced from a given die set to eliminate possible 
contamination problems and as a matter of convenience. 


IV. VALIDITY OF DATA 


A number of factors bear heavily on the validity of 
the thermoelectric power measurements and therefore 
must be investigated in an explicit fashion. Effects due 
to the cryostat have, been mentioned earlier so that 
only effects produced,by shortcomings of the thermo- 
couple wire themselves need be considered. Several 
possible defects come to mind immediately : contamina- 
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Fic. 2. Reproducibility data obtained from seven indium-lead 

alloys of the same intended composition (4.2 atomic percent lead). 
Positive thermoelectric powers correspond to electron flow from 
the alloy to the pure indium at the hot junction. The two data 
points for alloy number two are indicative of the scatter en- 
countered when an alloy-indium thermocouple is removed from 
the cryostat and then reinstalled. 


tion due to alloying techniques, solute inhomogeneities, 
excessive stressing, and deviations from intended com- 
position. With regards to chemical composition, 
several chemical analyses indicate that deviations are 
sufficiently small so as to warrant use of the intended 
compositions. This is in agreement with the conclusions 
of other workers.’ 

The aforesaid analyses also indicate that the net 
contamination of a sample lies below about 0.05 mass 
percent. Other tests also display the absence of appreci- 
able contamination due to metallurgical techniques of 
alloy manufacture. Combustion analysis of vacuum- 
outgassed indium discloses the presence of less than 
0.05 mass percent carbon. A thermocouple consisting 
of one wire of spectroscopically pure indium (99.999% 
pure) just as it is received from the supplier, and the 
other of vacuum-outgassed indium, displays no thermo- 
electric power to within the accuracy claimed for such 
measurements. One further precaution can be taken 
with respect to contamination; indium from the same 
vacuum cast ingot can be used to manufacture both 
the alloy wire and the indium wire of a thermocouple. 
This tends to cancel effects due to contamination of 
the pure indium ingot. 

Homogeneity can be tested by making two thermo- 
couples, each using a wire made from half a single 
double-sized alloy ingot, i.e., one from the top half and 
the other from the bottom. Such experiments yield 


3 Moore, Graham, Williamson, and Raynor, Acta Met.-3, 580 
(1955). 
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the same values for the two thermoelectric powers 
within the experimental error claimed, thus establishing 
the adequate homogeneity of the samples. 

Tests conducted on annealing disclose that the 
major effects of the extreme cold work produced by 
extrusion are removed by annealing the samples for 
about an hour at 130°C. As a practical matter, all 
alloys used were annealed from twelve to seventeen 
hours at about 130°C. 

Figure 2 presents the results of measurements made 
at 77°K for seven indium-lead alloys of the same 
intended solute concentration (4.2 atomic percent). 
The lower temperature is chosen since the over-all 
reproducibility is observed to be somewhat poorer at 
77°K than at 273°K. Alloys number two and three 
together with four and five are manufactured from 
halves of double-sized ingots as mentioned earlier. 
Only alloys six and seven are prepared by the continuous 
pumping, carbon crucible process previously discussed. 
The remainder are prepared by sealing the alloy con- 
stituents (not outgassed) in evacuated Pyrex ampules 
which are then placed in an electric oven (~400°C). 
Better mixing can be achieved by this method since 
the molten charge can be agitated violently without 
danger of loss or freezing. Defects of the method 
consist of the light scumming at the ingot tops pre- 
sumably due to small amounts of oxidation, and a 
tendency for the ingots to weld themselves to the glass 
walls of the ampule. The maximum spread of the data 
of Fig. 2 corresponds to an uncertainty of +0.015 
microvolt per °K and this degree of accuracy is con- 
sidered to be adequate. The over-all agreement between 
these seven values is taken as strong indication that 
all essential experimental variables are being satis- 
factorily controlled. 


V. THERMOELECTRIC POWER DATA 


Results of measurements made on thirteen indium- 
thallium alloys and twenty-two indium-lead alloys are 
presented in Figs. 3 and 4. (Much of the information 


Fic. 3. Thermo- 
electric power of the 
indium-thallium sys- 
tem vs pure indium 
as a function of 
composition. 
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Fic. 4. Thermo- 
electric power of the 
indium-lead alloy 
system vs pure in- 
dium as a function 
of composition. Two- 
phase transition re- 
gions are indicated 
with bars. 
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presented in Fig. 4 has been reported earlier.‘) The 
detailed structure superimposed on the smooth trend 
of the indium-lead data is considerably larger than can 
be accounted for by the experimental uncertainties 
just discussed. It can also be argued that the compara- 
tive smoothness of the indium-thallium data suggests 
strongly that such an explanation is unlikely. In addi- 
tion, certain regularities in the aforesaid structure 
serve to increase confidence in the essential correctness 
of the measurements. The maxima (77°K and 273°K) 
occuring beyond thirteen atomic percent lead are 
associated with the face-centered tetragonal (c/a>1) 
to face-centered tetragonal (c/a<1) phase transforma- 
tion which is known to take place in the indicated 
composition ranges.® It is reassuring to note the manner 
in which the phase change is traced out by different 
data points for the two temperatures involved. Before 
the availability of the complete indium-thallium data, 
attempts were made to correlate the 77°K and 273°K 
structural details by interpreting the structure in terms 
of positive thrusting peaks superimposed on a smooth 
variation. Such interpretation leads to the conclusion 
that raising the temperature causes the peaks to move 
toward lower lead concentrations as well as making 
them “wash out,” the latter effect becoming more 
pronounced with decreasing lead concentration. In 
fact, the peak occurring at roughly four atomic percent 
lead must be assumed totally washed out by 273°K. 
Subsequent information has lead to the reinterpretation 
of the structure in terms of negative thrusting peaks 
or dips. (Reasons for preferring such an interpretation 
will emerge from later discussion.) Hence, for the 
lower temperature, the structure consists of two dips 
rather than three peaks. Both dips are also present at 
273°K, and no net trends seem to be indicated in the 
sense of concentation shifts or “washing out.” Again 
it can be pointed out that the dips are traced out by 
different data points for the two temperatures. 

In view of these considerations, it is believed that 


4W. J. Tomasch, Phys. Rev. 109, 69 (1958). 
5 See reference 3, p. 586. 
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Fic. 5. Thermoelec- 
tric power of the indium- 
lead system minus that 
of the indium-thallium 
system as a function of 
solute concentration. 
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the existence of the detailed structure has been reason- 
ably well established. 


VI. INTERPRETATION OF STRUCTURE 
A. General 


Thallium has the same valence as indium (3), and 
indium-thallium alloys display no structure in the 
concentration variation of the thermoelectric power. 
Lead has a greater valence than indium (4), and 
indium-lead alloys exhibit structure. An obvious inter- 
pretation of these facts is that the structure arises 
from an increase in electronic concentration. If this is 
indeed the case, it is to be hoped that the structural 
details of the thermoelectric power data may shed light 
on the band structure of these alloys as well as on that 
of pure indium itself. To this end, it is helpful to follow 
the suggestion mentioned earlier.! 

According to this suggestion, the electronic and 
lattice contributions to the thermoelectric power of the 
indium-lead alloys may be separated by considering 
the two effects to be algebraically additive. Since 
thallium and lead lie adjacent to one another in the 
same period of the periodic table, it is further suggested 
that the lattice contribution for thallium and lead may 
be similar. Hence it is possible to obtain an approxima- 
tion to the electronic concentration contribution for 
an indium-lead alloy of a given solute concentration 
by subtracting the thermoelectric power of an indium- 
thallium alloy of identical solute concentration from 
that of the indium-lead alloy. Figure 5 displays the 
result of subtracting the 273°K indium-thallium data 
from the corresponding indium-lead data. Due to the 
increased difficulty in interpreting intermediate tem- 
perature thermoelectric data, said difficulty being 
generally encountered when the temperatures involved 
are no longer large compared to about one quarter of 
the Debye temperature, a curve similar to Fig. 5 and 
corresponding to the 77°K measurements has been 
omitted. (Changes in the nature of the electron-phonon 
scattering process are presumed to be basically re- 
sponsible for this situation. In the intermediate- 
temperature range, solutions based on a relaxation 
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time may no longer satisfy the Boltzmann transport 
equation.) The principal function of the 77°K data has 
been to confirm the structure observed at 273°K. 
There are two main features displayed by the curve 
of Fig. 5: a rather long interval (0-5 atomic percent) 
during which the thermoelectric power remains rela- 
tively unchanged, followed by three more or less sharp 
negative thrusting breaks. If Fig. 5 does indeed present 
the essential nature of the electronic contribution to 
the thermoelectric power, it may be possible to under- 
stand its main features in terms of a simple band model. 


B. Band-Model Approximation 


It is known that the relative thermoelectric power 
(&) associated with two materials can always be 
expressed as the difference of their absolute thermo- 
electric powers (.S).° Thus, 


&4 mM> Sa aa Su, (1) 


where A and M refer to alloy and pure solvent metal, 
respectively. The band-model approximation yields the 
following equation for the absolute thermoelectric 
power of a solid’: 


1 re 0 
—— —T—{In ; 0;(6)} 
le i 


3 0 


1 te) 
=— Paha LiailS)}, (2) 
d§ 


e 


where the index 7 ranges over all carrier bands present 
in the solid, >> ,o;=o the total electronic conductivity, 
and ¢ is the Fermi level of the solid. (Electronic is used 
in the sense of both overlap electrons and electron 
holes.) The other symbols of Eq. (2) have their usual 
meaning. 

Nearly free behavior is assumed for the carriers, so 
that 
(3) 


where m,* and 7; are the effective band mass and 
relaxation time, respectively. The relaxation time 
referred to is derived from the separate relaxation 
times associated with the various electronic scattering 
processes. To some extent, the detailed behavior of the 
absolute thermoelectric power, as given by Eq. (2), is 
controlled by the energy dependence of these separate 
relaxation times. It is assumed that impurity (solute) 
scattering and thermal lattice scattering are primarily 
responsible for coupling the carriers to the lattice. 
The following equations display the energy dependence 
of the relaxation times for these processes.’ (For 
thermal scattering, the energy dependence of the relaxa- 


o;=n,e"7;/m,", 


®N. F. Mott and H. Jones, Properties of Metals and Alloys 
(Oxford University Press, New York, 1936), p. 309. 

7 See reference 6, p. 310. 

8A. H. Wilson, Theory of Metals (Cambridge University Press, 
New York, 1954), pp. 269, 264. 
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tion time is usually purported to be rr«¢}, but if the 
-band occupation is less than one-quarter carrier per atom, 
then r7<{¢~}. The latter stipulation applies to the case 
at hand.) 


r= t1(4/fi0), (impurity) 


rr=tr(ti/fio)*, (thermal) 


where ¢j9 is the band Fermi energy when the band is in 
some standard state of occupation. In these equations, 
tr is assumed to be a function of solute concentration 
only, and ¢r a function of temperature only. It is con- 
venient to write Eq. (2) as the unfactored sum 


0c; 
og 
The S; can be called “partial” absolute thermoelectric 


powers. These are not quite “band” thermoelectric 


powers since the influence of other bands is contained 


in the common factor o~!. 


Equation (1) may be rewritten as 


& AM = } Sia ter zz Sim = > 0S;. 


The band approximation solution consistent with the 
assumptions previously mentioned can be stated in 
terms of the 65;: 


6S;= —K(T){ (6i:aBia/oa)— (6imBin/om)}, 
Bi= (nso/m*f 50) (+t), (9) 


1 
0% a K(Do rz (6) 


— 


(7) 


(8) 


where 9 is the occupation of the band corresponding 
to fio. Since a given species of carrier (7) may not be 
present in both the alloy (A) and the pure solvent 
metal (M), it has been necessary to introduce the 
function 6; into Eq. (8). For overlap electrons: 


5;=1 (if species 7 is present), 
. (10) 
=0 (if not). 


For electron holes: 
(if species 7 is present), 


0 (if not). (11) 


As a further consequence of the model, the conduc- 
tivity of the alloy (0,4) may be written as 


o,=out+Ao+A.o+terms of higher order. (12) 


The second term of Eq. (12) is due only to changes in 
electronic concentration caused by alloying, while the 
third is due only to changes in relaxation time. Also, 
there is a term (the higher order term) which couples 
these two effects, but it varies as their product and 
will be assumed negligible for the composition range 
studied. At this point, it is convenient to investigate 
the results of employing the earlier suggestion that 
subtracting the relative thermoelectric powers of the 
two alloy systems (each versus pure indium) somehow 
removes the major effects of impurity scattering and 
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leaves only the pure electronic concentration effect. 
Thus, in comparing the theory with Fig. 5, it will be 
necessary to delete all A.-type terms wherever they 
occur. Consequently, Eq. (8) may be written as 


6S;= —K(T)Bim{ (6ia/o4')— (6ia/om)}, (13) 
where 
oa'=outAc. 


To some extent, since 6S=}°,6S;, it is possible to 
look at the behavior of individual bands and then sum 
the results although in principle this is complicated by 
the interdependence of the 6S; via o. There are two 
most interesting cases to which Eq. (13) may be 
applied: the extinction of a band of holes, and the 
initiation of a band of overlaps. For holes: 


5S,=+KBiw;{———} (before extinction), 


SA OM 
(14) 
1 
= +KBur| -— (after). 
om 
For overlaps: 


6S,=0 
— — KBao/oa’ 


The value of 8 corresponding to the alloy composition 
at which overlap first occurs is designated B40. 

There is obviously a rather strong similarity between 
these two cases inasmuch as 6S undergoes a step dis- 
continuity of the form —K£/e for each. It is to be 
hoped that this sort of behavior can be invoked to 
explain the sharp breaks of Fig. 5. In order to comment 
on the behavior of 4S, before extinction or on 6S, after 
initiation, it is necessary to make some rather special 
further assumptions. Assuming that o4’ increases with 
electron concentration, which is certainly expected for 
indium alloys, the relative thermoelectric power will 
tend to vary as indicated in Fig. 6(a) during the 


(before initiation), 


(after). (15) 
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Fic. 6. Predicted 
behavior of band 
contributions to the 
relative thermoelec- 
tric power (elec- 
tronic concentration 
effect): (a) extinc- 
tion of a band of 
holes, (b) initiation 
of a band of over- 
lap electrons. The 
broken line portions 
of these curves in- 
dicate regions in 
which the thermo- 
electric power varies 
smoothly with com- 
position, but requires 
further simplifying 
assumptions to de- 
termine the form of 
the variation. 
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Fic. 7. Schematic parameter-composition curves for the 
indium-lead alloy system (see reference 3). 


extinction of a single band of holes. For overlaps, the 
new band contribution to the relative thermoelectric 
power will tend to vary as indicated in Fig. 6(b). A 
superposition of curves of the general nature displayed 
in Fig. 6 would indeed appear capable of synthesizing 
a function with the qualitative features of Fig. 5. It 
should be remembered that only the details of behavior 
before the extinction of holes or after the initiation of 
overlaps depend on further simplifying assumptions. 

The empirical approximation which allows Eq. (8) 
to be rewritten as Eq. (13) needs not be adopted as an 
essential feature of the model. It is possible to apply 
Eq. (8) and Eq. (12) to the case of the indium-thallium 
alloy system and then actually form the differences of 
interest. The net outcome of such an approach is to 
introduce a multiplicative modulating factor into 
expressions (14) and (15), said factor being equal to 
unity for zero solute concentration.’ It is difficult to 
discuss the modulation in detail since its particulars 
depend on a knowledge of many individual band 
parameters which are not known. It is believed, how- 
ever, that the modulation is a monotonic function of 
the concentration, and probably a fairly slowly varying 
function as well. The monotonic behavior essentially 
reflects the fact that the indium-thallium data are a 
monotonic function of solute concentration. All this 
seems to imply that the curves of Fig. 6 are not to be 
altered in any profound fashion by discarding the 
aforementioned approximation. 


C. Specific Interpretations 


Although it appears that the main features of Fig. 5 
can indeed be interpreted in terms of band extinctions 


9W. J. Tomasch, thesis, Case Institute of Technology, 1958 
(unpublished). 
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and initiations, there is obviously a practical difficulty 
in distinguishing between the two processes. In fact, 
this difficulty cannot be overcome without recourse to 
extra information concerning other physical properties 
of indium-lead alloys, and even then the results must 
be considered to be of a rather speculative nature. 

The variation of lattice spacing parameters as 
function of lead concentration has been carefully studied 
for indium-lead alloys to slightly beyond the a-phase 
solubility limit (see Fig. 7).!° It could be hoped that a 
simultaneous band-model explanation of the thermo- 
electric and the lattice spacing data would uniquely 
settle the difficulty in question. Unfortunately, how- 
ever, the latter explanation is by no means a simple 
matter. A development due to Jones" can be used to 
correlate the lattice spacing information with band 
effects but this treatment has met with certain objec- 
tions." Nevertheless, it will be used in an attempt to 
rationalize the thermoelectric and lattice spacing 
data. Simply said, it has been suggested that the 
initiation of an overlap band causes the Brillouin zone 
to deform as if compressive stresses had been applied 
across the overlapped zone faces. This results in a 
contraction along the overlap axis in reciprocal space 
and a corresponding expansion of the crystal structure 
in the same direction. Figure 8 schematically depicts 
the Brillouin zone for a face-centered tetragonal 
structure. The letters A, C, and D label the three kinds 
of zone faces; there are four A-type faces, two C-type 
faces and eight D-type faces. Various band species are 
also indicated and will be subsequently referred to by 
the designations listed in the caption. 

Figure 9 presents an interpretation of the electronic 
concentration contribution to the thermoelectric power 
which is thought to be consistent with lattice spacing 


Fic. 8. Schematic representation of the Brillouin zone and 
suggested band structure for indium: (a) A-type holes, (b) C-type 
overlaps, (c) C-type holes, and (d) D-type overlaps. The letters 
A, B, and C label the three different kinds of zone faces. 


+ See reference 3, p. 587. 


1H. Jones, Proc. Roy. Soc. (London) A147, 400 (1934); 
ia 15, 13 (1949); Phil. Mag. 41, 663 (1950). 
B. Goodenough, Phys. Rev. 89, 282 (1953); J. W. McClure, 
Phys. Rev. 98, 449 (1955). 
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Fic. 9. Proposed band-model explanation for the electronic 


concentration contribution to the thermoelectric power of indium- 
lead alloys. (See Fig. 6.) 


considerations. As a result of this interpretation, it is 
proposed that the band structure indicated in Fig. 8 


‘does in fact correspond to the case of pure indium. 


The suggested interpretation proceeds along lines 
which are now outlined. From zero to five atomic 
percent, the main effect of alloying is to fill C-type holes. 
At roughly five atomic percent, the C-type holes are 
completely extinguished and the first negative step 
discontinuity occurs in 6S, (Fig. 5). Minor changes in 
the concentration of A-type holes and C-type overlaps 
are also assumed to occur in this composition interval 
as well as in the interval five to seven atomic percent 
solute. At roughly seven atomic percent, overlaps 
across the A faces are initiated, thereby generating 
the second step discontinuity. From seven to ten 
atomic percent, A-type holes are rapidly filled until 
they are completely extinguished at a little beyond ten 
atomic percent, giving rise to the third and last step 
discontinuity before reaching the solubility limit. Noth- 
ing as yet has been said about the presence of D-type 
overlaps, but their number must certainly increase 
somewhat with alloying. Translation vectors of the 
reciprocal lattice can be used to map their eight 
hemispheres into four complete and similar spheres 
(bands). In this sense they form four degenerate bands. 
The effect of changing the occupation of these bands 
is believed to be rather small because they can never 
give rise to the relatively large step-discontinuity 
associated with band initiations or extinctions. Their 
principal effect probably consists of adding a small net 
trend to the curve of Fig. 9. Similar comments apply 
to the influence of C-type overlaps. 

It is interesting to note in passing that the proposed 
band pictures can account for indium’s tetragonality 
as well as for the face-centered tetragonal (c/a>1) to 
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Fic. 10. Suggested band 
structure for overlap elec- 
trons in indium-lead alloys 
lying just beyond the a- 
phase solubility limit. 
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face-centered tetragonal (c/a<1) phase transformation 
which occurs at the lead solubility limit (a phase). 
The first half of this statement is obviously made in 
reverse fashion since the tetragonality of indium 
originally suggested the incorporation of overlaps 
across C-type zone faces and not A-type. As for the 
rest, it is consistent to suppose that after the phase 
transformation, overlap occurs across the A-type faces 
and not the C-type, as indicated in Fig. 10. Roughly 
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speaking, it is suggested that alloying tends to favor 
those effects which change the direction of easy overlap 
from the c-axis to any direction contained by the plane 
of the a-axes, so that the increased multiplicity of 
A-type overlaps can be utilized to reduce the rate at 
which the Fermi energy increases with alloying. 
Obviously this is not an “explanation” in any basic 
sense, but it does supply an intuitive feeling for the 
way in which the Fermi surface tends to develop with 
alloying in this alloy system. 
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A survey of some spectral and time decay properties of the cathodoluminescence of SrO, (BaSr)O, and 
MgO samples has been made in sealed-off high-vacuum tubes in the spectral range from 220 my to 600 mu. 
Observations were made for sample temperatures varying from 90°K to room temperature and above with 
the samples in different states of thermionic activity. 

In SrO samples, luminescence maxima were observed at photon energies of 4.9 ev, 3.7 ev, 3.2 ev, and 
2.4 ev. The 4.9-ev band intensity increases with the thermionic activity of the sample whereas that of the 
3.2-ev band decreases. 

Emission band maxima were found in (BaSr)O at energies of 4.0 ev, 3.1 ev, 2.6 ev, and 2.1 ev. A com- 
parison of the (BaSr)O luminescence is made with that from SrO and BaO. 

MgO samples were studied in both polycrystalline and single crystal forms. Luminescence band maxima 
were observed at energies of 5.2 ev, 3.6 ev, 2.7 ev, 2.3 ev, and 2.1 ev. The 2.3-ev band may be enhanced by 
heating the sample in magnesium vapor or diminished by heating it in oxygen. 

Suggestions are made concerning possible electronic mechanisms giving rise to some of the above bands on 


the basis of the temperature dependence of their intensities and their types of afterglow. 


INTRODUCTION 


OME of the alkaline earth oxides are important as 

thermionic and secondary emitters of electrons 
when they have been suitably prepared. Since many 
of the interesting electrical properties of these oxides 
depend in part upon the presence of crystalline defects 
and small departures from stoichiometry in these 
materials, the determination of their extrinsic electronic 
energy structures associated with these conditions is 


* Supported by the Office of Naval Research and by a grant 
from the R.C.A. Laboratories Division, Princeton, New Jersey. 
+ Now at the General Electric Company, Syracuse, New York. 


desirable. To this end, this investigation is concerned 
with spectral and time-decay studies of the cathodo- 
luminescence of SrO, (BaSr)O, and MgO samples which 
were as free from foreign impurities as could be con- 
veniently obtained. 


Barium-Strontium Oxide and Strontium Oxide 


The mixed crystalline material (BaSr)O is a very 
efficient thermionic emitter and is widely used as a 
commercial cathode material in electron tubes. It is 
known that the thermionic activity of this substance 
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can be varied over a wide range of values. Since these 
changes in cathode activity are thought to be associated 
with a barium excess in the oxide, a study correlating 
the cathodoluminescence and the thermionic activity 
of this material appeared both feasible and worthwhile. 
In order to facilitate this, it seemed necessary to study 
also the cathodoluminescence from SrO and to attempt 
a correlation of these data with those obtained from 
BaO by Stout. 

Leverton and Shepherd in studying the evaporants 
from SrO cathodes have suggested that strontium metal 
evaporation rates are sensitive to the presence of 
reducing impurities in their metallic substrates.’ 
Thus a SrO cathode prepared on an impurity-containing 
nickel substrate may contain excess strontium near 
its surface which may detectably influence its cathodo- 
luminescence. 


Magnesium Oxide 


The physical properties of MgO have recently been 
the subject of considerable investigation because of 
its simple crystalline structure, its efficient secondary 
electron emission, and its electrical insulating properties 
at high temperatures. 

Johnson has found that the first fundamental optical 
absorption edge occurs in MgO at an energy of about 
7.4 ev, and he suggests that a mobile excited species is 
generated when this material is irradiated with radiation 
of this energy or greater. MgO crystals can be colored 
photochemically, additively, by x-ray irradiation, or by 
high-energy particle bombardment. The colored crystals 
may exhibit optical absorption bands at quantum 
energies of 5.7 ev, 4.8 ev, 4.3 ev, 3.7 ev, and 2.3 ev. 
When not colored additively, all these bands may be 
removed by a moderate heat treatment of the colored 
crystal in air, and a weak visible luminescence has been 
observed to accompany this bleaching process. 


EXPERIMENTAL 


The samples used in this study were contained in a 
high-vacuum, Dewar-type tube similar to that described 
by Stout.? The samples were affixed onto vacuum-fired 
metal substrates which were then placed in thermal 
contact with the flat vacuum-tight end of a long, thin- 
walled Kovar metal tube which could be either heated 
or cooled. The source of excitation was an electron 
beam which came from an electron gun situated in a 
side arm of the main experimental tube. This electron 
beam was externally focused onto and deflected into 
the sample. This arrangement prevented evaporants 


1A. S. Eisenstein, in Advances in Electronics (Academic Press, 
Inc., New York, 1948), Vol. 1. 

2V. L. Stout, Phys. Rev. 89, 310 (1953). 

3 W. F. Leverton and W. G. Shepherd, J. Appl. Phys. 23, 787 
(1952). 

*W. G. Shepherd et al., “Study of electrical and physical 
characteristics of secondary emitting surfaces,” Signal Corps 
Report, February 28, 1953 (unpublished). 

5 P. D. Johnson, Phys. Rev. 94, 845 (1954). 
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from the electron gun from serving as a source of con- 
tamination during the measurements. The sample’s 
luminescence passed out of the vacuum tube through 
a quartz end window. Thermionic emission current 
from the sample could be drawn to a tantalum anode 
which could be slid in front of the sample to form a 
planar diode structure. The sample temperature was 
monitored by using a Mo-Ni thermocouple which was 
welded to the metal substrate. A sample’s thermionic 
activity is herein specified by the apparent thermionic 
work function and/or its zero-field thermionic emission 
current density at a temperature of 1000°K. The 
apparent thermionic work function was determined by 
the retarding potential—Richardson line method. 

In all the work to be reported here, the samples 
were processed and their activity changed while the 
experimental tubes were sealed onto a Pyrex glass 
vacuum system. The tubes were sealed off the system 
at a pressure of 10-7’ mm Hg or less and previously 
outgassed Batalum getters could then be flashed in 
side-arm chambers of the main experimental tube. 
The incorporation of several gas break-off tips and 
several side-arm gettering chambers on the main 
vacuum tube made it possible to reseal the tube onto 
the vacuum system several times without exposing the 
sample to air. 

Spectrum measurements were made by using a 
recording spectrophotometer very similar to Stout’s. 
The sample’s luminescence was focused and chopped 
at 23.3 cps before falling onto the entrance slit of a 
Perkin-Elmer quartz monochromator. The radiation 
leaving the monochromator was detected by a R.C.A. 
type 1P28 photomultiplier tube which was placed 
directly outside the monochromator’s exit slit. The 
resulting electrical signal was amplified by a 23.3-cps 
selective amplifier, synchronously rectified and then 
recorded using a recording potentiometer. The spectra 
thus recorded were then corrected for the dispersion of 
the monochromator and the relative spectral sensitivity 
of the detector. 

Afterglow measurements were made for some of the 
more intense bands observed in the spectra. The bom- 
barding beam was modulated by positive rectangular 
voltage pulses applied to the electron-gun grid which 
was negatively biased to beyond cutoff. The resulting 
radiation pulses were detected by a 1P28 photomulti- 
plier tube. The photomultiplier collector pulses were 
amplified by and presented upon the screen of a type 
511AD Tektronix Synchroscope and photographed. 
The film was then read by using a projecting microscope 
with a magnification of 20. The time response of the 
detecting system was determined by the falltime of 
the applied voltage pulse which was about 0.5 psec 
or less. 

For purposes of comparison, the decay curves 
observed at different temperatures are plotted in this 
paper such that the intensity of each band is normalized 
to an arbitrary value of 100 at the time the bombarding 
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beam is shut off; this is taken to be zero time in the 
plots. 
RESULTS 


Strontium Oxide 


The samples for this study were sprayed onto Ni- 
47%, W metal substrates in the form of a suspension of 
SrCO; in amyl acetate with nitrocelluose binder.* The 
main impurities in this sample material were: iron 2 
ppm, aluminum 1 ppm, silver 1 ppm, calcium 1 ppm, 
magnesium 1 ppm, barium } ppm. The samples were 
converted to the oxide by vacuum pyrolysis at a tem- 
perature of 1250°K and activated at this temperature 
by drawing thermionic emission current to the sliding 
anode. Luminescence spectra for several sample tem- 
peratures from such a cathode are shown in Fig. 1(A). 
Band maxima are evident at photon energies of 4.9 ev, 
3.7 ev, 3.2 ev, 2.4 ev, and one possibly at 2.7 ev. With 
the exception of the 3.7-ev band, the intensities of all 
bands appear to decrease with increasing sample tem- 
perature. The 4.9-ev band intensity decreases approxi- 
mately as a negative exponential of the temperature 
with a decay constant of about (50°C)~. Heating the 
sample at 950°K for 15 minutes in 10-* mm Hg of 
oxygen gave the results shown in Fig. 1(B); note the 
decreased thermionic emission. All previous bands are 
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Fic. 1. Emission spectra from thermionically active, (A), and 
inactive, (B), SrO samples. Excitation current density, %, and 
excitation voltage, V», were 40 wa/cm? and 1.5 kv. Monochromator 
band pass, MBP, was 1.5 my at the wavelength, d, of 440 my. 


6 The SrCO; sample material was prepared by Dr. H. F. John. 
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Fic. 2. Intensity decays of the (A) 4.9-ev and (B) 3.2-ev bands 


in SrO. %=300 wa/cm?’, V,=1.5 kv, pulse repetition rate =60 pps. 
MBP=4 mu for (A); MBP=16 my for (B). 


still present, but the 4.9-ev band became less, and the 
3.2-ev band more intense. 

The samples investigated exhibited a ‘low-voltage 
electron burn” effect.? This phenomenon is character- 
ized by a decrease in the intensity of the luminescence 
during excitation. The time rate decrease of the 
intensity diminishes with increasing excitation time. 
This decreased intensity can be restored to its initial 
value by heating the sample. It appears that this 
phenomenon is not well understood. In order to study 
the steady-state luminescence, the sample was excited 
for periods of time only long enough so that the decrease 
in intensity during the observation time was tolerably 
small. 

Measurements of the afterglow were made for the 
deactivated SrO sample and these are given in Fig. 2. 
A 5-usec pulse length was sufficient to excite the 4.9-ev 
band to a constant intensity level for all temperatures 
of observation. The decay rates shown for this band in 
Fig. 2(A) appear to be exponential and do not change 
significantly over the temperature range indicated. 
The time required for this band to decay to 1/e of its 
initial value is about 1 usec. 

The decay of the 3.2-ev band is given in Fig. 2(B). 
A pulse length of 10 usec was long enough to excite this 
band to saturation intensity for all temperatures shown. 
The decay is approximately exponential with the time 
except at the lower temperatures, and in these it is 
possible that the 3.7-ev band is contributing to the 
observed luminescence. The intensities of these two 
bands are comparable at a temperature of 90°K; the 
3.7-ev band decayed to 1/20 of its initial value in 


7G. F. J. Garlick, Luminescent Materials (Oxford University 
Press, New York, 1949), pp. 188-189. 
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about 11 ysec at this temperature, whereas the 3.2-ev 
band required about 30 usec for the same reduction in 
intensity. Thus the rapid initial descent in the 157°K 
and 190°K curves in Fig. 2(B) may be due to a 3.7-ev 
band component. If the rapid decay is subtracted 
out of the low-temperature curves, a single exponential 
decay results. A plot of log(1/r) versus 1/T yields a 
straight line whose slope corresponds to an activation 
energy, E, of about 0.1 ev indicating that r= 79 exp 
X (E/kT), where to~2X10~* seconds; 7 is the time 
required for the intensity to drop to 1/e of its initial 
value at a sample temperature 7, and k is Boltzmann’s 
constant. 


Barium-Strontium Oxide 


Light coatings of Raytheon (C51-2 Equimolar 
(BaSr)CO; cathode coating were sprayed onto elec- 
trolytic nickel metal substrates. The samples were 
converted to the oxide by vacuum pyrolysis at tempera- 
tures around 1175°K. The state of thermionic activity 
of each sample was altered either by drawing thermionic 
emission current from it or by heating the sample in 
an oxygen atmosphere. The principal impurities in 
this sample material were: manganese 20 ppm, 
aluminum 10 ppm, calcium 5 ppm, lead 10 ppm, and 
magnesium 500 ppm. 

Emission spectra from a thermionically inactive 
(BaSr)O cathode are given in Fig. 3(A), and from the 
cathode in a more active state in Fig. 3(B). In both 
figures, band maxima occur at energies of 4.0 ev, 3.1 ev, 
2.1 ev, and possibly at 2.6 ev. The intensity of the 
prominent 4.0-ev band is seen to be strongly tempera- 
ture dependent in the spectra of both the active and 
inactive samples; its intensity varies approximately as 
a negative exponential of the temperature with a decay 
constant of about (40°C)~. The 3.1-ev band increases 
in intensity with temperatures up to about 300°K; the 
temperature dependence of the 2.1-ev band is not 
evident in these data. 

Another (BaSr)O sample was prepared using a 
different lot of Raytheon C51-2 Equimolar (BaSr)CO; 
cathode coating whose main impurities were: iron 3 
ppm, manganese 10 ppm, copper 2 ppm, sodium 120 
ppm, calcium 5 ppm, and magnesium 100 ppm. The 
processing of this sample was very similar to the 
previous one. The spectra from this cathode are given 
in Fig. 3(C). Band maxima are present at quantum 
energies of 4.0 ev, 3.1 ev, and 2.7 ev, with a general 
increase in spectral intensity occuring in the wave- 
length region around 600 my. The shape and tempera- 
ture dependence of the strong 4.0-ev band is similar to 
those shown in Figs. 3(A) and 3(B). The 3.1-ev band 
is much weaker in this sample and can only be seen in 
the 170°K spectrum. The 2.7-ev band is much stronger 
in this sample and increases in intensity with increasing 
temperature. 

The three samples were investigated in a total of six 
different states of thermionic activity with the zero-field 
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thermionic emission current density measured at 
1000°K varying from 5.5X10~° amp/cm? to 7X10 
amp/cm*. The spectra obtained do not show a clear 
change in any of the band intensities with the differing 
sample activities, nor were all the bands present in all 
the spectra. However, the 4.0 ev was prominently 
present in the spectra of all samples and exhibited a 
similar temperature dependence of its intensity in 
every set of spectra obtained. The low-voltage electron 
burn effect was observed for all samples in all states of 
thermionic activity; however, it was most noticeable 
when studying the more active samples. 

Afterglow measurements were made for the (BaSr)O 
cathode while in the state of activity given in Fig. 3(A). 
The intensity decays of the 3.1-ev band are given in 


hv (ev) ' 
a. 27 25 23. 2) 
T T T 





5.55045 40 35 
ri. TT 


T T 
(BaSr) O 


e6,=1.9 ev 
|, = 5.5 x10" Samp/om? 
1. 90°K 
2. 140°K 
3. 200°K 
4 245°K 
5. 320°K 


RELATIVE INTENSITY 





e€o=L6 ev 
,= 14x 1072 AMP/CM? 
1. 90°K 
2. 120°K 
3. 170° K 
4. 230°K 
5. 325°K 


RELATIVE INTENSITY 








e¢=1.9 ev 
J), 21073 AMP/CM? 
3. 170°K 
a «Soe 
5. 300°K 


ses 222 


RELATIVE INTENSITY 
9S 








Fic. 3. Emission spectra from (BaSr)O samples. /,=80 ya/cm?, 
Vo=1.5 kv, MBP=2 my at \=440 mu. The spectra in (A) and 
(B) are normalized at the peak of the 4.0-ev band in the 90°K 
spectra; note the change in ordinate in (C) at \=370 mu. 
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Fic. 4. Intensity decay of the 3.1-ev band in (BaSr)O. 7,=100 
pa/cm*?, V»=1.5 kv, MBP=18 my; pulse length and repetition 
rate were 5 usec and 60 pps. 


Fig. 4. It is found that the time constant, 7, of this 
band obeys the relation r= 79 exp(E/kT), where the 
activation energy, E, is about 0.06 ev, and 79 is about 
10~’ second. The intensity decay curves of the 4.0-ev 
band varied exponentially with the time and did not 
change significantly in the temperature range from 90°K 
to 230°K; the decay time constant for this band was 
about 2 usec. A similar type of decay was observed for 
the 2.1-ev band. 


Magnesium Oxide 


Magnesium oxide was studied in the form of poly- 
crystalline powders and as single crystals. The major 
impurities in the sample material were: iron 3 ppm, 
sodium 2 ppm, nicke! 1 ppm, calcium 10 ppm, and 
barium 1 ppm.*° 

The polycrystalline samples were prepared by crush- 
ing the MgO crystals and settling the resulting powder 
in an alcohol suspension to obtain a 10 to 30 u particle- 
size range. Emission spectra for a polycrystalline MgO 
sample on an electrolytic nickel metal substrate are 
given in Fig. 5(A). Band maxima are present at 
energies of 3.6 ev, 2.7 ev, 2.3 ev, and possibly at 2.1 ev. 
The peak intensity of the 3.6-ev band increases with 
the temperature from 90°K to about 350°K, and 
thereafter decreases rapidly with further increase in 
temperature. A similar type of intensity-temperature 
behavior is observed for the 2.7-ev band, except that 
this band reaches a maximum intensity at about 450°K. 
Attempts to change the thermionic activity of this 
sample by drawing thermionic emission current from it 
were not successful. 

A second polycrystalline sample was prepared by 
the same method described above except that platinum 
was used as the metal substrate. Emission spectra were 
recorded for several sample temperatures both with 


8 These crystals were grown from high-purity MgO in an electric 
arc furnace operating in air. 
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the spectrophotometer and a Gaertner Model L 234-150 
(Juartz Spectrograph using Eastman Super XX film. 
All the above emission bands were observed in the 
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Fic. 5. Emission spectra from MgO samples. (A) polycrystalline 
sample; #=50 pa/cm’, V,=1.5 kv, MBP=0.5 mu at \=440 mu. 
(B) “as grown’ ’ single crystal, (C) single crystal heated in mag- 
nesium vapor, (D) magnesium treated single crystal after heating 
in oxygen. For (B), (C), and (D), #=200 wa/cm*, Vi=1.5 kv, 
MBP=2 my at r=440 mu. 
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spectra recorded by the two methods, and these spectra 
were found to be almost identical to those obtained 
from the previous sample using the nickel metal 
substrate. 

Spectral data were obtained from two MgO single 
crystal specimens. The crystal sample was held firmly 
between two coaxial tantalum cups which were welded 
onto the end of the Kovar tube. A (100) face of the 
crystal was exposed to the incident electron beam by a 
5 mm diameter hole in the outer cup. The first crystal 
investigated, whose dimensions were 3X5X0.5 mm, 
received no special heat treatment after having been 
cleaved out of the furnace melt other than in the 
operation of outgassing the tube while it was sealed 
onto the vacuum system. The spectra obtained from 
this crystal are shown in Fig. 5(B). Band maxima 
occur at energies of 5.2 ev, 3.6 ev, 2.7 ev, and 2.4 ev. 
With the exception of the 5.2-ev band, the shapes and 
temperature dependences of the several bands are 
similar to those in Fig. 5(A). It should be noticed that 
the intensity of the 5.2-ev band decreases rapidly with 
temperature, and is nearly absent from the room 
temperature spectrum. This crystal was then heated 
in vacuum for three hours at 950°K and the spectra 
recorded. The only significant change found in these 
spectra was that the peak intensity of the 5.2-ev band 
in the 90°K spectrum had decreased to about 1/10 of 
the corresponding value shown in Fig. 5(B). The 


crystal was then heated for three hours at 950°K in 
10°? mm Hg of oxygen. The spectra from the sample 
after this treatment showed no significant differences 


from those observed before. 
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A second single crystal specimen was investigated ; 
its dimensions were 5X5X0.3 mm. This crystal had 
been heated for 180 hours at a temperature of 1180°K 
in an evacuated quartz tube containing magnesium 
metal. The spectra obtained from this crystal are given 
in Fig. 5(C). Band maxima appear at energies of 3.5 ev, 
2.4 ev, and 2.1 ev. The 5.2-ev band is not present in 
these spectra, and the 2.4-ev band seems to be en- 
hanced by this treatment. This crystal was then 
heated for three hours in 10~' mm Hg of oxygen at 
1150°K, and the spectra shown in Fig. 5(D) were then 
recorded. These spectra, when compared to those given 
in Fig. 5(C), indicate that the oxygen treatment 
appears to have caused the 2.4-ev band intensity to 
diminish and that of the 5.2-ev band to increase. 

Afterglow measurements were carried out for the 
3.6-ev and 2.7-ev bands of the polycrystalline samples. 
The intensity decay curves of the 3.6-ev band are 
given in Figs. 6(A) and 7. The initial decay of this 
band varies exponentially with time up to about 7 usec 
after the excitation is removed. A plot of log(1/r) 
versus 1/T does not yield a straight line, but gives a 
curve whose maximum and minimum slopes correspond 
to activation energies of about 0.07 ev and 0.005 ev, 
respectively. In Fig. 7, the decay of the 3.6-ev band 
seems to follow a power law whose exponent changes 
from —0.9 to —1.5 in the temperature interval from 
90°K to 253°K and for decay times from 10 to 100 usec. 

The intensity decay of the 2.7-ev band is shown in 
Fig. 6(B). The decay rate of this band increases with 
temperature; however, they do not appear to vary 
exponentially with the time. Nonetheless, the fit of 
the data to a straight line is much better on a log 
(intensity) versus (time) plot than it is on a log 
(intensity) versus log(time) graph. 
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DISCUSSION OF RESULTS 
Strontium Oxide 


The cathodoluminescence bands observed in SrO, 
4.9 ev, 3.2 ev, 3.7 ev, (2.7 ev), and 2.4 ev may be 
compared with the bands found by Stout? in BaQO, i.e., 
3.6 ev, 2.7 ev, and 2.1 ev. The generally larger energies 
observed in the SrO luminescence compared to those 
in BaO are consistent with its smaller lattice constant 
and its larger fundamental electronic optical absorption 
energy. Sproull® found this energy in SrO to be about 
5.7 ev, and Zollweg” has observed it to be about 4.4 ev 
in BaO. A rough proportionality exists between the 
quantum energies of the corresponding luminescence 
bands and those of the fundamental optical absorption 
bands of the two substances. Thus: 5.7/4.4=1.30, 
4.9/3.6=1.36, 3.7/2.7=1.37 and 3.2/2.3=1.39. Since 
these two oxides should be similar in their electronic 
properties, it is reasonable to expect that the cor- 
responding luminescence bands, if not due to foreign 
impurities, result from similar electronic transitions 
taking place in the two materials. 

The intensity" of the 4.9-ev band in SrO varies as 
the negative exponential of the temperature. Stout 
observed a strong intensity decrease with temperature 
for the 3.6-ev BaO band which he also found to increase 
in intensity with increasing thermionic activity. He 
proposed that this band was the result of a radiative 
annihilation of a hole in the valence band by a filled 
donor center. No definite correlation of the 4.9-ev SrO 
band with thermionic activity can be inferred from the 
present study, but a similar association of this band 
with excess strontium is probable. If Stout’s suggested 
mechanism may be applied to the 4.9-ev band in SrO, 
then the temperature-insensitive exponential decay 
(r=1 usec) of this band may indicate that the radiative 
transition follows the capture of the hole into an excited 
state where it is relatively insensitive to lattice vibra- 
tions. The temperature dependence of the band 
intensity may then be due to nonradiative processes 
competing with the hole capture by the filled donor. 
Stout did not make detailed afterglow studies in BaO, 
and hence it is not possible to compare the time decay 
of the 4.9-ev SrO band with that of the 3.6-ev band 
in BaO. 

The 3.2-ev emission band of SrO appears to increase 
with oxygen deactivation of the sample and shows an 
intensity temperature-quenching effect. This behavior, 
together with an intensity decay of the form /=/» exp 
X (—t/r) where r= 7) exp(E/ht) and E=0.1 ev, suggests 
a mechanism for this band emission in which the 
radiative transition may follow a thermal excitation of 
an electron from a metastable state to a radiating 
excited state of the luminescence center.” 
~ *R. L. Sproull, Phys. Rev. 78, 630 (1950). 

WR, J. Zollweg, Phys. Rev. 97, 288 (1955). 

1 The peak intensity of this band was also found to be propor- 


tional to its integrated intensity for all observation temperatures. 
2 F, E. Williams, J. Opt. Soc. Am. 39, 648 (1949). 
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Barium-Strontium Oxide 


No unambiguous correlation between the intensities 
of the several bands and the states of thermionic 
activity of this cathode material could be made because 
of the variation in the results from the different samples 
investigated and the aforementioned experimental 
difficulties associated with the presence of the “low- 
voltage electron burn effect.” The 4.0-ev band appeared 
prominently in all samples in every state of thermionic 
activity and always exhibited the same temperature 
dependence of its intensity. Because of this band’s 
reproducibility in the different samples investigated 
and the similar temperature behavior of its intensity 
and afterglow with that of the 4.9-ev band in Sr, it is 
possible that the mechanisms causing the 4.0-ev 
(BaSr)O band and the 4.9-ev SrO band may be similar. 

If this suggestion is correct, then a rough estimate 
of the quantum energy of the fundamental optical 
absorption band of the (BaSr)O samples used in this 
study may be (4.0/4.9) X5.75=4.7 ev. When one makes 
this calculation using the 3.6-ev BaO band, one obtains 
(4.0/3.6)X4.4=4.9 ev. Hence, the energy of the 
fundamental optical absorption band of these (BaSr)O 
samples using this line of argument may be about 
4.8 ev. If one assumes the shift of the fundamental 
optical absorption to be linearly related to the com- 
position of one of the constituent oxides in the mixed 
(BaSr)O crystals, then for an equimolar sample the 
fundamental optical absorption edge should occur at 
an energy of about 5.1 ev. However, it should be noted 
that this suggestion is weakened because the absorption 
edge energies of the two simple oxides are really not 
known, and indeed in BaO, the presence of exciton 
absorption in this spectral region makes the location of 
this edge difficult. The fundamental absorption energies 
quoted above are where the optical absorption co- 
efficients attain a value of 110° cm™. 

If one assumes that the 4.9-ev SrO band, the 3.6-ev 
BaO band, and the 4.0-ev (BaSr)O band are all caused 
by a like mechanism in these materials, then a rough 
correspondence may exist between the bands appearing 
in the spectra from these substances as may be seen in 
Tables I and II. 

Inspection of Table II shows that the maximum 
average deviation from the average quantum energy 
ratio is about 3% or less in each case, which is about 
equal to the experimental error involved in determining 
the quantum energies of the band maxima in the 
spectra. Thus, it may be possible that there is a cor- 
relation between the bands listed in each column of 
Table I for these three materials, and that their different 
energies may arise because of the different crystalline 
electric fields which exist in the vicinity of a given 
type of luminescence center in each of the three host 


crystals. 





CATHODOLUMINESCENCE 


TABLE I. Observed quantum energies of cathodoluminescence 
maxima (electron volts). 


4.9 
4.0 
3.6 


SsrO 
(BaSr)O 
BaO 


Magnesium Oxide 


The corresponding spectra obtained from the poly- 
crystalline samples and the single crystal sample 
[ Figs. 5(A) and 5(B)] seem to agree in their gross 
features except for the presence of the 5.2-ev band in 
the spectra of the latter. 

An association of the 3.6-ev, 2.7-ev, and 2.1-ev bands 
with a stoichiometric excess of either of the lattice 
constituents is not clear from the results of this study, 
partly because of the broad overlapping character of 
these bands. A comparison of the spectra shown in 
Figs. 5(C) and 5(D) may indicate that the 2.3-ev 
band is associated with excess magnesium in the 
crystal. Graphical analyses of these spectra also suggest 
that the 2.7-ev and possibly the 2.1-ev bands are 
enhanced by heating the sample in magnesium vapor. 

Weber" has observed that MgO crystals grown in 
an air atmosphere contain optical absorption bands 
which he has correlated with the presence of oxygen 
in this material. Hence, it was assumed that the spectra 
of the ‘‘as grown” crystal shown in Fig. 5(B) is char- 
acteristic of MgO crystals containing excess oxygen. 
Therefore, from the result shown in Fig. 5(D), it 
would appear that the 5.2-ev band may be correlated 
with excess oxygen. However, Eisenstein" has observed 
an x-ray excited 5.2-ev luminescence band in Norton 
MgO single crystals at room temperature. This band 
was much more prominent in MgO crystals which had 
been heated in magnesium vapor, although it was also 
present in oxygen-treated crystals. This result is in dis- 
agreement with the identification of this band suggested 
in the present study, although it is to be noted that only 


‘8H. Weber, Z. Physik 130, 392 (1951). 
4A. S. Eisenstein, Quarterly Progress Report, University of 
Missouri, Columbia, Missouri (unpublished). 
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TABLE II. Ratio of corresponding quantum energies in Table I. 
Average 


deviation 


3.2% 
1.2% 


0.9% 


Average 
ratio 
1.33 
1.20 
0.89 


1.36 1.29 
1.25 


0.90 


1.37 
1.19 
0.87 


SrO/BaO 
SrO/(BaSr)O 
BaO/(BaSr)O 


crystals of purity higher than Norton crystals were used 
in this investigation. It may be significant that the5.2-ev 
cathodoluminescence could not be detected at room 
temperature. Since the principal difference to be expected 
between the two types of excitation is in their respective 
depths of penetration into the crystal, it seems possible 
that some property at or near its surface may account 
for the absence of the 5.2-ev cathodoluminescence in 
the magnesium-treated crystal. 

The 3.6-ev band, and to a lesser extent the 2.7-ev 
band, exhibited a rather marked temperature-quenching 
of their intensities wherein radiative processes ap- 
parently dominate at room temperature and below, 
and competing nonradiative processes become im- 
portant above room temperature. This type of behavior 
might suggest a mechanism similar to the one mentioned 
for the 3.2-ev SrO band except for the fact that a plot 
of log(1/r) versus 1/T does not yield a straight line for 
decay of the 2.7-ev band or for the initial decay of the 
3.6-ev band. Moreover, the temperature-dependent 
power law decay (‘‘multimolecular” type) which 
follows the initial exponential decay for the 3.6-ev 
band suggests that a charge transport process may 
accompany the mechanism responsible for the origin 
of this band. 
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Neutron diffraction intensities have been computed for antiferromagnetic spin arrangements in the rock- 
salt-type structure. If the spin directions in the unit cell occur at relative angles other than 0° or 180°, the 
neutron scattering from powder specimens does not lead to a unique solution of the spin arrangement. A 
unique solution can be obtained from neutron scattering by a single-domain crystal. Neutron diffraction 
from crystals of nickel oxide shows that in all crystals examined, either the magnetic moments were parallel 
to more than one direction in the crystal, or antiferromagnetic domains were present. The results can be 
quantitatively accounted for by assuming the crystal consisted of domains with a common magnetic axis. 


HE application of neutron diffraction methods 
now makes it possible to arrive at descriptions 
of the detailed arrangement of atomic moments in 
magnetic solids. Below a critical ordering temperature, 
there may arise a three-dimensional periodic arrange- 
ment of moments which superimposes a characteristic 
magnetic structure upon the original crystal structure. 
In a recent paper’ the results of a neutron diffraction 
investigation by powder methods of the antiferro- 
magnetic ordering in MnO, FeO, CoO, and NiO were 
reported. The interpretation of the neutron diffraction 
patterns was based on the assumption that within a 
single magnetic unit cell the atomic moments were 
parallel or antiparallel to a single magnetic axis. It was 
concluded that the structures of all the monoxides were 
based on ferromagnetic sheets of moments parallel to 
(111) planes, with the direction of magnetization 
reversed on adjacent sheets. The most probable axis 
of magnetization for FeO was along the [111 ] direction 
perpendicular to the ferromagnetic sheet, whereas for 
MnO, and NiO the most probable direction lay within 
the ferromagnetic sheet. The observation of diffuse 
neutron scattering left some uncertainty regarding the 
precise direction of the magnetic axes, and consequently 
there was the possibility of a tilt of the moment direc- 
tion out of the (111) plane toward the [001 ] direction, 
particularly in the case of CoO. 

A crystallographic deformation occurs at the same 
temperature as the magnetic ordering. In the para- 
magnetic state, the oxides are cubic; upon passing into 
the antiferromagnetic state, MnO and NiO become 
rhombohedral with a>60°, FeO rhombohedral with 
a<60°, and CoO tetragonal with c/a<1.?* The ar- 
rangement of moments in MnO, NiO, and FeO is con- 
sistent with the crystal deformation in the sense that 
the unique crystal axis is perpendicular to the ferro- 
magnetically coupled sheets. This simple correlation is 
absent for CoO. Since Mn*? is in an S state and the 
orbital moment of Ni** is quenched by the crystalline 
field, dipole-dipole interactions favor the moments 
~ * Neutron diffraction experiments were made at the Brookhaven 
National Laboratory Reactor, Upton, New York. 

1W. L. Roth, Phys. Rev. 110, 1333 (1958). 


2H. P. Rooksby, Acta Cryst. 1, 226 (1948). 
3N. C. Tombs and H. P. Rooksby, Nature 165, 442 (1950). 


lying within (111) planes‘ in agreement with the neutron 
diffraction results. The orbital contributions to the 
moment of Co** is appreciable, however, and from 
recent calculations, Kanamori® concludes that the 
magnetic axis should be nearly parallel to the tetragonal 
[001] axis. On the other hand, calculations by Loeb 
and Goodenough® show that minimum dipole energies 
may also be obtained from more complex types of spin 
configurations in which the atomic spins form angles 
other than 0° or 180° with each other. 

In the previous work it was pointed out that although 
a set of solutions could be deduced which was consistent 
with data limited to neutron diffraction from powder 
specimens, these solutions were not unique since they 
depended on certain basic assumptions which limited 
the range of possible structures. It is the purpose of this 
paper to explore the consequence of removing the re- 
striction that there is a single magnetic axis in a domain 
of an antiferromagnet and consequently to generalize 
the problem to include the multimagnetic-axis struc- 
tures. As a result of this generalization, it is found that 
a variety of multiaxis arrangements are consistent 
with data obtainable from powder specimens. Further 
calculations showed that neutron diffraction from a 
single crystal which consists of a single antiferromag- 
netic domain could be used to differentiate between the 
alternative arrangements. Nickel oxide was chosen as 
a suitable material to investigate, and neutron scat- 
tering experiments were undertaken in order to as- 
certain the angular distribution of spin directions 
within the magnetic unit cell. 


NEUTRON DIFFRACTION POWDER PATTERNS 
FROM MULTIAXIS STRUCTURES 


The theory of the scattering of neutrons by atomic 
moments has been given by Halpern and Johnson.’ In 
their analysis of the coherent diffraction pattern 
produced by scattering from an ordered arrangement of 


4S. I. Kaplan, J. Chem. Phys. 22, 1709 (1954). 

5 J. Kanamori, Progr. Theoret. Phys. (Japan) 17, 177 (1957); 
17, 223 (1957). 

6 A. L. Loeb and J. B. Goodenough, Conference on Magnetism 
and Magnetic Materials, Boston, Massachusetts, October 16-18, 
1956 (unpublished). 

70. Halpern and M. H. Johnson, Phys. Rev. 55, 898 (1939). 
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moments, the magnetic moments were assumed parallel 
or antiparallel. An extension of the original analysis 
required to compute the scattering from moments 
making arbitrary angles with each other in a rocksalt- 
type structure is given in the appendix. 

A general formulation for the description of the 
possible magnetic structures in the rocksalt-like oxides 
is shown in Fig. 1. The atomic spins are arrayed in four 
antiferromagnetic substructures Mjj’ (j=1, 2, 3, 4) 
such that if the spin direction of atom 7 is $;=[u,0,; ], 
the spin on atom j’ is reversed and S; = —S;=[a,i,0; ]. 
In the general case, it is assumed there is no relationship 
between the magnetization directions of the sub- 
structures, and hence to uniquely define the spin 
structure in an unit cell (or a single domain) it is 
necessary to prescribe the four spin vectors §). 

The magnetic scattering from a_ representative 
number of multi-axis structures has been computed. 


Fic. 1. Magnetic substructures in rocksalt-type crystals. The 
small circles represent oxygen and an antiferromagnetic sub- 
structure is designated by the cations MM’. 


Since complete single-crystal data are not available, 
no attempt was made to analyze all of the possible 
configurations of the four independent spin vectors, 
and arrangements were chosen largely for symmetry 
considerations. Drawings of the spin configurations 
are shown in Figs. 2 and 3, and the intensities calculated 
for the first two powder diffraction peaks {111} and 
{113} are tabulated in Table I.° The scattering is given 
in units of F?/64p? and to compare with experiment 
the appropriate magnetic scattering amplitudes and 
angular factors must be applied, and corrections made 
for absorption, extinction, and thermal motion. 

The first six models are the single magnetic axis 
structures considered in detail in a previous paper. 
The magnetic scattering agrees with intensities com- 
puted for the structures: MnO-A «iy, NiO-Aqin, 


8 For Ai the specific direction [110] is chosen, but identical 
results obtain for any other direction in the (111) plane. 
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Fic. 2. Multispin axis structures. The distribution of spins 
within the (111) plane is shown. The structures are described in 
detail in Table I. 


CoO A (317); or A tit); and FeO A ty. A 1100) and 
Biuvvw) are the structures proposed by Shull, Strausser, 
and Wollan® and Li,’° respectively. (The powder 
intensities from Arrangement B are invariant with 
[UVW ].) Because of uncertainties introduced by the 
diffuse scattering and the dependence of the absolute 
values on the magnetic scattering amplitudes and form 
factors, the unitary intensities for MnO, NiO, and CoO 
are not known precisely, but it appears safe to conclude 
that for MnO and NiO, }° (F?/64p?) for {111} is within 
the range 26-32, and that 49 to 57 represents the 
possible excursion of values {113}. For CoO, the value 
for {111} may be as small as 22, and for FeO, it is less 
than 2. 

In the group of structures B-E there are two axes of 
magnetization but all the moments are confined to the 
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Fic. 3. Multispin axis structures. The distribution of spins in 
adjacent (001) planes is shown. Open circles are oxygen; @ and 
% designate spins pointing up and down into the paper. 


® Shull, Strauser, and Wollan, Phys. Rev. 83, 333 (1951). 
WY. Y. Li, Phys. Rev. 100, 627 (1955). 
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TABLE I. Powder pattern intensities from multispin 
axis structures. 


> (Finag’/64p*) 
Model Si Sz S3 Ss {111} {113} 


Aa 110 110 110 
An 100 ANd ADs 
A (ii7] 117 117 = 117 117 
A t100} 100 100 100 100 =. 21.3 
Bwvw) UVW UVW UVW UVW 213 
Anu 111 111 111 111 0 
110 «101_—Ss 101110 32 
110 112 112 110 30.9 
110 = O11 011 110 26.7 
110 211 211 110 32 
110 112 110 112 24 
110 = O11 110 O11 21.3 
110 «6101 = Oss (293 
i. 2. <i (1. 3 
211 121 112 111 28.3 
110 = O11 101 111 6.7 
111 110 101 011 29.3 
mt om "an 0 
1 111 111 21.3 
111 111 14.2 

100 O10 32 

010 100 = 10.7 

110 110 = 21.3 

100 010 21.3 

110 110° 218 

001 001 26.7 

001 13.8 


110 = 32 
28.4 
26.8 


49.5 
54.3 


56.5 


RPaoow 


Q& me 


~~ 
~ 
w 


SQN RASS NED REESE 
FSPLRSES 


Nn 


(111) plane. F and H also are based on two magnetic 
axes, but the moments are arranged to form small 
“closure loops” in the (111) plane. From powder data 
alone, structures B and E are indistinguishable from 
Aq, and within the limits of experimental error, C 
and D are acceptable. 

The next group of structures are based on four axes 
of magnetization. Of these arrangements, AB and AC 
have true rhombohedral symmetry, but only G, AA, 
and AC are in satisfactory agreement with the powder 
diffraction data from MnO and NiO. 

The final group of structures L, M, Z are based on 
magnetization directions parallel to [111] directions. 
Model Z is a multiaxis model, with rhombohedral 
symmetry, and it agrees with the neutron diffraction 
data obtained from FeO equally as well as the single- 
axis structure A (111). 

The arrangements discussed thus far reflect in some 
degree the rhombohedral symmetry observed by 
x-rays for MnO and NiO in the antiferromagnetic state. 
The next group were chosen to conform with the 
tetragonal symmetry of CoO. Because of uncertainties 
in the Co** form factor, all structures except J and V 
are in possible concordance with the powder diffraction 
data. Drawings representing these tetragonal configu- 
rations are given in Fig. 3; to demonstrate the relation- 
ship to the tetragonal axis, two adjacent atomic layers 
parallel to (001) are shown. 
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NEUTRON DIFFRACTION FROM CRYSTALS OF NiO 


From the brief survey in Table I it is clear that there 
are many antiferromagnetic structures which are 
consistent with the neutron diffraction data from 
powders of MnO, FeO, NiO, and CoO. Single-crystal 
intensities for several of these models have been com- 
puted and the intensities for the individual (111) 
reflections are tabulated in Table II. For comparison 
purposes, the single-crystal predictions for the single 
magnetic axis structures are included. It is clear that 
in principle the problem of discriminating between the 
alternative spin arrangements can be solved by meas- 
uring the neutron scattering from a single domain- 
single crystal since the distribution of intensity through- 
out the magnetic reciprocal lattice is quite different for 
the various models. 

Nickel oxide was selected for study because large 
single crystals" were available and as a consequence of 
the high Néel temperature (250°C) the antiferro- 
magnet is nearly magnetically ordered at room tem- 
perature. Crystals were cleaved from a boule supplied 


Taste IT. Single crystal intensities from multispin 
axis structures. 


F2/64p? 


Model (111) (111) 


A ai 16 0 
10.7 0 
2.66 2.66 
14.2 
12 
8 
4 
14.9 
4 
4 
0 h ‘ : Y 
8 32.0 
4.7 ; 26.7 


by the Linde Air Products Company. X-ray and 
chemical analysis confirmed the fact that the cleaved 
sections were good single crystal NiO. The crystals, 
which ranged in size from 2X 2X2 mm‘ to thin sections 
230.05 mm‘, were mounted on vanadium supports _ 
in a conventional x-ray goniometer head. Integrated 
intensities were obtained both by rocking the crystal 
through the reflecting range and by traversing radially 
through the reciprocal lattice point. 

The reflections could be indexed on the basis of a 
cubic unit cell with a9=8.35 A. The all even (h&/) are 
the result of nuclear scattering, and the magnetic 
scattering is concentrated in those reflections where 
h, k, l are all odd. A section of the reciprocal lattice is 
plotted in Fig. 4 where the nuclear reciprocal lattice is 
shown with solid lines and the magnetic reciprocal 
lattice is dotted. The points correspond to the re- 
~The term “crystal” as used in this paper refers to that 


morphological entity which may include antiferromagnetic 
domains or twins. 
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flections expected for a single-domain crystal with a 
Avvw) structure. The nuclear peaks occur at the 
expected positions and the magnetic reflections fall 
upon a grid with } the spacing observed for the nuclear 
data. This is direct experimental confirmation for the 
double unit cell deduced for nickel oxide from the 
powder data. 

When the neutron scattering from different crystals 
was compared, it was found that although the nuclear 
intensities were relatively consistent and reproducible, 
the distribution of intensities in the magnetic reciprocal 
lattice was highly variable. Some observations illus- 
trating the variability in magnetic scattering is given 
in Table III, which tabulates the ratio of intensities at 
(111) and (111). The magnetic scattering also could be 
altered by heating the crystal to a temperature above 
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Fic. 4. Magnetic and nuclear reciprocal lattice for nickel oxide. 
Open circles designate reflections permitted for single domain of 
Auvw) structure. 


the antiferromagnetic Curie temperature, cooling and 
remeasuring at room temperature. These results 
demonstrated that in the different crystals of nickel 
oxide the magnetic structure was variable. Since 
identical intensities were not obtained for the various 
{111} reflections, it follows that the magnetic texture 
was not randomly distributed with respect to the 
crystal axes—i.e., there was a magnetic texture which 
was coarse grained. However, since the half-widths of 
the magnetic peaks were less than 0°21’, the resolution 
of the neutron spectrometer, there is a triply periodic 
distribution of magnetic moments extending for 
distances of 1000 A or more. Consequently, there were 
antiferromagnetic domains within the crystals, and the 
domain dimensions were in the range 0.1 to 100 u. 

The results from polydomain crystals confirm the 
magnetic supercell inferred from the powder data and 
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TABLE III. Magnetic scattering from cleaved crystals of NiO. 








Neutron intensity Ratio 
(111) (111) (111)/(111) 
I 15 100 nil >10 
II 4840 559 8.7 
pis 1743 1310 13 
IV 2680 969 2.8 


Crystal 


® After heating to 300°C. 


directly demonstrate the relationship between the 
magnetic and nuclear reciprocal lattices. However, the 
magnetic scattering from a polydomain single crystal 
cannot be used to determine the detailed magnetic 
structure, since it is a consequence of both the distri- 
bution of magnetic moments within the unit cell and 
the distribution of domains within the crystal. 


MAGNETIC SCATTERING FROM ANNEALED 
NiO CRYSTAL 


Since it was recognized that, in order to distinguish 
between the single and multi-axis hypotheses, neutron 
scattering from a crystal made up of a single magnetic 
domain would be necessary, considerable work was 
carried out on the properties of antiferromagnetic 
domains in NiO. Thin sections approximately 304 
thick were prepared and studied with transmitted 
polarized light. Twinned structures and photoelastic 
patterns were observed, and by associating the crystal- 
lographic rhombohedral deformation with the magnetic 
ordering, the optically distinguishable structures may 
be related to antiferromagnetic domains. Experiments 
demonstrated that large untwinned regions could be 
grown in thin sections by annealing the crystals at 
1500°C for one hour. In Fig. 5 is shown a photomicro- 
graph of an annealed NiO thin section. The section is 
observed in transmission between crossed polarizers 
and the optic axes of the domains determined by 
standard optical techniques. Referring to Fig. 1, the 
optic axis in each domain is taken parallel to [111]. In 
order to obtain magnetic scattering of reasonable 
magnitude, a crystal several mm* in volume is desirable, 
but it is not possible to pass sufficient light through 
such a crystal to establish the absence of twins. Conse- 


Fic. 5. Photomicrograph of nickel oxide thin section. The 
specimen is about 1X2X0.03 mm and in this case the domains 
are crystallographic twins. 
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TABLE IV. Neutron intensities from NiO crystal 
annealed at 1500°C. 








Intensity 
Observed Calculated* 


Intensity 
Observed Calculated* 
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* Calculated for Ajiq structure, assuming the antiferromagnetic domain 
composition 4A, 4B. 


quently, “massive” crystals several mm* in volume 
were annealed and the magnetic scattering measured 
to see whether the results were consistent with those 
expected for a single domain. 

Secondary extinction is particularly large for the 
scattering of neutrons from single crystals. Extinction 
usually is minimized by utilizing as imperfect a crystal 
as possible—either by selecting a crystal with a large 
mosaic spread or purposely creating imperfections by 
deformation. In the present instance, the method used 
to produce single-domain crystals results in the for- 
mation of extremely perfect crystals and consequently 
extinction effects are large. To simplify the extinction 
corrections, an approximately spherical crystal was 
produced by cleaving a cube and polishing {111} faces 
on the corners to produce a cubo-octahedron. The 
crystal then was heated in air to 1500°C for one hour. 
X-ray Laue photographs indicated the surface to be 
single-crystallline and highly perfect. 

The annealed NiO crystal was mounted to rotate 
about a [110] direction and a set of intensities in the 
hkl zone of the reciprocal lattice was obtained (Fig. 4). 
The integrated intensities are tabulated in Table IV 
and from the spread of values for centrosymmetric 
reflections of the same form, the average appears to be 
reliable within a few percent. In the absence of extinc- 
tion, the nuclear intensities should be proportional to 


Qcnen: 


where \=is the neutron wavelength, NV the number of 
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unit cells per unit volume, 26 the scattering angle, 
Fixx: the structure factor. Nuclear intensities were 
computed by basing all values on the magnetic unit 
cell and taking for the nuclear scattering amplitudes 
1.03X10-" cm for nickel and 0.58X10~-" for oxygen, 
and correcting the intensities for thermal vibration by 
the factor exp[—2B(sin@/\)?], with 2B=1X10-*. 
The calculated versus observed nuclear intensities are 
plotted in Fig. 6, which demonstrates the tremendous 
effect of extinction on the stronger nuclear peaks. For 
small values of 0, the assumption that the intensity is 
proportional to Q is valid, and the scattering may be 
placed on an absolute basis, 


Tcatc= 0.995 X 1030 exp(—sin*@); O<10-*. 


This result may now be applied to the magnetic 
scattering. Assuming a spin-only moment for Ni*? in 
NiO, the magnetic scattering amplitude is p=0.53 
X10-"f, where f is the magnetic form factor. Ex- 
pressing Q in terms of (F*/64p’), normalizing with 
respect to the nuclear scattering at small Q, and 
correcting for lack of magnetic saturation at room 
temperature by the factor I23/Jo=0.74, one obtains 
for the magnetic scattering: 


= Fe sind \? 
T ewic= 0.0463 ‘ —| ex»-26(—) | 
64p* sin26 r 


From the distribution of intensity in the magnetic 
reciprocal lattice, it is immediately obvious that the 
crystal is not a single domain of the A (111) structure. It 
is possible, however, to account for the observed mag- 
netic scattering on the basis of the A .41:) structure by 
regarding the crystal as built up from two kinds of 
antiferromagnetic domains. The domain texture is 


NEUTRON INTENSITY 
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Fic. 6. Nuclear scattering from single crystal of NiO. The 
departure from the dotted curve is due to extinction. 
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shown in Fig. 7, where A and B represent the two types 
of domain. In domain A, the magnetic moments lie in 
the (111) planes and are directed along the specific 
directions [110] and [110] in alternate sheets. One 
ferromagnetic sheet is shown and the magnetization 
direction is [110]. In the adjacent domain the direction 
of magnetization is unaltered, but the ferromagnetic 
sheet is rotated to become parallel to the (111) plane of 
the original domain. The extension of the original 
ferromagnetic sheet in domain A becomes an anti- 
ferromagnetic sheet in domain B, but the spin direc- 
tions in the two domains remain parallel. Assuming the 
domain composition approximately 4A, 4B, 
neutron intensities were calculated and the results are 
tabulated in Table IV. Since the data were normalized 
with respect to the nuclear scattering, the magnetic 
intensities are on an absolute scale, and considering the 
uncertainties introduced by the effects of extinction, 
the agreement is satisfactory. The distribution of 
intensities among reflections of the same form is quite 
good, although the observed magnetic scattering does 
not decrease with sin@/A as rapidly as computed. This 
suggests that the Nit? magnetic form factor curve may 
decrease less rapidly with siné/A than was assumed on 
the basis of the Mn*? form factor.” 


was 


MAGNETIC SCATTERING FROM UNTWINNED 
NiO CRYSTALS 


The preceding analysis points up the difficulty of 
distinguishing between a magnetic structure in which 
the magnetic moment directions are multiple within a 
unit cell and one in which the multiple directions are 
produced by a domain texture. Thin section studies 
had demonstrated the feasibility of growing untwinned 
single crystals so an attempt was made to measure the 
magnetic scattering from untwinned crystals despite 
their small size. Two sections approximately 2X 3X0.08 
mm were polished with faces parallel to (110). This 
was the maximum thickness which was sufficiently 
transparent for optical study of internal texture. The 
sections were annealed at 1500°C, but a completely 
untwinned individual was not obtained. It was possible, 
however, to shield portions of the crystals behind 
sections of cadmium which absorbed the thermal 
neutrons completely, so that scattering could be ob- 
tained from volumes which microscopically appeared 


TABLE V. Neutron scattering from untwinned portions of 
of single crystals of NiO. 


Nuclear 
(222) (222) 
(223) (222) 


Magnetic 
(111) (111) (171 
(111) (111) (111) 
714 


756 684 686 718 
648 ww. ss 
786 856 705 852 
785 876 732 752 


356 
310 
748 
856 


~ CrystalA 0 
0 803 


Crystal B 0 442 
0 404 


12 ],. M. Corliss and J. M. Hastings (private communication). 
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Fic. 7. Antiferromagnetic domain configuration in annealed 
crystal of nickel oxide. A (111) plane is shown and the spin 
directions in adjacent planes are reversed. 


to be single domain. Unfortunately, the untwinned 
single-crystal volume was only about 0.10 mm? and the 
diffracted intensities were quite small. The section was 
mounted to rotate about a face diagonal arbitrarily 
defined to be [110], oriented by means of the nuclear 
reflections, and the set of magnetic reflections (111), 
(111), (111), (111) measured. The section then was 
remounted to rotate about [110], reoriented, and the 
remaining members of the form (111), (111), (111), 
(111) measured. 

The integrated intensities obtained from the two 
crystals are summarized in Table V. The agreement of 
the nuclear reflections indicates the intensities are 
reliable to approximately 15%. Of the eight {111} 
magnetic reflections, four were absent (<30) and the 
remaining four reflections occurred in pairs in which 
the ratio of intensities was approximately 2:1. The 
similarity of these results with those obtained from the 
annealed ‘‘massive” NiO crystal suggest that the data 
obtained from the latter is also characteristic of an 
untwinned crystal. 

The distribution in reciprocal space of the magnetic 
scattering from the untwinned sections of nickel-oxide 
crystal is not consistent with that expected from a 
single-domain crystal of the A;vyw) structure. If the 
optical evidence for the absence of twins were accepted, 
and if the assumption of a single magnetic spin direction 
in a single domain were retained, it would be necessary 
to modify the notion of a relationship between the 
magnetic structure and the crystalline deformation. 
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In the Aqui structure, the distribution of magnetic 
scattering among the eight {111} reflections is inde- 
pendent of the direction of the atomic spins within the 
ferromagnetic sheet, and consequently antiferromag- 
netic domains which differ only by the rotation of the 
axes of magnetization within the (111) plane cannot 
explain the observed intensity distribution. To account 
for the results on the basis of the single axis A vyw) 
structure, it is necessary that there be a change in 
crystallographic orientation of the ferromagnetically 
coupled sheet of atomic spins. Accordingly, either 
hypothesis that the deformation is a consequence of 
exchange-striction or magnetostriction requires the 
existence of twins in the volume of crystal observed 
by the neutrons. 

Since the neutron scattering is not consistent with a 
single domain-single magnetic axis configuration, the 
magnetic structure is based on a multispin arrangement, 
such as B, or alternatively domains of the A «a1 
structure were present even though they were not 
detected by the optical observations. The absence of 
optically detectable domains can be explained by 
assuming that either the domains were present in thin 
lamellae parallel to the section face so that the light 
passed successively through them, or that the domain 
dimensions were comparable to the wavelength of light 
and consequently could not be resolved. 


PERIODICITY OF MAGNETIC 
SCATTERING SYSTEM 


In all crystals of nickel oxide studied to date, the 
atomic spins have been parallel and antiparallel to 
more than one direction in the crystal. Consequently, 
it is pertinent to inquire about the nature of the 
short-range and long-range correlations between mo- 
ments. Some information of this type was obtained by 
observing the shapes of the magnetic diffraction peaks, 
and the manner with which they varied with tem- 
perature. 

The half-width of the (111) magnetic peak was 
measured at room temperature and at temperature 
close to the antiferromagnetic Néel temperature (Fig. 
8). The half-width of the magnetic peak was 0°29’, 
equal within experimental error to the resolving power 
of the slit system and approximately the same as that 
observed for the nuclear (222) peak. Any diffraction 
broadening due to interruptions of the long-range 
correlation of moments is less than 0°06’, and the 
minimum domain size may be estimated from the usual 
line-broadening equation, 


When nickel oxide is heated to a temperature close 
to 250°C, the long-range moment correlation disappears 
and the coherent magnetic scattering decreases 
abruptly. The dashed curve in Fig. 8 shows that when 
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the long-range magnetic order had decreased to the 
extent that the coherent Bragg scattering was 1% of 
the room temperature value, the half-width of the 
magnetic peak appeared to be slightly increased, of the 
order of 0°48’ compared to 0°29’ previously. A simple 
interpretation of the line widths in terms of a ‘magnetic 
particle size” suggests there are regions of magnetic 
order extending for 100-200 A even when 99% of the 
long-range correlation has disappeared. The analogy 
of a magnetic particle size is undoubtedly an over- 
simplification ; the magnetic peak at 262°C is noticeably 
asymmetric, and the shift in peak position from 12°10’ 
at 25°C to 12°00’ at 262°C is too large to be accounted 
for purely by thermal expansion. The asymmetric 
shape and peak shift suggest that the breakdown of 
magnetic order might be profitably analyzed by 
methods similar to those used by Warren and co- 
workers in their studies of work hardening and the 
faulting in carbon black. 

A search was made in the vicinity of (111) at 260°C 
for diffuse magnetic scattering® which would be in- 
dicative of short-range correlations of moments still 
being present although the long-range order had 
disappeared. The lengths of the vertical bars in Fig. 8 
are proportional to the statistical uncertainty in the 
measurements. Within experimental error, no diffuse 
scattering could be detected; estimating from the 
counting statistics a diffuse intensity 0.2% of the peak 
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Fic. 8. Magnetic scattering from nickel oxide crystal at room 
temperature and near the Néel temperature. 


18 A, W. McReynolds and T. Riste, Phys. Rev. 95, 1161 (1954). 
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intensity or 4% of the background would have been 
observed. 

The magnetic structure in an annealed crystal 
appears to be at least a quasi-equilibrium configuration 
in the sense that the structure may be regenerated 
after being heated into the paramagnetic state by 
cooling to the antiferromagnetic state. The peak 
intensity above background of the (111) reflection 
measured as a function of increasing and decreasing 
temperature is shown in Fig. 9. The coherent magnetic 
scattering disappears at 533°K, in reasonable agreement 
with the Néel temperature obtained from magnetic 
measurements. The temperature dependence of the 
magnetic scattering has been compared with that 
calculated by normalizing at 300°K and assuming a 
Brillouin dependence of the moment with J=1 and 
T.=533°K. 

DISCUSSION 


The series MnO, FeO, CoO, and NiO crystallize in 
similar rocksalt-like structures and the regular increase 
of the antiferromagnetic Curie temperature with 
increasing atomic number indicates that the exchange 
energy increases monotonically with the filling of the 
3d shell. There are widely differing crystalline ani- 
sotropies in the antiferromagnetic state, and a variety 
of explanations have been offered for the relationship 
between the crystal deformation and the atomic spin 
structure. Greenwald and Smart have discussed the 
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Fic. 9. Magnetic scattering from (111) planes in nickel 
oxide as function of temperature. 


4S. Greenwald and J. S. Smart, Phys. Rev. 82, 113 (1951). 
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deformations as a consequence of the dependence of 
exchange energies on interatomic distances, and 
alternatively Li'® has attributed the deformation to 
anisotropy magnetostriction. Estimates of the ani- 
sotropy energies of FeO and CoO by Kanamori’ suggest 
that orbital multipole interactions are the principal 
source of magnetic anisotropy in the deformation-free 
state of the crystals, but that the crystal deformation 
is a consequence of magnetostriction arising from 
crystalline field interactions. 

The interactions in MnO and NiO are most sus- 
ceptible to theoretical treatment since spin-orbit 
interactions may be neglected. For a system of dipoles 
in the cubic rocksalt structure, Kaplan‘ found the 
minimum energy configuration an array of parallel 
dipoles in a {111} plane, but did not identify any 
optimum direction within the plane. Loeb and Goode- 
nough,® on the other hand, conclude that there is an 
optimum orientation of the dipoles within the {111} 
plane along a (110) direction. This is consistent with 
the present interpretation of the neutron scattering 
from NiO crystals, where it was found that the moment 
directions were [110] and [110] predicated on the 
assumption that the crystal was composed of domains 
of single-spin axis structure. 

Loeb and Goodenough have given expressions for 
the dipole-dipole energy of multispin axis structures in 
a rocksalt-like structure, and Keffer and O’Sullivan!® 
have shown that there is an identical functional 
dependence of the dipolar interaction energy and the 
intensities of powder neutron diffraction peaks on the 
parameters which describe the orientation of the mag- 
netic substructures. Consequently, all structures which 
are compatible with the neutron data from powders 
for the Aq structure similarly are compatible with 
the requirement of minimum dipole-dipole energy. 
Conversely, the requirement that a spin system possess 
minimum dipolar anisotropy provides no basis for 
discriminating between single or multiple spin axis 
structures. 

The calculations presented here show that neutron 
diffraction patterns from powders of MnO, NiO, CoO, 
and FeO provide an unequivocal assignment of the 
location and direction of the atomic spins only if it is 
known that the moments are parallel to a single 
crystallographic axis. Alternatively, many multispin 
axis structures are compatible with the powder data. 
Although in principle the alternatives can be dis- 
tinguished by single-crystal neutron diffraction, the 
problem is complicated by the presence of antiferro- 
magnetic domains. The present results of neutron 
scattering from crystals of nickel oxide clearly show 
that in all crystals examined, either the ferromagnetic 
sheets or the atomic spins were parallel to more than 
one crystal direction. This can be interpreted on the 
basis of either (a) a polydomain-single magnetic axis 


‘6 F. Keffer and W. O. Sullivan, Phys. Rev. 108, 637 (1957). 
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crystal, or (b) a single domain-multimagnetic axis 
crystal. 

From dipolar anisotropy considerations, structure 
AC (corresponding to Fig. 3 of Loeb and Goodenough) 
is an attractive solution for the spin arrangements in 
rhombohedral MnO and NiO. Unfortunately, the NiO 
single-crystal data eliminate this attractive model, 
although conceivably it still may be appropriate for 
MnO. Structures such as J are attractive spin arrange- 
ments for CoO since the x-ray observations indicate 
the crystal symmetry is tetragonal below the Néel 
temperature. However, because of the large crystal 
anisotropy (the crystal is deformed 1.2% at 77°K) it 
is doubtful that simple dipolar interactions pre- 
dominate, and the most recent powder neutron dif- 
fraction data indicate the magnetic axis to be approxi- 
mately [117], a compromise between the dipolar forces 
tending to orient the spins within the (111) plane, and 
the crystal field interaction favoring a direction parallel 
to the tetragonal axis. 

The alternative spin arrangements (a) single axis- 
multidomain and (b) multiaxis-single domain differ 
basically in regard to the extent of the long-range 
correlation between nonparallel spins. If the pre- 
dominant correlation is the short-range ordering of 
parallel spins, the single magnetic axis solution A ,vyw) 
is obtained. This solution has the virtue of simplicity 
and leads to the conclusion that the spin arrangement 
in the entire group of rocksalt-like oxides is the same, 
and that the direction of magnetization depends upon 
the coupling between the spins and the crystalline 
fields. Thus for MnO and NiO, the interaction is 
predominantly dipolar and the spins lie in (111) sheets. 
In FeO the crystalline field anisotropy predominates 
and the moments are parallel to [111], whereas in 
CoO the compromise between crystalline field and 
dipolar anisotropies tip the magnetic axis approxi- 
mately 12° away from the tetragonal axis toward the 
(111) plane. These conclusions are consistent with the 
neutron scattering from crystals of NiO if it is assumed 
that in nearly perfect, annealed crystals, antiferro- 
magnetic domains are present for which there is a 
common direction of magnetization. This signifies the 
presence of twins, and of the four possible spin axes, 
only those exist which conserve the direction of mag- 
netization through the twin boundary. 

Although the alternative multispin axis arrange- 
ments cannot be eliminated, it should be recalled that 
one of the principal reasons for introducing these 
complicating considerations was to eliminate the 
discrepancy that the crystal symmetry of the mon- 
oxides in the antiferromagnetic state appeared to be 
different when observed by neutrons and x-rays. The 
present data clearly show that the antiferromagnetic 
spin arrangement in NiO does not have threefold 
symmetry ; the true symmetry of NiO must be less than 
rhombohedral and the distortion apparently is so small 
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that it has not been detected by x-ray methods. For 
the A si10) structure, in nickel oxide a magnetostrictive 
distortion of the order of 10~*° perpendicular to the 
[111] direction would appear reasonable, significantly 
smaller than the 10~* contraction which has already 
been observed parallel to [111 ]. 

No information of this type is currently available 
on the other antiferromagnetic oxides. It would be 
desirable to obtain three-dimensional single-crystal] 
neutron diffraction data from NiO and the other anti- 
ferromagnets, but it would appear wise first to develop 
methods which give assurance that the crystals contain 
a single antiferromagnetic domain. Among the inter- 
esting possibilities for investigating domain texture is 
the study of the effect of thermal, stress, and magnetic 
annealing by both neutron scattering and magnetic 
torque measurements. However, it appears possible to 
account for the experimental observations presently 
available on nickel oxide by the single magnetic axis 
structure which leads to the conclusion that the inter- 
action between magnetic moments on both nearest and 
next nearest neighboring nickel ions is parallel and 
antiparallel. 


APPENDIX 


The scattering of neutrons by a periodic arrangement 
of magnetic moments is shown in Fig. 10. The direction 
of the incident neutron is described by the unit vector 
ko, the scattered neutron by k, and 2 is a unit vector 
describing the polarization state of the neutron. In a 
single magnetic axis system, the direction of atomic 
moments is parallel (or antiparallel) to a unit vector K. 
The scattering vector e is normal to the Bragg plane, 
and the scattering may be described in terms of a 
magnetic interaction vector q which is defined by the 
equation 

q=e(e-K)—K, (1) 


|q|2=sin’a. (2) 


If the neutron beam is unpolarized, the magnetic and 
nuclear scattering are incoherent and the magnetic 
scattering is given by 


g> Pp *ei ko) -(ry—fy’ b (3) 











Fic. 10. Neutron scattering from multimagnetic axis system. 
ko and k are unit vectors proportional to the incident and scat- 
tered neutron, 4 is the polarization state of the neutron, e the 
scattering vector, @ the Bragg angle, and K, is a unit vector de- 
fining the magnetic moment of the vth atom. 
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where p is the magnetic scattering amplitude and r is 
the position vector of the vth atom. If the atomic 
moment is due only to electron spin (either because the 
atom is in an S state or because the orbital moment is 
quenched by the crystalline field), the magnetic scat- 
tering amplitude is given by 


p= (ey/me)S f=0.539X 10-"S f cm, (4) 


where 5S is the spin quantum number and f is the mag- 
netic form factor. 

To describe the scattering from a system in which 
the atomic moments make arbitrary angles with each 
other, in addition to a, the azimuthal angle ¢ is required 
to uniquely describe the moment. The magnetic scat- 
tering of an unpolarized beam is given by the equation: 


Dd popy*e'(e- ko) -(e—ty) sina, sina, cos(¢,—¢y). (5) 
vy’ 


This is equivalent to the formulas given by Shull and 
Wollan.‘ It easily is seen that for a system in which all 
the moments are parallel (ferromagnetic case) or 
antiparallel (single-axis antiferromagnetic case) : 
¢dy>—oy=0 or ff, (6) 

and Eq. (5) reduces to Eq. (3). 

For convenience in specific structure calculations, 
it is useful to define the magnetic structure factor 
Fost 


F nsg= + a pre k—ko) «tr sina,e'?’, (7) 


It is easily shown that Eq. (5) is obtained by forming 
the complex conjugate, 


> p.*e i(k—Ko 


consequently 


™ sina,e ‘%, (8) 


and 


A cine . K (6,u,7) FF* ® (9) 


The proportionality constant K depends on the experi- 
mental arrangement, scattering angle 6, absorption 
factor wu, and temperature factor T. 

The magnetic scattering from MnO, FeO, CoO, and 
NiO can be indexed on the basis of a magnetic unit cell 
Where G(inagnetic) = 24(nuclear). Only those magnetic re- 
flections with Aki all odd are observed. The magnetic 
structure is built up from eight magnetic substructures, 
M,, generated by atomic moments with position 
coordinates x,y,2;: 
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The face-centering fc requires that moments with 
identical configuration are located at 


(000,330,303 033) + 2;;2;. (10) 


The magnetic substructures are associated in pairs 
M ;M,, and as a consequence of the exchange interaction, 
if the moment direction of an atom in substructure M; 
is $;=(U,V,W;], then the corresponding direction M ;, 
is S;=—S,;=[U;V,W;]. The pair M,M;, is an anti- 
ferromagnetic substructure. These relations are shown 
in Fig. 3 where it may be seen that the magnetic 
structure is based on four antiferromagnetic sub- 
structures and that the (111) plane is populated by 
moments from each. The general problem is to discover 
the spin vectors $,S.S8,S,. For the special case S;= +S, 
=+§,;=+S, there is a single magnetic axis and the 
problem is reduced to that treated previously. 

For a structure containing only one kind of magnetic 
atom, substitution of the coordinates +,v,;z; (10) into 
(7), gives for the generalized magnetic structure factor 


F (nnn = 8p{sinaye’*!+ e274 sinase'?? 


Qh+k+1 


' sina3e'**+ e277? 


9x i(Bh+l 
p2ral(d 
é 


(11) 


* sinaye'**}, 


Assuming the magnetic scattering amplitudes and form 
factors are known, the multiaxis problem contains 
eight independent parameters aj¢;. It is clear that in 
the absence of further information or limitations, 
neutron scattering from powders is unlikely to define 
an unique solution to the multiaxis structure. 
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Band Structure and Infrared Absorption of Graphite 
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The infrared optical properties of graphite single crystals have been calculated from a model of the band 
structure developed by group theory. These calculations have been compared with measurements of the 
emissivity and reflection coefficient of single crystals. At short wavelengths interband effects predominate; 
from the experimental results the maximum splitting of the x bands at a corner of the zone has been set at 
0.56 electron volt. At longer wavelengths the intraband contributions become large, giving rise to plasma 
effects in the neighborhood of 25 microns. This gives an approximate value of the band overlap lying 


between 0.04 and 0.01 electron volt. 





INTRODUCTION 


ECENTLY there have been several papers on the 

band structure of graphite. The approach has 
been to rely on group theory and perturbation methods 
to give the general topology of the bands and then to 
resort to experiment to obtain certain adjustable 
parameters which when determined give the exact 
band structure near the Fermi surface. McClure! and 
Noziéres*’ have used the model developed by 
Slonczewski and Weiss’ to discuss de Haas-Van Alphen 
and cyclotron resonance experiments. From their work 
the number of adjustable parameters has been reduced 
to two. This paper deals with the infrared properties 
of graphite and from experiment attempts to fix one 
of these remaining parameters. 

In this paper we rely heavily on the validity of the 
model presented in the above papers and rather than 
try to measure the optical constants of graphite we 
have measured only one quantity, the power reflection 
coefficient at normal incidence. We make use of the 
theory to fit our experimentally observed curve over 
a large region of the spectrum and find that from these 
data, the short-wavelength region gives a value for the 
maximum band splitting of the x bands at the edge of 
the zone whereas at long wavelengths plasma effects 
predominate and give a measure of the total number 
of free carriers. 


EXPERIMENT 


In order to obtain reliable optical data which can be 
related to the intrinsic properties of bulk graphite, we 
have performed our measurements on cieaved surfaces 
of single crystals of graphite. This sets rather severe 
restrictions on both the size and the optical quality of 
samples available. These considerations immediately 
preclude any of the usual optical techniques for meas- 
uring the optical constants and & directly. The 


*Now at Laboratoire de Physique de I’Ecole Normale 
Supérieure, 24 rue Lhomond, Paris V, France. 

1J. W. McClure, Proceedings of the Third Carbon Con ference, 
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2 P. Nozitres, Phys. Rev. 109, 1510 (1958). 

3 J. C. Slonczewski and P. R. Weiss, Phys. Rev. 99, 636 (A) 
(1955). J. C. Slonczewski, Ph.D. thesis, Rutgers University, 1955 
(unpublished). 


quantity which we do measure, the reflection coefficient 
at normal incidence, has been obtained by two inde- 
pendent experiments. 

In one case (the near infrared) we have determined 
the emissivity of a single crystal of graphite at 250°C, 
which is directly related to the reflection coefficient by 
Kirchoff’s law. The experiment circumvents the neces- 
sity of obtaining a specularly reflecting surface and is 
also a sensitive way of measuring changes in the 
reflection coefficient when it is very close to unity. 

In the second experiment we have measured directly 
the reflection coefficient at liquid helium temperatures. 
Here we have used a multiple reflection technique in 
order to obtain sufficient sensitivity and have also used 
a geometry such as to minimize the loss of light by 
nonspecular reflections. Of the two experiments, the 
first is by far the more reliable but because of the small 
power emitted cannot be used at wavelengths larger 
than 12 microns. The low-temperature measurements 
extend to 30 microns and pass through what we believe 
to be the plasma frequency. We shall now proceed to 
give a few of the relevant experimental details and the 
results obtained from each experiment. 

To measure the emissivity, a single crystal of graphite 
was mounted on a brass backing plate and placed in a 
silver chloride tube. Dry nitrogen gas which had been 
heated was forced through the silver chloride tube and 
raised the temperature of the graphite to the desired 
value. The temperature was measured by a thermo- 
couple which was attached directly to the brass backing 
plate. The graphite was imaged directly onto the 
entrance slit of an infrared spectrometer equipped with 
a rock salt prism. Radiation from the graphite was 
chopped and detected by a thermocouple. The complete 
spectrometer assembly was flushed with dry nitrogen 
to remove atmospheric absorption. 

No attempt was made to obtain an absolute value 
for the emissivity, so the curve presented in Fig. 1 for 
the emissivity from 2 to 12 microns is in purely arbi- 
trary units. Three corrections were applied to the data 
before obtaining the relative emissivity: (1) the 
emission and transmission coefficient of the silver 
chloride oven; (2) allowance for the fact that the signal 
obtained from the graphite was not the total radiative 
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transfer, but just the difference between the radiation 
from the graphite to the thermocouple and the thermo- 
couple to the graphite; and (3) the transmission coeffi- 
cient for the rocksalt prism. When we apply the 
corrections and normalize with respect to the black- 
body distribution, we obtain the curve shown in Fig. 1. 

In the low-temperature experiments a sheet of 
graphite was mounted parallel to an aluminum mirror 
and 3 mm in front of it. Radiation was introduced at 
one end of this assembly and detected after about four 
reflections by a bolometer mounted directly at the exit. 
The sample and detector were both kept at liquid 
helium temperatures. Monochromatic radiation was 
obtained from an infrared spectrometer with suitable 
prisms to cover the range from 5 to 30 microns. The 
relative reflection coefficient of graphite was obtained 
by a twofold normalization process. First the signal 
level from the bolometer was determined as a function 
of wavelength with the graphite in place, and then this 
was compared to the signal obtained on a standard 
external thermocouple. This whole procedure was then 
repeated with an aluminum mirror in place of the 
graphite. 

From these data and with the assumption that the 
reflection coefficient of aluminum is constant over this 
region, we obtain the relative reflectivity curve shown 
in Fig. 2. 

THEORY 


We wish to apply the model of the graphite energy 
bands developed by Slonczewski and Weiss? to calculate 
the infrared properties of graphite single crystals. The 
model has been described by one of us? in relation to 
cyclotron resonance, and in this paper we shall] use the 
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Fic. 1. The emissivity of a single crystal of graphite 
in arbitrary units. 
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Fic. 2. The fourth power of the reflection coefficient of 
a single crystal of graphite. 


same notation. We confine our attention to the case of 
linearly polarized light propagated along the C axis 
and neglect relaxation processes. This is a good first 
approximation for the high-temperature experiments 
which extend only to 12 microns and certainly true for 
the low-temperature experiments out to 30 microns. 

The dielectric constant ¢(w) and the conductivity 
o(w) are given by the expressions’ 


dee? f—fyy-(k) 
a ae 
vk m \wy,?(k)—o* 


re ; : 
g= > —fyy (k)iLw,y (k)—w], (2) 
vy'k 2m 


where /,,/(k) is the oscillator strength for the transi- 
tion of one electron from the state with momentum k 
in band y to the state with momentum k in band y’. 
wyy(k) is equal to [E,,(k)— E,(k) ]/h. If » is a unit 
vector along the photon polarization and p the mo- 
mentum operator, the oscillator strength is given by 

2 | (by(k) | n-p!yy-(k))|? 

— (: 


According to our present knowledge of the band 
structure, the Fermi level lies at the corners of the 
hexagonal Brillouin zone, in a region where there are 
four x bands with a separation of less than 1 electron 
volt. The transitions between any two of these bands 
will involve very small values of w,,-(k) and therefore 
will give the predominant contributions in the infrared. 
We therefore make the approximation that the sum- 
mation over yy’ occurring in (1) and (2) can be re- 
stricted to these four bands. In our opinion this is 
valid because of the overwhelming contribution to « 
from these bands. The calculation will yield a value of 


_ the order of 50 for «. 


We now proceed to evaluate /,,(k) and w,,-(k) 
using the band structure and wave functions given in 
reference 2. In order to simplify the calculation, we 


4A. H. Wilson, The Theory of Metals (Cambridge University 
press, Cambridge, 1936), first edition, pp. 127 to 132. 
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Fic. 3. The four x bands of graphite near a corner of the zone. 
The figure on the left shows the splitting of the bands in the 
direction of the hexagonal axis. The figure on the right shows the 
energy dependence in the hexagonal plane. 


neglect the band overlap near the Fermi level and 
therefore set y2=A=0. We also neglect the warping of 
the bands, and therefore choose y3;=0. 

As a consequence of these approximations we have 
the band structure as shown in Fig. 3. There are now 
only two band parameters left: yi, which determines 
the maximum splitting of the bands along k,, and d), 
which determines dE/dk in the k,, ky plane. By setting 
the band overlap equal to zero, we have assumed a 
band structure with no free carriers, and we will have 
to return to this consideration later when we discuss 
plasma effects. We expect all of the above approxi- 
mations to be valid, however, when we are dealing with 
the near infrared where iw>vyz or A. 

The calculation of f,,-(k) and w,,/(k) is straight- 
forward and yields the following result. The only 
transitions giving nonzero oscillator strength are be- 
tween band 3a and band 1 or between 2 and 36 (Fig. 3). 
Each type of transition gives rise to the same oscillator 
strength, {(k), and frequency difference w(k). 

We express k in cylindrical coordinates (k., K, a), 
and as in reference 2 define ¢=kCo/2, where Cp is the 
height of the unit cell, and a quantity T by 


l= 1+h'd?K?/m’*y 2 cos’ ¢. (4) 

In terms of these parameters, we have 
f(k) =d/h'T (sine?+T? cos*a)/my, cos¢, (5) 
w(k)=2y, cos¢/T. (6) 


From this expression we may evaluate >>x,,'/(k) 
which enters both ¢« and o. We find® 


4ym pt? pl (14T) 
> f(k)= f as f cos¢ dv. (7) 
kyy’ THC, So 0 T? 


Using (1), (2), (5), (6), (7), and defining a reduced 
frequency +=hw/271, we obtain 


e—1=2'g;(x)/y1Co, (8) 
4a /w= re*g2(x)/y:Co, (9) 


5 The divergence for T=0 (i.e., large K) comes from the fact 
that for large K, the bands are no longer hyperboloids. This does 
not affect the calculation of ¢ and «, which do not depend on such 
high-energy transitions. 
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where the functions g;(*) and g2(«) have been computed 
numerically and are plotted in Fig. 4. The singularities 
at x=1 arise from the fact that at this point, hw is 
equal to the maximum splitting 2y, between bands 3 
and bands 1 and 2. For x<1 the range of k, for which 
one may have w(k)=w steadily decreases, leading to a 
decrease in o. 

By setting the overlap term y2=0 we have com- 
pletely neglected the contribution of the free carriers 
to the optical properties. If we still keep the relaxation 
time infinite, the intraband transitions of the free 
carriers will contribute only to ¢« and not to o. The 
magnitude of this contribution may be evaluated by 
using the simple model described in reference 2. We 
set A=0 as before and replace the hyperbolic bands 
near E; by parabolic bands with a mass proportional 
to cosg. The intraband oscillator strength is then 
m/m*, where m* is the effective mass, and the corrected 
expression for the dielectric constant is 


re v2 1 
e~i=— |s(2)-045" -| 
7iCo "n< 


(10) 


The effect of the intraband transitions is to reduce 
« as the reduced frequency x goes to zero. At a certain 
frequency w., € goes through zero. Negative values of 
e do not admit any real propagation of an electro- 
magnetic wave and within our approximations the 
reflection coefficient approaches unity. 

The frequency w, at which this increase in the re- 
flection coefficient occurs is readily obtained from (10) 
in terms of y2 and 4. The reflection coefficient will not 
have a sharp discontinuity as e« passes through zero, 
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Fic. 4. Numerical values of the functions g; (x) and g2(x), which 
enter Eqs. (8) and (9), shown as a function of the reduced fre- 
quency. 
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since in this region the real part of the conductivity 
arising from interband transitions is still present. 


DISCUSSION 


We are now prepared to compare the calculated and 
observed reflection coefficients. We shall find that 
me'y:Cy is of the order 50; it is therefore possible to 
neglect 1 compared to ¢, and the complex dielectric 
constant é is given by 


(11) 


For such a large value of é the reflection coefficient, R, 
for a surface normal to the C axis is given by 


é= €—4 ria /w= re*|_g1 (x) — ige(x) |/yiCo. 


1 
1—R=4 Re— 


€ 


(— ; | 1 | 

~ ) re | 

re | Cen (x) —igo(x) }#) 

The quantity Re{1/[[g:(”) —igo(x) ]!} is plotted in Fig. 
5 versus 1/x, i.e., versus the wavelength of the radiation 
measured in units of rhiCo/7:. 

The quantity 1— R represents the amount of incident 
energy absorbed in a reflection. According to Kirchoff’s 
law, this is directly proportional to the emissivity e. 
Comparing Fig. 5 with the experimentally observed 
curve in Fig. 1 we identify the singularity at «=1 with 
the region around 4.5 microns. This leads to a value for 
71 of 0.14 ev. 

If we fit the center of the curve to the theory, both 
ends lead to some trouble. At short wavelengths the 
experimental value of e, increases more sharply than 
theory would predict. 

It is just in this region that experimental errors are 
largest, partly because of the small amount of energy 
available but more because of the steepness of the 
black-body curve which places great emphasis on both 
the temperature measurements and wavelength cali- 
bration. In the light of this fact, we are inclined to 
attribute any discrepancy in this region to experimental 
error. 

At longer wavelengths the experimental value of e 
drops slowly below the theoretical curve. This may be 
due to the fact that at such frequencies the collisions 
of the electrons begin to play an appreciable role 
(especially at the high temperatures where the emis- 
sivity experiments were performed), and this has been 
completely neglected in our theoretical treatment. 
This may also be due to the contribution of the intra- 
band transitions to e. 

The reflectivity experiments performed at low tem- 
peratures should, in principle, give more information 
on the long-wavelength behavior of R than the emis- 
sivity measurements, made at high temperatures. 
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Fic. 5. The real part of [gi(x)+ig2(x)}-?, which determines 
the wavelength dependence of the reflection coefficient, shown as 
a function of the reduced wavelength 1/x. 


Around 4°K, one does not have to worry about electron 
collisions. On the other hand, they are much harder to 
interpret, since the light does not have a normal 
incidence on the crystal. The above calculation cannot 
therefore apply quantitatively to that case. In practice, 
one may give a qualitative interpretation of the data 
which fits with our picture of the energy bands. 

We first observe a drop of R‘ between 4 and 8 microns 
which agrees fairly well with the increase of 1—R 
arising between 4 and 7 microns. The place at which 
the curves bend over is not very well determined, and 
we feel that in this range, the discrepancies between 
Figs. 1 and 2 are well within experimental area. Above 
8 microns, R* increases steadily, which is consistent 
with the observed behavior of 1—R. This may be due 
to the effect of intraband transitions which tend to 
decrease e. Between 16 and 28 microns the curve shows 
a dip which may be due to the passage through the 
plasma frequency. This interpretation is substantiated 
by the value y2=0.016 ev, given by McClure,! which 
yields a plasma frequency w, lying around 25 microns. 

This evidence of a plasma effect is by no means 
convincing. Apart from the difficulties arising from an 
oblique incidence, it may happen that in this range of 
frequencies the approximation A=0 is no longer good. 
Near the crossover of bands 1 and 3, the effective mass 
approximation is very poor and a complete calculation 
would be needed in order to interpret properly these 
results. Such an improvement has not been attempted. 

Our results may be summarized as follows: in the 
short-wavelength limit (from 2 to 8 microns), both 
emissivity and reflectivity data agree fairly well with 
the theoretical predictions. They yield a value of the 
parameter y, of about 0.14 ev, which seems a reliable 
result. There is some evidence of a plasma resonance 
around 25 microns, which is consistent with our present 
picture of the graphite energy bands; this last piece of 
information is not very reliable. 
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A theory is presented with which one can calculate the anharmonic properties of solids such as thermal 
expansion, temperature dependence of elastic constants, dependence of elastic constants under stresses, and 
the deviation of the specific heat from the Dulong-Petit law at high temperatures. The theory is applied to 
sodium under the assumption of a special force interaction between nearest neighbors only. In the approxima- 
tion used, three parameters enter. The three parameters are obtained from experimental measurements of the 
elastic constants near 0°K, the temperature dependence of the compressibility, and the thermal expansion. 
Then the variation of the volume with pressure and the deviation of the specific heat from the Dulong-Petit 
law at high temperatures are calculated. A satisfactory agreement with experiment is obtained. Another 
prediction of the theory, that the temperature derivative of the compressibility is proportional to the specific 
heat, also shows satisfactory agreement with the experimental measurements for sodium. 





I. INTRODUCTION 


m* low temperatures a solid consists of atoms ar- 
ranged in a regular array performing small vibra- 
tions about their equilibrium positions. In most solids 
the displacements from the equilibrium positions are 
small enough at low temperatures that the potential 
energy can be expanded in a Taylor’s series about the 
equilibrium positions and only the first nonzero term 
kept, the higher order terms being neglected. This ap- 
proximation is called the harmonic approximation. As 
the temperature of a solid is increased to temperatures 
near its melting point the vibrations of the atoms in- 
crease in magnitude so that higher order terms in the 
Taylor’s series expansion become more important, 
making the harmonic approximation less accurate. For 
example, in the harmonic approximation the volume of 
a solid is independent of the temperature. Quantitatively 
this is a good approximation since the total change in 
volume of a solid from 0°K to its melting point is of the 
order of 5%. At low temperatures the change in volume 
is very small becoming increasingly greater at higher 
temperatures. In general the harmonic approximation 
describes the main quantitative features of a solid, but 
does not explain important qualitative characteristics of 
a solid such as thermal expansion, temperature variation 
of the elastic constants, deviations of the specific heat at 
high temperatures from the Dulong-Petit law, etc. 
This paper presents a theory that goes to the next 
higher order approximation than the harmonic approxi- 
mation and is capable of explaining anharmonic effects 
such as thermal expansion. Various other authors have 
presented theories of anharmonic effects.'~’ Griineisen’s! 


* This work was sponsored by the Office of Scientific Research, 
U. S. Air Force, Washington, D. C. 
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treatment of solids assumed a special form of central 
force interaction between atoms. The anharmonic 
property that his theory most conspicuously explained 
was thermal expansion. Born? and his collaborators 
present a very complete theory of the thermodynamics 
of solids. However, they also assumed a special form of 
central force interaction between atoms. 

The elastic constants of a solid in the harmonic ap- 
proximation are independent of the temperature. The 
temperature variation can be explained by the anhar- 
monic terms. Born and his collaborators’ explain the 
temperature variation of the compressibility, but limit 
the applicability of their results by their assumption of a 
special central force between atoms. Zener’ gives a good 
physical picture of the cause of the temperature de- 
pendence of the elastic constants but does not give any 
quantitative results which can be compared with experi- 
ment. A new method of calculating the temperature 
dependence of the adiabatic elastic constants which 


‘can be used with a more general force between atoms 


is presented in Sec. II. 

In the harmonic approximation both the Debye and 
Born-von Karman® theories of specific heat predict a 
lattice specific heat of 3R per mole at high temperatures. 
Experimentally, however, the total specific heat is 
practically always greater than 3R at high temperatures. 
In many cases only a small part of this difference can be 
attributed to the electronic specific heat. Peierls’ shows 
that deviations from the Dulong-Petit law are caused by 
anharmonic terms. However, he does not explicitly 
evaluate his expression and therefore cannot compare it 
with experiment. The deviation from the Dulong-Petit 
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law which is proportional to the absolute temperature at 
high temperatures has been previously explicitly evalu- 
ated only for the case of a linear chain with central force 
interaction between nearest neighbors.‘> Again no com- 
parison with experiment can be obtained since no one 
dimensional solids exist. In Sec. III, the term in the 
specific heat which is proportional to the absolute 
temperature at high temperatures is calculated for a 
three dimensional solid permitting a comparison with 
experiment. 

The thermal expansion and its dependence under 
stresses and the dependence of elastic constants under 
stresses are also consequences of the theory. 


II. TEMPERATURE VARIATION OF 
ELASTIC CONSTANTS 


The main difference between the theory presented 
here for the temperature variation of elastic constants 
and that of others such as Born,’ is that the constants 
are determined by calculating changes in energy under 
stress variations instead of strain variations. This has 
the advantage that the effect of the stress can be put 
directly into the Hamiltonian of the system and its 
effect can be directly calculated, in contrast to the other 
methods where the macroscopic strain does not appear 
explicitly in the Hamiltonian. 

For simplicity a calculation of only the adiabatic 
compressibility will be given. Other constants can be 
calculated in a completely analogous way if the pressure 
is replaced by the appropriate stress corresponding to 
the elastic constant. 

A fundamental assumption that will be made is that 
in considering the motion of the ion cores of a solid we 
can replace the effect of the valence electrons by a 
potential energy which only depends on the coordinates 
of the ions. This assumption is a common one in solid 
state physics and is called the Born-Oppenheimer or 
adiabatic approximation” and can be shown to give only 
a small error in the energy states of a solid. 

The Hamiltonian for the ion cores with no external 
stresses can be written as 


Ho=Doa(P2/2M)+ U(n,--- tw), (1) 


where the sum is over all ions, and the potential U is a 
function of only the V ion-core positions. For simplicity 
a solid with only one ion per unit cell is considered. 

The potential can be expanded about its minimum in 
a Taylor series: 


U(n,---,tv)= Uo—3 DS Ui;(n,n’)X s(n) X,(n’) 
U ii(n,n',n’ tag i(n)X ;(n')Xi(n'’) 
U ijim(nyn’ nn") X (n)X ;(n’) 


Xm(n'')+.+., (2) 


~th 
~$i 


Wz i(n’’) 


0 F, Seitz, Modern Theory of Solids (McGraw-Hill Book Com- 
pany, Inc., New York and Lontlon, 1940), p. 470. 
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where 
U 
U ,;(n,n’) = — 
OX ;( (n)aX; (n’) 


1 aU 


2 0X, rm OX ;( 


(n’ yaX ln! rn’ 


ln’ n”’) = — 


U ijum(nn' nn") 


0 


6 ax (nox (n!)aX (n")\aXn (nt) 


and each summation is over all subscripts and all 
arguments. Here n denotes the lattice site at r(w)=may 
+noa.+n3a;, where a; are the primitive lattice vectors 
and n, are integers, and X(m)=[X,(),X2(n),X3(n) ] 
denotes the displacement from the potential minimum 
of the atom at the mth site in Cartesian coordinates. 

Under a constant external pressure P, the Hamiltonian 
for the solid becomes 


H=Hot+P > As-X,, (3) 
surface 
where P is the applied pressure, As is the average area 
per surface atom, X, is the displacement of a surface 
atom. 

An idealized pressure is used which acts only on the 
surface atoms but should give the same results as a 
physical pressure produced by atoms from other ma- 
terials colliding with the first few layers of atoms of the 
solid under consideration. 

Assume that the problem for the Hamiltonian Ho has 
been solved so that Holm= Emm. Consider P to be 
small in order that its effect can be calculated by per- 
turbation theory. This is no restriction since we are 
interested in the limit as P—0. To first order the eigen- 
energies of Eq. (3) are 


En'=En+P ¥ f Vm* AS: X mdr f f Vn Wma 
surface 


= Ent P(AV) m; (4) 


where (AV)», is for the state Ym, the average change in 
volume from the volume where the potential energy is a 
minimum, Uo. Note that as yet no approximation has 
been made, harmonic or otherwise, so that (AV),+0. 

But (AV), is just the measured volume change so it 
will be called AV ,,. Differentiating Eq. (4) with respect 
to P and setting P=0 gives 

OE mg’ /OP| poo= AV m= Vn— Vo. (5) 

To find the volume at temperature 7 the canonical 

ensemble average of AV, is taken": 


"RR. C. Tolman, The Principles of Statistical Mechanics (Oxford 
University Press, Oxford, 1950), Chap. XIII. 
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AV(T)=V(T)—Vo 


0E,,' 
-r( joe care) |Z e~BEm. (6) 
m oP P=0 ™m 


where B=1/kT. 

By second order perturbation theory the effect of the 
pressure P on E,,’ can be found to order P?. From this 
the compressibility of the solid can be calculated be- 
cause of the following reasoning. If the pressure exerted 
on the solid is varied from 0 to P very slowly compared 
to the vibration frequencies in the solid, then, according 
to the adiabatic approximation,” if the system had 
initially energy £,, it will end up with energy E,,’. The 
internal energy of a solid can thus be determined as a 
function of the external pressure. If the solid were 
initially at temperature 7, its enthalpyt is" 


E(T)=—9 |nQ/oB, 
where 


0=d oor, (7) 


The increase in enthalpy of the solid produced by an 
adiabatically applied pressure is fo?(V—Vo)dP. For 
small volume changes, Hookes’ law states that the rela- 
tive change in volume is proportional to the pressure, 
1.e., 


(V-V(T) VV (T)=—B.(T)P. 


Here V(T) is the initial volume at temperature T 
and zero pressure, V is the volume at pressure P, 
and 8,(T) is the adiabatic compressibility. If one de- 
notes by AE(T) the change in enthalpy of the solid 
which was initially at temperature 7, one obtains 


P 
AE(T) -f (V—V») dP=—38,(T)V(T)P? 


0 


+[V(T)—VolP, 


PAE(T) 


(8’) 


OP? | pac 

As pointed out previously if the solid is in an energy 
state E,, and then a pressure P is adiabatically applied, 
the solid will end up with energy £,,’. The probability at 
temperature 7 that the solid have an energy state E», is 
proportional to exp(—£,,/kT). But this is the same 
probability that after the pressure P is applied it will 
have energy £,,’. Thus 


AE(T)=S ml (Em! — Em)? =" /Em €-BEm. (9) 


21. I. Schiff, Quantum Mechanics (McGraw-Hill Book Com- 
pany, Inc., New York, 1949), p. 209. 

t E(T) represents the enthalpy and not the internal energy 
since Q is the partition function for constant pressure and not 
constant volume, 
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From Eq. (8’) and because £,, does not depend on P, 


8.(T)=— = 
V(T) 


PE n | 
xz( Tas cant) /y e~ Em/ kT. (10) 
ad oP? | P=0 m 


The problem of calculating 8,(7) thus reduces to the 
calculation of the dependence of £,,’ to second order 
in P. 

Although ideas from perturbation theory were used in 
deriving Eqs. (6) and (10), the dependence of E,,’ on P 
will be calculated by a different method than perturba- 
tion theory, one which is much simpler. 

When the solid is under no external pressure, the 
force in the 7 direction on the atom at the lattice site 
r(m) is given, using Eq. (2), by 

au 
f (n) = ——— =) VU >=7;(n,n’)X;(n’) 
OX ,(n) 


+> Uy 5:(nyn'n")X j(n’)X (n") 
+30 Vijim(nn'n” n’”) 


KX; (n')X(n"\Xm(n'""), (11) 
where each summation is over all repeated subscripts and 
arguments. Of course when all X; are zero, f;() is also 
zero because the potential energy was chosen to have its 
minimum value there. 

Now when an external pressure is exerted on the solid, 
the total potential energy is U+P > As-X, as in 


surface 

Eq. (3). f:(m) is not zero any more for the surface atoms 
when all X¥;=0. This means that the total potential 
energy has its minimum at new lattice site positions 
because of the applied pressure. In other words, a 
pressure applied to a solid at absolute zero changes its 
volume. By choosing a new origin such that all f;(m)=0, 
the potential energy will have the same form as Eq. (2) 
except that now the U;;, U;j, and U ;j1m will be different 
because they are evaluated at new positions. Thus the 
problem is only to find the unperturbed solution in- 
volving Ho, Eq. (1), and to determine how the U;;, 
U ij, and U ;;1m depend on the pressure. 

The eigenenergies of H to terms proportional to 7 at 
high temperatures are™ 


Em=Uot)D j(nj+})hw;, 


where w, are the frequencies of the normal! modes of the 
solid and depend on only U;;(,n’), and the index m 
denotes the selection of the n;. 

Since, as was shown above, H in Eq. (3) can be put in 
the same form as Ho, 


En! = Ud +> j(nj+})hw,’, 


~ 8 See reference 10, p. 477, 


(12) 


(13) 
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where U,’ is the new minimum of the energy and w,;’ are 
the new normal modes of the solid which depend on only 
the new U;;'(n,n’). The U,;;'(n,n’) depend on the new 
equilibrium lattice sites which in turn depend on the 
pressure. The w;’ are therefore functions of the pressure 
only. 

By considering the solid at 0°K, one obtains from 
Eqs. (8), (12), and (13) that 


AE(0) = Em) — Emo= Uy'+3 >; hw j’— Uo 
~1D ; hoj=—438,(0)V (0) 2+[V (0)—Vo]P. 


From Eqs. (13) and (14) it follows that 


(14) 


En! = Uot+ >d ; tw;—38,(0)V (0) P? 


+PLV(0)—Vol]+ 35; ,htw;’, (15) 


Ow ;’ 
= =—B8,(0)V(O0)\+S nh 
OP? | pao 


PE m 
; (15’) 

OP? | po 

From this and Eqs. (7) and (8), one obtains 


vio) 1 
8.(T) =B,(0)——-— 
V(T) V(T) 
0*w,’ 
xd nh 
i OP? | pao 


fe Bhwj)—1, (16) 


Here the well-known result that 
1 
n(T)= - 

exp (tw ;/kT)—1 
is used. To determine V(7) use is made of Eqs. (6), 

(12), and (15), giving 

, 1 Ow ;’ 1 
V(T)—V(0)=> how, — (- ). (17) 
i 9; OP | pao eBhoj—] 


) 


The thermal expansion now becomes 


1 soV 1 0 
-(—)--—¥ 
V\0T V OT i 


fe) Inw;’ | 
aaa: OE 
OP |puo 


hs j 


gur— 


ay(T) 


where 


It is of interest to note that Eq. (18) is equivalent to the 
Griineisen rule 

ay(T)=y'BrC(T)/V(7), (19) 
where 


U 


y'=—0 Inw;/d InV, 


and Br is the compressibility at constant temperature, 
as is shown in Appendix I. 
Using the results of Eqs. (16) and (17) and calculating 
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to terms proportional to 7 at high temperatures one 


) 


obtains 


1 hw ; 


8.(T) =8.(0)(1-— Ly 


j 3 
(0) j eBhwji—] 


where 
9 / 
: 1 0*w; 
6;=— — : 
w; OP? | poo 
In a completely analogous manner one can show for a 
cubic crystal that 
1 1 #&E(T) 
Su(T)=—— 
Cu(T) 


1 
= S44(0) (1 ee Sepa bs Yj 
V(O) i 


vs V(T) Or? 


and 
20S1(T)—S12(T) ] 


2 1 


CE(T 
Cu(T)—CulT) V(T) Or? 
hw; 


) 


eBhwi—] 


1 
2L51(0)-Su(0)]( 1 : Y 7; 
7 


V(0) 


1 tw; 
bh 2 ® 


— 


V (0) 2 


——, (22) 
eBhwji— 1 


Here 7; is the stress that produces a shear in the (100) 
plane along the [010] direction, 72 is the stress that 
produces a shear in the (110) plane along the [110] 
direction, and 


Ow j 


a 


— | 


6; 


O717| r1=0 


Expressions can also be obtained for the elastic 
constants of crystal structures other than cubic but for 
simplicity the discussion here will be limited to cubic 
crystals. 

The remaining step is to calculate 6;, 6;, and 6;. 
To do this will require the assumption of a specific model 
for the solid. In order to make the calculation as simple 
as possible and still applicable to an actual solid the 
following model is taken: 


(a) A body-centered cubic crystal structure com- 
posed of only one type of atom, 





EDWARD 


Fic. 1. Labeling of the 
atoms in a unit cube of a 
body-centered cubic lattice 
as used in the text. 





(b) Only nearest-neighbor interactions are important. 
A third assumption will be made further on. 


It should be emphasized that assumptions (a), (b), and 
(c) (to follow) are made only for calculational simplicity. 
The theory is not restricted to these assumptions but 
can be used for any general force between neighbors. 

From the fact that the force in Eq. (11) and all its 
derivatives are invariant under a uniform translation, 
the following relations are obtained. 


D2 Vis(n,n')=Cw Uis(n,n’)=0, 


Dn Vi 5(nn' jn") => wv Uisi(nn'n") 
=> a Ui5(n,n'n")=0, 


> 2 Vijim(n,n’ nn’) 
= Pow Uijim(nn' jn" n’”) 
=P ar Uijim(nn’ nn”) 


(23) 


=> a Usj1m(nn’ jn" n'”’)=0. 


Because of the above relations the force in Eq. (11) 
can be written as 


fi(n)=>d Ui;(n,n')LX ;(n’)— X ;(n)] 
+3 Vi 51(n,n' n"\X j(n’')— X ;(n) ] 
XLXi(n")—Xi(n) JAD. Uijim(n,n’ n,n’) 
XX; (n’)—X 5(n) LX i(n’") — Xi(n) } 
XX n(n") —X n(n) ], 


where the sums are over repeated subscripts and 
repeated primed arguments. 

From assumptions (a) and (b), U;;(n,n’)=0 unless 
n equals n’ or one of its eight nearest neighbors, 
U 55.(n,n',n”)=0 unless n= n'’=n" or both n’ and n” are 
nearest neighbors to mand similarly for Uijim(,n’,n”’,n’”’) 
Equation (24) now becomes 


fd(n)=d Ui;(n,n’)[X j(n’)— X ;(n) ] 
+0 Uiji(n,n')[X ;(n’)— X ;(n)] 
XLXi(n')—X (nn) J+D0 Uijim(n,n’) 
XX; (n’)—X ;(n) LX i(n’)— Xi (n)] 
XX m(n')—Xm(n) ], 


where the sums are over n’ and repeated subscripts, n’ 
being one of the 8 nearest neighbors to n; 


(24) 


(24’) 


U 5;:(n,n')=U ;5.(n,n',n’), 
and 
U ijum(n,n') =U 551m (n,n n’,n’). 


A. STERN 


U;;(n,n’) is a tensor of rank two, U;;:(n,n’) is a tensor 
of rank three, and U;;1m(n,n’) is a tensor of rank four. 
Consider the cube formed by an atom and its 8 

nearest neighbors as labeled in Fig. 1. There is now one 
remaining assumption that has to be made. Assump- 
tion (c); 

U ,;(0,1)=a (independent of i and 7), 

U,;:(0,1)=B (independent of i, 7, and /), 

U :;1m(0,1)=¥ (independent of 7, j, /, and m). 


This assumption is not a central force interaction. A 
central force interaction would require U,;(0,1) to be 
independent of i and j but U,;,:(0,1) and U;jim(0,1) 
would not be independent of 7, 7, /, and m. The force 
constants between other neighbors can be obtained 
from the transformation properties of tensors. They are 
given in Table I. 

Only 6; will be calculated. 6; and 6; can be ob- 
tained in an analogous manner, but they require nu- 
merical evaluation. The calculation of 6; requires no 
numerical work and gives a simple result. 

The secular equation for w; in the harmonic ap- 
proximation is“ 


11—-C,CC;—-2 
SiSL3 1-—C,C,C;—2? CiS2S3 
SiC2S3 Ci S283 1—C€,C,C;—?| 


Here S;=sin(k,a/2), C;=cos(kja/2), P=} (x°wM/a), 
and M is the mass of an ion core. 

Comparing the secular equation (25) with the secular 
equation in the acoustic limit,’ one obtains Ci;=Ci2 
=Cy. The values'*'* of the elastic constants for 
three body centered cubic alkali metals are given in 
Table II. As can be seen the relation C};=C4=Cy, is 
approximately satisfied only by sodium and thus some 
comparison with experiment can be expected for 
sodium. 

The approach here to calculate 6; will be, as men- 
tioned previously, to determine the dependence of a on 
P and then from Eq. (25) obtain w; as a function of P. 


SSL; SiC 2S3 


TABLE I. Values of the force constants between nearest neighbors.* 








Particle 


pair No. Vin Uijim 


B _ Y 


B Y 
(—1)#B (—1)%y 
(—1)#*18 (—1)¥%y 
(—1)4+18 (—1)4y 
(—1)78 (—1)*4y 
(—1)*8 (—1)* 
(—1)9"8 (—1)*a 





(—1)7a 
(—1)7a 
(—1)7a 


cosssssses 


Qe Un BW OO RD Te 


® (—1)¥ means (—1) taken to the power of the number of y's in the ijlm 
subscripts of the U's. Similarly for (—1)* and (—1)2. 
4 See reference 8, p. 272. 
15 See reference 8, p. 266. 
16 Charles S. Smith (private communication). 
17, L. Quimby and S. Siegel, Phys. Rev. 54, 293 (1938). 
18Q, Bender, Ann. Physik 34, 359 (1939). 
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The force on an atom with no external pressure is given 
by Eq. (24). Now apply a pressure P to the solid. 
Imagine the solid cut along an internal (100) plane. Let 
all atoms be fixed at the positions where the potential 
energy is a minimum. The force per unit area along the 
cut plane is now P, or the force per atom on either side 
of the plane is Pa?(1+e)*, where the length of the edge 
of the unit cube is changed from a to a(1+e) under a 
pressure P. This determines the relative displacement of 
the atoms from the positions they had in minimizing the 
potential energy under zero pressure. Using Eq. (24’) 
and the fact that from symmetry, the displacement of 
the atom of a cubic solid under pressure‘is uniform in all 
directions, one obtains 


Pa?(1+«)?=—6aea— 98 (ea)?— (27/2)y(ea)®. (26) 


Here a, 8, and y are the force constants at zero pressure. 
Solving for ¢ to second order in P from Eq. (26), one 
obtains 


Pa a\3 a\? 
Eoeyirn(2) 
6a 6a 6a 


Using Eq. (2’) and the fact that € is small so that a 
Taylor series expansion can be used, one obtains for the 
new a’ at pressure P, 


P. (27) 


OU 5; 
U (0,1) + ——AX, 


a’=U,;/(0,1)= 
l OX, 


orr 


U; 
sie ad, 
tm OX 10 OAs 


=U (0,1) +2 Uij(0,1)(Fea) +3 ¥ V éjrm(0,1)(4ea)? 
t l,m 


=a+3Bae+ (27/4)y 


Pa’s a \*? Ba" 
ne 
2a 2a 2a 


The secular equation (25) for the frequencies assumes 
the Born-von Karman boundary condition. In the ap- 
proach presented here the boundary conditions are 
different from the Born-von Karman one. However, 
Born” has shown that the error introduced in the 


(ae)? 


(28) 


TABLE II. The elastic constants of some alkalis in units of 
10" dynes/cm?. 


Temper- 
ature 


195°K 
80°K 
77°K 


Struc- 
Element ture 


Cu 
0.96 


0.593 
0.263 


Cu 


1.34 
Na 0.608 
K 0.459 


Ci 
1.13 


0.463 
0.372 





* See reference 16. 
b See reference 17. 
¢ See reference 18. 


19M. Born and K. Huang, Dynamical Theory of Crystal Lattices 
(Clarendon Press, Oxford, 1954), p. 391. 
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frequency spectrum is of order 1/N, where N is the 
total number of atoms, a negligible amount. Also the 
determination of ¢ in Eq. (27) is for an interior atom. 
The ¢ associated with surface atoms will be different. 
Since € is assumed to be the same for all atoms, a 
negligible error of the order of 1/N is introduced. 

As the pressure is applied to the solid only @ and w 
change in the secular equation (25) for w. The C;’s and 
S;’s remain constant. In fact, Eq. (25) implies that w*/a 
is a constant independent of the pressure. This permits 
us to obtain w asa function of pressure. A straightforward 
calculation then gives, 
a°B 


’ 


4a? 


0 Ine,’ | 


TS 


(29) 
oP fe 


1 Pw,’ | 3 y 8B 8 
webbed -—<(* bi ed (30) 
w; OP? _ l6a?\a Yaa o@& 


independent of the normal mode. 
The compressibility 8,=—V—dV/dP is seen from 
Eq. (26), where dV/V =3e, to be equal to 


B,(0)=a/2a. (31) 


Using the values of Eq. (29) in Eq. (20) and using the 
relation of Eq. (33), one finally obtains that 


?C(T’)dT’ 
a.(7)=8.(0)~ f Sed, 7 
0 V (0) 
B.(0)Ba 3 ayy 
eee ee 
16 a 


6; = 


12a? 


9 


a 


T 
f C(T")dT’ = 
0 


where C(T) 
proximation. 
where assumptions (b) and ( 


38, ( (7) C( =f 8.(O)a’B 3 1 3 “)] (33) 
ef — ff J), (33 
aT V(0) 120 = 16. a? ; 


ae 


i exp(Biw;)— 1 


is the specific heat in the harmonic ap- 
Therefore for a ye centered cubic solid 
) are valid 


The temperature variation of the compressibility is 
proportional to the specific heat. 

The dependence of the volume with pressure will next 
be calculated neglecting zero point energy. Since the 
lattice parameter a changes to a(1+e) under a pressure 
change, where e is related to P from Eq. (26), straight- 
forward differentiation gives a Taylor series_to order P* 
for the change in volume at_0°K“as 


AV 
~-—=8,(0)P- 
* 


Ba 
sLa.(0.P?(2-—) + 1L 9.0)? 


34 68a 3a? Ba\? 
x|—- =--7"+3(=) | (34) 
9 a 2a a 
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III, DEVIATION OF THE LATTICE SPECIFIC HEAT 
FROM THE DULONG-PETIT LAW 


A classical calculation will be made of the next higher 
approximation to the specific heat than the harmonic 
approximation. At low temperatures where quantum 
effects are important the anharmonic effects will be very 
small. It is only at the higher temperatures where the 
quantum mechanical effects are small that the anhar- 
monic effects are important, and thus a classical calcula- 
tion will suffice. 

Integrating Eq. (24’), one obtains for the potential 
energy 


U=U 9-3 > U;i;(n,n’)X (n)[X j(n’')—X;{n) } 
—43 >> Ui5i(n,n')X (n)[X;(n’)—X;(n)] 
X[Xi(n’)—Xi(n) J—4 YS Vijim(n,nt)X {(n) 
Xx LX,;(n’)—Xj(n) ][Xi(n’)—Xi(n)] \ 

X[Xm(n")— X\n(n) J, 


where here and in Eq. (37) the sums are over n, n’, and 
repeated subscripts. Using the labeling as in Fig. 1, 
U ;;(0,1)=U,;(0,7) (see Table I). Now if the origin is 
shifted to particle 7, by translational symmetry particle 
7 can now be called particle 0 and particle 0 can now be 
called particle 1. It is then seen that U;;(0,7)=U,;(1,0). 
Therefore U ;;(1,0)= U,;(0,1). In the same way it can be 
shown that 


(35) 


U,;(n,n’) = U;;(n',n), 
U 551(n,n') = — U 4;1(n'n), 
U ¢j1m(n,n') = U 531m (n'n). 
Using the relations in Eq. (36), it can be seen that 
Eq. (35) can be put into the form 
U=Uot} > Ui;(n,n’)[X(n’)—X(n) ] 
XX ;(n’)—Xj(n) J+ zi U s;:(n,n’) 
XX (n’)— X ,(n) LX ;(n’)— X;(n) ] 
XX i(n’)—Xi(n) +5 X Vijim(n,n’) 
XX «(n')—X (n) LX ;(n')— Xj (n) ] 
X[Xi(n')—Xi(n) |X m(n’)— X m(n) J. 


The normal modes of the solid are next introduced”: 


X(n)= ¥ ac(k, DE, (kye**™™/(MN)}. 
ko 


(37) 


(38) 


The total number of lattice sites is .V. o describes the 
polarization of the normal mode in respect to its wave 
number k. For a simple lattice without a basis, the 
situation considered here, o has 3 values. The &;, ,(k) are 
components of the unit vector in the direction of the 
displacement of the atom. They have the property that 


ie Ei0* (KE; « (k) =94,0, 
£, o*(—k) =&,,.(k). 


2 See reference 10, pp. 125-133. 


(39) 
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The a,(k,#) are the normal modes and have the property 


that 


a,*(—k,t)=a,(k,Z). (39’) 


There is the further relation that 


(1/N)>,, f(k)e**™ = f(k)6(k,g), (39’’) 


where {(k) is any function depending on k and 
5(k,g)=0 if k¥¢ 
=1 if k=¢ 
Here g is defined by 
exp[ ig -r(m) ]=1. (39’”’) 


New normal modes can be introduced which are real.?° 

a,(k)+<a,*(k) 
b,(k) =——— : 
v2 


a,(k)—a,*(k) 
iv2 


b,(—k) 


In Eq. (40) k is limited to vary over that half of the first 
Brillouin zone which includes k but not —k. 

The enthalpy of the solid as a function of temperature 
can be obtained by 


E(T)=—92 |nQ,/0B, (41) 


where (Q, is the classical partition function 


a= f of .« -e-BEdb,(k)- «dpe (k) ++; 


E= > [3p.7(k)+U (6.(k))]. 
ko 


and 


The integration is with respect to all of the normal 
coordinates b,(k) and their conjugate momenta p,(k). 
The normal coordinates are substituted for the X ; in the 
potential energy terms, Eq. (35). 

The potential energy can be separated into U(,(k)) 
= U2(b,(k))+U3(b.(k) )+U4(b,(k)); where U2(b,(k)) 
which equals” 4 }°y,, 6,2(k)w.*(k), U:(b.(k)), and 
U,(b,(k)) are the terms in the potential energy that 
contained X; to second order, third order, and fourth 
order, respectively. These terms now contain b,(k) to 
the same order as they contained X; since the trans- 
formation to normal coordinates is a linear one. As is 
usually done,” the exponential containing U; and U, is 
expanded in a power series: 

po? (k) +-b,?(k)w.?(k) 


0 kT 
U? 


kT RT 2(kT)? 


) a,c). --dpo(k):--. 


21 See reference 9, pp. 34-39. 
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The integration over U; is zero since U; is odd in the 


b,(k) while the exponential is even, leaving 0.-=Qo+Q 
+(Q2, where 


Qo= (24kT)**/TT wo(k) 
k,o 


a 2(k)+0,2(kK)w,?(k 
gy ee 
—2» — k,¢o kT 


Xdb,(k)- . -dp.(k)- ve) 





rate ig 


3(b, (k 
nb Tan (k)---dp,(k)---, 


kT 


p(k) +b, *(k)w.?(k) 
z | 


U4(b,(k)) 


<——-db, (k)- - -dp,(k) 
kT 


Substituting in for U, and utilizing the cubic symmetry 
of the lattice in a straightforward but tedious calcula- 
tion,” one obtains for Q» 


where (kg, «(k) u kc ) 
€ 56" (kK)E;, (Kk) sin*[3k- r( r(0, 1 
[=> 5 


i,7 ke 


Here r(0,1) means r(1)—r(0), the distance between 
nearest neighbors. By cubic symmetry r(0,1) may be 
replaced by r(0,7) where j can be any of the 8 nearest 
neighbors. Neighbor one is taken in order to be definite. 

To evaluate J, consider Eq. (24’) in the harmonic 
approximation. Using f,;(m)=M[@?X ,;(m)/d], and sub- 
stituting a normal mode for the displacements one 
obtains” 


Mw? (k)E:, o(k)= 2) U4;(An’)[e® 14" —1] &; o(k) 
7,4n’ 
=2 DL U4;(An’)é;, ok) sin*[3k- r(An’)), 


7,A4n’ 

2 Peierls in reference 9 presents a calculation of the same 
term in the specific heat as presented here. The presentation 
here evaluates Peierls’ 5(f,s; f’,s’; £’,s”), Eq. (2.40), and 

cGs fr fr 2 fs") Ge... (2. 52) for the particular model used. 
The other new step performed in this paper and not done elsewhere 
is the evaluation of the complicated sums. 
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where r(An’)=r(n’)—r(n) and U;;(An’)=U,;(n,n’), 
and }can means >>» keeping m fixed, i.e., sum over 
nearest neighbors. Multiply both sides of the above 
equation by £;,,*(k) and sum with respect to 7. Using 
Eq. (39) one obtains 


so* (KE; o(K) sin’L$ke- (A 
Es, 0*(k)E;, o(k) sin*[3k- r( n)J (44 
we?(k) 





2 
1=— > U;,;(An) 
M i,i,A4n 


Summing both sides in respect to k and o gives 


2 zo*(Kk)E;, (k) sin’{3k- r(A 
=F TE Veldnye — ; "J 


An kyo i,7 





If the summation is first done with respect to k, o, i, and 
j, the sum, from cubic symmetry, is independent of An, 
giving after summing over the eight nearest neighbors 


£;¢*(k)é;,-(k) sin*[4k- r(0,1) ] 
we?(k) 


16a 
3N=— PZ 
M x, i,i 





16al 


I=3NM/l16a. 
Therefore from Eq. (43) 


Q2= —27QoNykT (1607) (46) 


It remains to evaluate Q:, a more involved procedure. 
Substituting the expression for U; in Eq. (42) and 
integrating, one obtains a complicated expression which 
contains, among others, a double sum over nearest 
neighbors. If the sums are first performed over all the 
other variables, leaving the double sums over nearest 
neighbors undone, only two different types of terms are 
obtained, because of the cubic symmetry. For one the 
same nearest neighbor is involved twice and for the 
other two different nearest neighbors are involved. The 
result is, after another tedious but straightforward 
calculation,” 


16 kTQo 
Qi=— ——{168? D Gi, +”, o(K)G;,, 7, « (k’) 
3 M*®N 
XG1, v, 7 (k’)+-488 SS Ue jv (0,2) 
Fy, v0 (K)F;, 77,0°(K)F i, v0 (k")}, (47) 
where 


Gx, i.e (k)= We “ 
F;, ,0(k) =w.*( 


*(k)E;, o(k) Ev, ¢* (k) sin’[3k- (0,1) ], 


k)é;, o(k) Ey, o*(k) 
Xsin[}k-r(0,1) ] sin[4k- (0,2) J, 


and g are the reciprocal space vectors that have the 
property that explig: r(m)]=1; the sums are over 
i, j, 1, 7’, 7’, , 0, 0, 0”, k, and k’, with the restriction 





794 EDWARD 
that k+k’+k”’=g. The difficulty in evaluating the 
sums of Eq. (47) comes about because the sums over k 
and k’ are coupled to one another by the restriction that 
k+k’+k”=¢. 

The second set of sums on the right hand side of the 
Eq. (47) will now be shown to be zero. Another property 
of the vectors g are that all physical properties that 
depend on k will be the same for wave number vectors k 
replaced by k+g.” In particular the second set of sums 
on the right-hand side of the Eq. (47) should be the 
same if k is replaced by k+g. Let = 2z[ (j—k)/a]. This 
g satisfies the condition that exp[ig-r(An) ]=1. From 
Fig. 1 it is seen that r(0,1)=(i+j+k)a/2 and r(0,2) 
= (i—j+k)a/2. As k is replaced by k+, one has 


sin[ $k -r(0,1) ] sin{$k-r(0,2) }—> 
sin[ $k -r(0,1) ] sin[$k-r(0,2)—7x } 
= —sin[$k-r(0,1)] sin[$k-r(0,2) }. 


Thus the second set of sums changes sign under this 
substitution. The only way that this is possible and the 
sum still be invariant under the transformation k-k+¢ 
is for the sum to be zero. 

The first set of sums on the right-hand side of Eq. (47) 
will now be evaluated. Now 


1 
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from Eq. (39’’), where the sum on the left-hand side is 
over k, k’, and k’”’, that on the right-hand side over k and 
k’ subject to the restriction that k+k’+k”=g. There- 
fore Eq. (47) can be put into the form 


256 kT QoS 


3 M*N? 


“he pS DP OT acy 


k,o i,i’ 





Ei, o(k) Ev, o(k) sin’*[ 3k: r(0,1) J 4 ‘ 
7 ated | . (48) 
we*(k) 


The problem is now reduced to evaluating the bracketed 
term of Eq. (48) raised to the third power. Multiply 
both sides of Eq. (44) by e**-*™ and then sum over k 
and o. Because >>, e**™=0 unless r(n)=0, one 
obtains 


3NM 
——4 (n), o= 8a p i ps eik-r(n) 
2 


k,o i,i’ 


£i6* (KE, -(k) sin*[4k- r(0,1) ] 
at Eat ; 


We( 
Equation (48) now becomes 


256 ——~(—-) 9 Oo? 


= =—NkT—. (49) 
3 MN? \ 160 
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The enthalpy of the solid becomes, using Eqs. (41), (42), 

(46), and (49), 

eee eh 

E(T)=3NkT+( ——-——)N(kT)2.— (50) 
16a® 16a 


The specific heat per mole, at constant pressure, becomes 


ak 3B OY 
oT 8a® 8a 


Equation (51) is the classical result for C,. At the 
temperatures where the term proportional to 7 will be 
important, there will be still some small quantum 
effects present. These effects, being small, do not have 
to be known very accurately. Their effect is approxi- 
mated as shown in the following equation. 


6 38 OY 
Co 3R il -)fr+(- a | (52) 
T 8a* 8a? 


where {(0/7) is the Debye function given by 


T\? pT exxs 
(-) f — dx, 
0 0 (e™—1)° 


and @ is the Debye temperature.” 

There should be some discussion why the specific heat 
was said to be for constant pressure and not for constant 
volume as is often stated elsewhere.** From thermo- 


dynamics 
eV? aV 
cmon) /(3); 
OT/ p OP/ 7 


In the harmonic approximation C, and C, are equal 
because (OV /07)p is zero. It is usually stated™ that the 
harmonic approximations to the specific heat such as the 
Debye and Born-von Karman theories calculate the 
specific heat at constant volume, since in the aprpoxi- 
mation used the volume does not change. This is not 
quite true since, as just pointed out, in the harmonic 
approximation C,=C,. The Debye and Born-von 
Karman theories calculate neither C, nor C, but only the 
first approximation to both. The paper here has pre- 
sented the next higher approximation to the specific 
heat, the first one where C, and C, will differ. C, has 
been calculated here because the Hamiltonian that was 
solved [see Eqs. (1) and (2) ] was for zero pressure. If 
C, were to be calculated, the Hamiltonian of Eq. (3) 
would have to be used, with P determined by the 
condition that the volume remains constant. C, calcu- 
lated this way differs from C, just as predicted from 
thermodynamics as shown in Appendix II. 

The reason why the Debye theory usually agrees 
better with experimental values of C, rather than C, is 


23 See reference 10, p. 110. 
* See reference 10, pp. 136-137; reference 9, p. 39. 


(51) 
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Taste III, The experimental data for sodium used in calculating the parameters of the theory.» All quantities are expressed in cgs 


units. The units of a, 1B, and y are = dynes/cm? and dynes/cm’, respectively. 


av(T)V (0) 
~ C(T) 
1.9 92x 10- ud 


98.(T) ) VO) 


a=}a(Cu +Ciz +Cu) 8 1 
1.17 108 


0.105 10" 


0.590% 10" 


*C(T), the specific heat in the harmonic appr oximation, is assumed to have the Debye values obtained from J. A. Beattie [J. Math. and Phys. 6, 1 


(1926- 1927)] using a Debye temperature of 170°K. 
b The values for Cis, Ciz, and Cas are given in Table II. 
¢ See reference 27. 
4S. Siegel and S. L. Quimby, 
¢ See reference 17. 


Phys, Rev. 54, 76 (1938). 


because the term in Eq. (52) that is linear in T is usually 
positive, and C, therefore usually becomes greater than 
the Dulong-Petit limit. C, is always smaller than C, and 
will therefore usually agree better with the Dulong- 
Petit value, the limiting value of the harmonic ap- 
proximation. 


IV. COMPARISON WITH EXPERIMENT 


The theory presented above involves three parame- 
ters, a, 8, and y. Fortunately, though, the theory 
predicts more than three quantities and thus it can be 
checked against experiment. From Eq. (31) 


4 (Cy +2C 2) = 2a a. 


Since the theory requires that Cy;=Ci2=Cs, @ will be 
determined by taking an average of the experimental 
values of C11, Ci2, C4, and setting it equal to 2a/a. The 
parameter £ is determined from experimental values of 
the thermal expansion by using Eqs. (18) and (29). The 
parameter y is determined from experimental values of 
the temperature variation of the compressibility using 
Eq. (33). In this way one obtains 


pont 
2 C(T) 


(« (T)V ay 
sion lame 
a’C(T) 


16 a®V (0) 8. ( (T) B,(O)ay(T) 
(- ). (54) 


V (0), (53) 


3 aC ( (T) 


aT 3 


Since sodium is the only element that satisfies the 
approximations made in this paper, the prediction of the 
theory can be compared only to the experimental 
measurements made on sodium. Table III gives the 
pertinent data and references used in determining the 
parameters of the theory. 

Figure 2 shows the comparison between the theory 
[Eq. (52)] and experiment” of C,/3R for sodium. A 
Debye temperature of 160°K was assumed. The contri- 
bution of the electronic specific heat?® was added to 
Eq. (52), but it gives a term linear in temperature which 

% Dauphinee, MacDonald, and Preston-Thomas, Proc. Roy. 


Soc. (London) A221, 267 (1954). 
6 See reference 10, p. 155. 


is only a few percent of the anharmonic contribution. 
The difference between the two curves is also shown. 
This difference does not appear to have any dependence 
proportional to 7. The approximation used here calcu- 
lates the specific heat to terms proportional to 7 at high 
temperatures. The approximations of next order would 
give a dependence proportional to a27?+a3;7*+ ---. The 
theory satisfactorily agrees with experiment since the 
linear term in 7 is accounted for by the theory. Also 
shown in Fig. 2 is the specific heat in the harmonic 
approximation with the electronic specific heat added. 
The harmonic approximation alone fails to account for 
the high temperature specific heat of sodium. 

Using Eq. (34) and the values in Table III, one 
obtains —AV/V=8,P—2.07(8,P)2+5.4(8,P)*. This 
theoretical curve for sodium is compared with experi- 
ment”’ in Fig. 3. The value of the compressibility used is 
that given in reference 27, 8,=1.39X10~ atmos“. 
Curve C in Fig. 3 represents the equation —AV/V 
=6,P. The experimental curve A can be represented by 
—AV/V=£6,P—2.41(8,P)?+5.0(8,P)*. The P? term in 
the theoretical expression is about 14% lower than the 
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Fic. 2. C,/3R for sodium. Curve A is the experimental results. 
Curve B is the curve, 


Cy_ 
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predicted by theory taking into account the first anharmonic 
contribution of the lattice and the electronic specific heat. Here 
{(160°/T) is the Debye function for a Debye temperature of 
160°K. Curve C is the curve predicted by the harmonic approxima- 
tion with the electronic specific heat added. Curve D is the 
difference between curves A and B plotted on the expanded scale 
to the dence 


fies “t+. 34x 107 ]+0.20 10“T, 


nC, A. Swenson, Phys. Rev. 99, 423 (1955). 
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Fic. 3. —AV/V vs pressure for sodium. Curve A is the experi- 
mental results?? which can be represented by —AV/V=8,P 
—2.41(8,P)*+5.0(8,P)*. Curve B is the theoretical curve —AV/V 
ee Curve C is the curve —AV/V 
=8,P. 


experimental value while the P* term is about 8% 
higher than experiment. Considering the approxima- 
tions made in the theory, this is a satisfactory agreement 
between theory and experiment. 

Another prediction of the theory is that the tempera- 
ture derivative of the adiabatic compressibility for 
sodium should be proportional to the specific heat [see 
Eq. (33)]. By use of the measured values!’ of the 
temperature derivative of the compressibility in the 
high-temperature region where the compressibility varies 
linearly with temperature, and also by use of the 
measured value of the compressibility itself at 180°K, 
Eq. (33) is used to calculate the compressibility at other 
temperatures. As can be seen in Fig. 4, the agreement 
for Na is well within the experimental errors, though 
more precise experimental data are needed for a critical 
check on the theory. 


V. SUMMARY 


A theory is presented which correlates the thermal 
expansion and the temperature variation of the com- 
pressibility of the alkalis with the deviation of the 
specific heat from the Dulong-Petit law and the change 
in the volume with pressure. The theory of the tempera- 
ture variation of elastic constants satisfies the condition 
that Lazarus”* found experimentally must be true; the 
elastic constants must be both explicit functions of 
temperature and volume or pressure. In Eqs. (20)—(22), 
the 6;’s and y,’s are functions of only the pressure, 
independent of the temperature, while the n;=1 
(e?4#i—1) are functions of only the temperature. 

The temperature dependence of elastic constants can 
be understood physically. The second derivative of the 
energy with respect to the stress gives the elastic con- 
stant. Neglecting the zero-point energy, when a stress is 
applied at 0°K the problem involved is just a static one. 
The atoms are stationary at their equilibrium positions 


28 See D. Lazarus, Phys. Rev. 76, 544 (1949), 
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and the stress just changes their equilibrium positions. 
However, at nonzero temperatures, an applied stress 
will also change the vibrational energy of the solid. The 
second derivative of the internal energy with respect to 
the stress now has a part due to the vibrational energy 
which will depend on the temperature. This temperature- 
dependent part explains the temperature variation of 
the elastic constants. It should be noted that the 
temperature variation of the elastic constants is not due 
to thermal expansion as is sometimes mentioned in the 
literature. In fact, if the potential energy can be 
expanded in a Taylor series of only even powers of the 
displacements from the minimum, then the thermal 
expansion will be zero. However, there will still be a 
temperature dependence of the elastic constants since 
this depends on both the odd and even anharmonic 
terms. 

The theory differs from others in that in calculating 
the thermal expansion and the temperature dependence 
of the elastic constants, the stresses are used as variables 
instead of the strains. This has the advantage of greatly 
simplifying the calculation since the stresses can be 
inserted directly into the Hamiltonian for the solid. In 
addition, the adiabatic elastic constants are calculated 
instead of the isothermal elastic constants. In order to 
facilitate the actual numerical calculations and to permit 
the exact summing of the complicated expressions in the 
specific heat calculation, special assumptions of the 
force constants between atoms [assumption (c) ] were 
used. The anharmonic effects were calculated to the 
next higher order approximation than the harmonic 
approximation. Similar methods can be used to calculate 
still higher order approximations but those were not 
presented here. As far as is known to the author, this 
paper is the first to present an evaluation for a three- 
dimensional solid of the complicated sums present in the 
anharmonic contribution to the specific heat. 

The theory is compared with experiment for the body- 
centered cubic alkali Na. Considering the approxima- 
tions made in the theory and the uncertainties in the 
experimental results, the agreement with experiment is 
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Fic. 4. The adiabatic compressibility of sodium as a function of 
temperature. The curve was normalized to have the same — 
and value of the compressibility at high temperatures as the 
experimental points. The rest of the temperature dependence was 
calculated from Eq. (32), 
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satisfactoty. It is unfortunate that the experimental 
measurements on the alkalis are not more complete in 
order to permit a more complete comparison between 
theory and experiment. Only for Na is there a reasonably 
complete set of measurements and even in that case the 
situation is not entirely satisfactory. For instance, 
Swenson”’ obtains a value for the compressibility of Na 
at 77°K of 1.54 10~" cm?/dyne, Quimby and Siegel!” 
obtain the value at 80°K of 1.96 10-", and Bender'® 
obtains the value at 90°K of 1.20X10-". It is hoped 
that in the near future the experimental situation for the 
alkalis will be improved since it appears that they are 
one of the better structures for calculating the anhar- 
monic effects. 


APPENDIX I 


Equation (18) will be shown to reduce to the Griineisen 
relation, Eq. (19). The variable is changed to V, the 
volume, in place of the pressure P. In Eq. (18) 7; 
becomes 


0 Inw ;’ 0 Inw,’ dV 
vir si =7;/B8.(T), 
OP | p.0 OV oP 


where y;’=—0 Inw,;’/d InV and 8,(7) is the adiabatic 
compressibility. Using the approximation of the 
Griineisen theory that y;’= 7’ independent of the normal 
mode j, Eq. (18) becomes 


, 


yn 0 hw; 
>. 8.(T)- 


ay - ae 
eBhoj— 1 


V(T) OT ; 
Within the approximations made in the calculation, the 
above becomes 


avy=y7'Br(T)C(T)/V(T), 
the Griineisen relation. 


APPENDIX II 


The Hamiltonian in Eq. (3) for pressure P can be 
transformed to be of the same form as the Hamiltonian 
of Eq. (1) for zero pressure as shown in the discussion 
following Eq. (11). If a is the lattice constant at zero 
pressure then the lattice constant changes to a(1+e) 
under a pressure P, where ¢ is related to P by Eq. (27). 
The potential energy terms in the Hamiltonian of Eq. 
(3) are now in the same form as that in Eq. (2) with new 
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Uo’, U;;', Viz, and Ujj1m'. In deriving E(T) of Eq. (50), 
Uo, the zero of potential energy, was assumed zero. As 
shown in Eq. (8) Uo’ then becomes —38,(7)V (T)P*. 
U;,;' is given by Eq. (28), and U;;;' and U;;1m' can also be 
obtained in a similar manner. The E(7) at pressure P 
can be obtained from Eq. (50) by adding Uo’ and 
replacing a, 8, and y by a’=U;,;' (0,1), B’=U.5/' (0,1), 
and y’= U;;1m' (0,1). However, since the term containing 
a’, B’, and y’ is already of order 7°, the primed quantities 
can be replaced by the unprimed quantities within the 
desired approximation. Finally, 


E(T)=—48,(T)V(T)P°+E,(T), 
where £o(7) is given by Eq. (50), the energy at zero 
I E,(7 g by Eq. (50), the energy at zer 
pressure. P is determined by the condition that the 
volume remain constant. Thus, classically, 


[V(T)—V(0)] Tay(T) 


B.(T)V(T) 8.(T) 


To order 7?, at high temperatures, 
+E)(T). 


The specific heat at constant volume is 
0E(T) V (0) 


Et al 


a B. 


ChT rer) toe T), 


since 0F)(T)/dT=C,(T). Thus 

C,(T)—-C,(T)=TV (O)ay*(T)/B,(T). 
This expression agrees within the approximations made 
with the thermodynamic relation” 

C,(T)—C,(T)=TV (T)av*?(T)/Br(T), 
giving added weight to the statement made in the paper 
that C, was calculated and not C,. 

Note added in proof.—It is of interest to note that C, 
is also not constant at high temperatures though it 
varies more slowly than C,. Using the experimental 
values for Na one obtains classically to order T includ- 


ing the electronic contribution 


C,/3R= (1—0.40XK 10-*T). 


29 See reference 10, p. 137. 
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Piezoresistance has been measured as a function of temperature in n-type germanium specimens with 
donor concentrations between 6X 10'* cm~* and 3X10" cm~*. The results obtained can be explained on the 
basis of the accepted multivalley model, provided that statistical degeneracy is taken into account. An 
analysis of the degeneracy observed in the data provides strong evidence for the four-ellipsoid model of the 
conduction band. The data are consistent with the assumption that there is no appreciable dependence of the 
effective mass, deformation potential constant, and mobility anisotropy factor on the Fermi level or impurity 
density. No piezoresistance effect due to the (100) valleys is detected, showing that these valleys are at least 


0.11 ev above the minima of the (111) valleys. 





I. INTRODUCTION 


ANY experiments!~* have demonstrated that the 
energy minima of the conduction band in n-type 
germanium lie on the (111) axes in k space. Most of the 
important experiments which establish this model have 
been performed on germanium with donor concentra- 
tions of less than 10'* cm~*. The principal experiments 
which give information relevant to the band structure 
in highly doped germanium are measurements of 
magnetoresistance® and magnetic susceptibility.*"” The 
magnetoresistance data on specimens with donor con- 
centrations greater than 10'7 cm~ cannot be accurately 
fitted by a relaxation time theory of electrical conduc- 
tivity on the basis of the (111) valley model. The 
magnetic susceptibility measurements do not indicate 
any change in the band structure at high impurity 
concentrations. However, the susceptibility is an iso- 
tropic property, and its measurement does not establish 
anisotropic features of the energy bands in a unique 
way. It is, therefore, worthwhile to further investigate 
highly doped germanium with some of the experimental 
methods which have been helpful in elucidating the 
band structure of pure germanium. In this paper we 
shall describe measurements of the piezoresistance effect 
in germanium with impurity densities up to 3X10” 
cm, 
Il. THEORY 
Theoretically, the piezoresistance effect in a simple 
multivalley semiconductor was treated by Adams" and 
+ This work is part of a thesis to be submitted to the Department 
of Physics, University of Pittsburgh, in partial fulfillment of the 
requirements for the degree of Doctor of Philosophy. 


* On leave of absence from the Israel Institute of Technology, 
Haifa, Israel. 
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Herring.!* Herring’s" results indicate that if the change 
in population due to shifts of the energy of the valleys 
is the major contribution to piezoresistance, the latter 
should vary as 1/T. Smith* did not observe such a 
temperature dependence, but his experiments in that 
respect were inconclusive. A more thorough investiga- 
tion of the temperature dependence of the piezoresist- 
ance in m-type Ge was performed by Keyes,‘ who 
covered a range from liquid nitrogen temperature to 
above room temperature, and found an inverse tempera- 
ture dependence. Morin, Geballe, and Herring® extended 
the temperature range down to 4°K. They found devia- 
tions from a 1/T dependence at low temperatures. They 
believe, however, that these deviations can be explained 
without abandoning the accepted model for the conduc- 
tion band of Ge. They suggest that their deviations 
from theoretical predictions are probably due to 
inhomogeneities in the concentration of impurities. At 
extremely low temperatures, impurity band conduction 
may also have some effect. 

The model which we shall use in interpreting our 
piezoresistance measurements on highly doped ger- 
manium has been described by Bowers.” This model 
assumes that for high donor densities the impurity 
atoms have a negligible effect on the density of states at 
high energy levels, and that the parameters which 
describe the conduction band are the same as in pure 
germanium. The extra electrons which are added to the 
crystal with the donors go into the conduction band, 
and thus at low temperatures these electrons form a 
degenerate gas. This Fermi degeneracy reduces the 
magnitude of the piezoresistance effect as compared to 
the effect in pure material. 

For the determination of the Fermi energy, a knowl- 
edge of the density of states is required. The density of 
states is proportional to the number of valleys present. 
According to the accepted model, the conduction band 
edge in Ge consists of valleys along the (111) direction. 
Either 4 or 8 valleys are possible in such a model, de- 
pending on whether the minima occur at the edge or 
inside the Brillouin zone. Because of the dependence of 


2.C. Herring, Bell System Tech. J. 34, 237 (1955). 
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the piezoresistance on the number of valleys in the 
degenerate range, we should be able to determine which 
is the case. 

The magnitude of the piezoresistance effect will in 
general depend on how the relaxation time of the 
carriers varies with energy. This functional dependence 
is not known and is probably quite complicated. In 
order to make calculations feasible, we assume the 
relaxation time to be proportional to some power of 
energy, rx £’, Under this assumption, because of de- 
generacy, the classical expression for the piezoresistance 
constant II4, in m-type Ge, 


y= aati 


om (—" 
3C kT Quite 


is modified to 
in Mimi F; s(n) 
Tqy=— oe amenemeeene ( Gof (1) 
BC uhT Quit mi F 54 s(n) 
where =, is the deformation potential constant," wi, wis 
are the transverse and longitudinal mobilities, 9 is the 
Fermi level divided by kT and the F,(n) are the Fermi 
integrals. The exponent j, which describes the depend- 
ence of the relaxation time on energy, can be estimated 
from data on the temperature dependence of the 

resistivity, 


o(7T1)/o0(T2) = (T/T 2) YF 54 3(m)/F 54 i(n2), 


where 7; and 72 are two different temperatures, 7; and 
n2 the Fermi levels, and o(7;) and o(7:) the measured 
conductivities of a sample at those temperatures. The 
equation can be solved graphically for 7. 

Discrepancies between this very simple model and 
the experimental results might arise from a number of 
sources : 

(1) The approach of the Fermi energy to higher 
minima in K space. Calculations by Herman" indicate 
that such minima should exist in the (000) and (100) 
directions. 

(2) A change in the mobility anisotropy due to in- 
creased ionized impurity, electron-electron or disloca- 
tion scattering. 

(3) The effective mass could vary with carrier energy 
within the (111) minima and could be affected by the 
impurities. 

(4) An effect of the impurity concentration on the 
deformation potential, which cannot be excluded a 
priori. 

As the lattice vibrations are most probably insensitive 
to impurity concentration, the contributions of inter- 
valley scattering to the piezoresistance effects should 
not play a more important role in our case than in the 
nondegenerate case which has been investigated pre- 
viously. 


3 C, Herring and E. Vogt, Phys. Rev. 101, 944 (1956). 
4 Frank Herman, Proc. Inst. Radio Engrs. 43, 1705 (1955). 
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There are four minor effects which could possibly 
contribute to the piezoresistance,® namely the influence 
of strain on the intrinsic energy gap, the ionization 
energy of impurity levels, the scattering matrix ele- 
ments, and the effective masses. These minor effects, 
should, if anything, contribute less to the total piezore- 
sistance in highly conductive material than in high 
purity material. The first effect decreases with in- 
creasing concentration of carriers and the second effect 
entirely vanishes for the more heavily doped material. 


III. EXPERIMENTAL 


1. Sample Preparation 

Samples of n-type Ge with impurity densities of be- 
tween 6X10" to 3X10" cm~* were used. Samples con- 
taining up to 5X10!7 cm~ were obtained from crystals 
grown by pulling from the melt. All samples with higher 
impurity density were cut out of ingots obtained by 
controlled cooling of a heavily doped germanium melt. 
Arsenic impurity was used for material up to a concen- 
tration of 8X 10'8 cm-*, phosphorus impurity was used 
for higher impurity contents. 

The geometry of the samples was similar to Smith’s 
in ‘arrangement C’” and Keyes’,‘ with the long dimen- 
sion in the (110) direction. One sample with impurity 
content of 3.2X10'° cm-* was prepared with the 
orientation of Smith’s arrangement A. This sample was 
used to determine whether any effect on the piezoresist- 
ance due to energy minima other than those lying in the 
(111) direction could be detected at the carrier concen- 
tration of 3X10 cm, 

The samples were lapped and etched after cutting. 
Electrodes, both current and voltage, were made of tin. 
The voltage electrodes were prepared by heating the 
samples in an evacuated furnace while two small pieces 
of tin were applied to the surface. An ultrasonic soldering 
iron was used for making the current electrodes. After 
all measurements were performed, the samples were 
lapped again and etched in order to make etch pit 
counts. 

2. Hall Measurements 


The number of carriers was determined from Hall 
voltage measurements in a way described by Bowers.” 
As the Hall effect in highly impure n-type Ge is almost 
independent of temperature,’ all Hall measurements 
were performed at room temperature. 

The Hall measurements were performed directly on 
the samples used for piezoresistance measurements. 
Moreover, in most cases, the Hall electrodes were 
applied at three different places to check on the homo- 
geneity of the impurity concentration. 


3. Piezoresistance and Resistivity 
Measurements 


The method for measuring the piezoresistance is 
similar to that used by Smith, except that the samples 
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Fic. 1. The electrical block diagram of the equipment used for 
measurement of the piezoresistance effect. 

were subjected to an alternating stress to exclude effects 
of temperature and other drifts on the measurements: 
The frequency of the strain was approximately 30 cps. 
Hence the measured piezoresistance constants are 
adiabatic. The electrical block diagram is shown in 
Fig. 1. The piezoresistance could be determined by 
measuring the cross sectional area of the sample, the ac 
outputs of both the strain gauge and the potential elec- 
trodes of the sample, and the dc voltage drop across the 
potential electrodes. The sign of the effect could be 
determined from the relative phases of the two ac 
voltages. Comparison of the wave forms of the voltages 
obtained from the sample and the strain gauge with the 
filter by-passed enabled us to determine the linearity of 
the piezoresistance with respect to stress.’® For de- 
termining the resistivity, the sample current and the 
spacing between the potential electrodes had to be 
measured in addition. The latter was measured under a 
microscope with a calibrated sliding table. 

Measurements at temperatures intermediate between 
77°K and room temperature were performed in cooled 
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Fic. 2. The measured piezoresistance coefficient }IIq4 plotted 
against temperature for several of our samples. The solid curves 
here are experimental, drawn to fit the measured points. 


18 A description of the method will be published elsewhere. 
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methylbutane. A chromel-alumel thermocouple was 
employed for temperature determination. 


4. Accuracy and Corrections 


On some samples measurements were performed 
several times in order to estimate random errors. The 
fluctuations of the piezoresistance were less than 5%, 
those of resistance within a fraction of a percent. 

Due to the nonuniform distribution of impurities, the 
appropriate impurity concentration to be used in our 
calculations is somewhat uncertain and is known less 
accurately than the electrical quantities. The value used 
was an average obtained from three Hall constants 
measured on different places on the samples. In any 
case, the sensitivity of the piezoresistance to the im- 
purity content is for most measurements not very large. 
If, in (1), 7 is assumed to be zero, then 


ATI/T1=(d InF_4(n)/d InFy(n) —1JAn/n. 


The factor multiplying An/n is —0.15, —0.5, —0.6 for 
n=0, 2, 5, respectively. 

A correction is necessary to correct the measured 
changes in resistance AR/RX to the required changes in 
resistivity Ap/pX. This is,* for thesamples oriented along 
the (110) direction, Ap/pX = (AR/RX)— ($S4—Si2) ; 
and for the sample oriented along the (100) direction, 
Ap/pX = (AR/RX)— (Su— 25812). 

Another correction should be made for converting the 
adiabatic constants into isothermal constants. This is 
given by 


Tlisothermal= I adiabatic (d Inp din T) (a, ‘yC), 


where a is the thermal expansion coefficient, y the den- 
sity, and C the specific heat. All the constants necessary 
for those corrections are well known,!* and d Inp/d InT 
can be obtained from our resistivity measurements. 


TaBLe I. Some specifications of the samples used. m is the 
average carrier concentration as obtained from three Hall measure- 
ments; An is the deviation from the average. 


Etch pit 
count (cm~?) 


0.8 105 

3X 105 
1.6X 10° 
2.2 105 
1.8 10° 
1.2 10° 
1.5 10° 
1.1 105 
0.2 10° 
2.9X 108 
1.2 10° 
0.7 108 
0.7 108 
0.8X 105 


Sample 


No. n (cm~%) 


2.7X10"8 
5.1 1018 
2.5X 10'8 
2.2 10'8 
3.0 10'8 
3.1 10'8 
4.1X 1018 
3.8X 10'8 
5.0X 10!" 
6.8X 10'8 
2.0 10" 
1.9 10" 
1.710" 

6x 10% 
3.0X 10" 
3.2 10" 


16 E. Conwell, Proc. Inst. Radio Engrs. 40, 1327 (1952). 





PLEZORESISTANCE: EN 


IV. RESULTS 


In Table I, all of the samples are listed with informa- 
tion about their impurity concentration and etch pit 
counts. The concentration given is an average obtained 
from the three Hall constants. An is the spread of those 
measurements around the average. The etch pit counts 
are considered as a rough approximate measure of the 
dislocation density. The long direction of samples 1-15 
is along (110) and that of sample No. 16 is along (100). 
Numbers not recorded in the table were not measured. 
The direct results of our piezoresistance measurements 
are plotted for several samples in Fig. 2. The results are 
uncorrected in the sense of the previous paragraph. The 
dimensional correction is —110~? cm? dyne™, hence 
constitutes at the most 2°% of the measured piezoresist- 
ance and can be neglected. The isothermal correction is 
even smaller, as for the largest d Inp/d InT the correction 
is 1X 10~ cm* dyne™. This is for sample 14 (concentra- 
tion 6X10" cm~*). For all other samples d Inp/d InT is 
much smaller at all temperatures, and this correction is 
therefore completely negligible for all degenerate 
samples. 

Figure 3 gives the results for all samples oriented 
along the (110) direction. The piezoresistance is plotted 
here against the impurity content with the temperature 
as a parameter. The points are obtained from experi- 
mental curves of the type illustrated on Fig. 2. The 
solid lines correspond to the theoretical value, assuming 
four valleys and j=0, using for the factor Zu(4i—w1:)/ 
(2ui:+min) appearing in Eq. (1), the value obtained from 
experiments on the pure material. 

The assumption 7=0 is made on the basis of re- 
sistivity data. This is a good approximation only for 
samples with impurity concentrations around 5X 108 
cm, At low concentrations, j has a value larger than 
zero, but its influence on the piezoresistance is small due 
to the low degree of degeneracy. At high impurity 
concentration, j has a small value and a larger influence 
on the piezoresistance. For a sample of 3X10" im- 
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Fic. 3. The piezoresistance coefficient 4II,, plotted against 
impurity concentration, with temperature as a parameter. The 
experimental points are obtained from graphs of Fig. 2. The solid 
lines are a plot of Eq. (1), assuming mobilities independent of 
energy (j=0). The value of =. (ui—y11)/ (241+) is chosen so as 
to make the calculated and observed piezoresistance coincide for 
nondegenerate material. 
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Fic. 4. Comparison of theoretical piezoresistance curves for 
models with 4 and 8 valleys with experimental data. 4144 is 
plotted against impurity concentration. The graph corresponds to 
a temperature of 75°K. 


purities cm~™, the value of 7 obtained from conductivity 
measurements at 77°K and 300°K is —0.5. However, 
the dependence of the conductivity on temperature indi- 
cates that at this concentration the relationship 7 « E? 
is no longer a good assumption. Indeed, the observed 
dependence is far from monotonic, but rather reveals 
maxima and minima. One would obtain therefore values 
for j ranging from positive to negative numbers from 
conductivity data gathered at different temperatures. 
The theoretical curves in Fig. 3 are drawn with j7=0 for 
all values of concentration for the sake of simplicity. In 
view of the preceding remarks, however, no conclusions 
which involve the energy dependence of the mobility are 
drawn for samples with 3X 10° impurities cm~*. 

The data obtained seem to indicate that the model 
adopted for the edge of the conduction band of Ge 
on the basis of experiments performed on pure n-type 
Ge (cyclotron resonance,!:? elastoresistance,*-* and 
others**) holds at least up to energies of approximately 
0.05 ev, corresponding to concentrations of carriers of 
2X 10° cm-*, Furthermore the presence of the impurities 
does not seem to affect this model. The results also 
indicate clearly that the number of valleys is 4. The fit 
to the curves of II44 as a function of concentration and 
temperature, calculated on that assumption are re- 
markably good, whereas an assumption of 8 valleys 
would not agree with our experiments. The discrepancy 
can be seen, if one imagines, on Fig. 3, the experimental 
points shifted to the left with respect to the theoretical 
curves by an amount corresponding to a factor of two on 
the logarithmic scale of carrier concentration. A com- 
parison of experimental data with 4- and 8-valley 
models at 75°K is shown in Fig. 4. The result based on 
the use of 4 valleys is in agreement with the interpreta- 
tions of Crawford, Schweinler, and Stevens® and Bowers” 
of their respective experiments on magnetic suscepti- 
bility on highly impure n-type Ge. 

The mobility anisotropy factor in Eq. (1), 
K= (ui-—wis)/(2ui+-un), does not seem to be affected 
appreciably by the impurity content. This, however, 
does not mean that the ratio 8=,,/y1 does not change 
appreciably, as the anisotropy factor is very insensitive 
to changes in this ratio: AK/Kc&1.580"(AB/Bo). As 
Bc=20 it is evident that u./u,, can change substantially 
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without affecting appreciably the piezoresistance. The 
accuracy of our measurements of piezoresistance being 
+3%, the influence of mobility anisotropy would be 
undetected, unless 8 changed by ~ 50%. In our samples 
ionized impurity scattering, which is most effective at 
low temperatures, is expected to predominate. Such 
scattering might be expected to decrease the mobility 
anisotropy and hence the piezoresistance. It will be 
noted in Fig. 3 that in the region where j7=0 is a good 
assumption, the observed piezoresistance at low tem- 
peratures falls below the theoretical curves. Should the 
scattering be responsible for this deviation, it would 
mean a change in 8 by roughly a factor of 2 from pure 
material to a concentration of 4-5 10'* cm™ at liquid 
nitrogen temperature. In accordance with Morin, 
Geballe, and Herring’s work,® there is another possible 
explanation for the decreased piezoresistance at low 
temperatures. The latter believe that this phenomenon 
is explicable in terms of microscopic inhomogeneities. 
Our observations provide some evidence for this belief 
because in our experiments deviation was only ob- 
served in the arsenic-doped specimens and not in the 
phosphorus-doped specimens, and we believe that the 
phosphorus-doped samples are more homogeneous than 
those doped with arsenic. 

A possible effect to which our measurement should be 
sensitive is the change of effective mass with varying 
energy of the carriers. If m*=mo+Am(E), where mp is 
the effective mass at the bottom of the conduction band 
and Am can be expanded to first order, Am=yE, then 
AML/T= 39*{d/dn[ Fy(n)/F y(n) J} (uEr/mo). 

For samples of carrier concentrations of 2X 10 cm™, 
the coefficient of uEr/mp is 0.7 at 75° and 1.4 at 300°: 
The deviation of the piezoresistance from a constant 
mass model should therefore be of the same order as the 
deviation of the effective masses at the Fermi energy 
from those at the conduction band edge. According to 
our data there is no evidence of a change in effective 
masses up to energies of 0.05 ev above the conduction 
band edge. This result is again in agreement with 
Bowers’ work.” 

Changes in the deformation potential should be easily 
detectable by measuring the piezoresistance, as the two 
are proportional. Our results then indicate that there is 
no appreciable effect of the impurity content on the 
deformation potential, at least up to 2X 10" impurities 
per cm’. 

Another effect which should be easily detected in the 
piezoresistivity is the approach of the Fermi level to 
some other minimum in K space. Presumably such a 
minimum would be located at (000) or in the (100) 
directions. The first case should not add any additional 
independent constants to the piezoresistance tensor, but 
merely decrease the large piezoresistance constant. Be- 
cause of the uncertainty about j at high impurity 
concentrations not much can be concluded about the 
first case. 
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The measurements on sample 16 should be sensitive 
to the second situation [valleys in the (100) direction ]. 
In order to investigate this situation, sample 16 was 
oriented very carefully within a fraction of a degree, in 
order to eliminate admixtures of piezoresistance effects 
due to (111) valleys from the measurements. The 
magnitude of the piezoresistance observed at 300°K 
was approximately 1X 10~! cm? dyne~! which is only 
about 2% of the large coefficient. This probably should 
be attributed to the minor effects. In any case we can 
evaluate a lower limit for the energy separation between 
the (100) and (111) minima. Such an energy can be 
calculated from statistical mechanics if we know the 
effective mass parameters for the valleys and the 
electron populations. For the (100) effective mass 
parameters, we use, as a reasonable guess, those which 
characterize the (100) valleys in silicon. From the 
magnitude of elastoresistance in sample 16, we estimate 
that no more than 5% of the electrons are in the (100) 
valleys at 300°K in that sample. We obtain thereby an 
energy difference of 0.11 ev. Since 5% is a liberal esti- 
mate, we conclude that the energy difference between 
the (100) and (111) valleys must be at least 0.11 ev. 


V. SUMMARY 


The dependence of the piezoresistance effects on 
temperature and concentration for highly impure n-type 
Ge indicates that the lowest 0.05 ev of the energy band 
is well represented by the accepted model. The presence 
of 210" ionized donors cm~* does not effect the 
conduction band appreciably. 

The number of valleys present along (111) is four; 
hence the edge of the conduction band must occur at the 
edge of the Brillouin zone. 

If a reduction in the mobility anisotropy exists, it is 
not extremely large. The ratio y,/:; is not reduced to a 
lower value than 10, its value for pure material being 20. 

There is no evidence for a change of curvature of the 
conduction band up to 0.05 ev above the edge of the 
valley. It is improbable that the effective mass and 
mobility anisotropy should both change in such a way 
that the piezoresistance should remain unaffected. 

According to our data the (100) and (111) minima are 
more than 0.11 ev apart. The experiment was incon- 
clusive with respect to the location of the (000) mini- 
mum of the conduction band. 
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Paramagnetic resonance spectra of cobalt in crystals containing cerium and bismuth magnesium nitrate 
have been studied at 4°K for various cerium-bismuth ratios. It is found that the cobalt hyperfine spectrum, 
well resolved in pure bismuth magnesium nitrate, is strongly attenuated by the addition of small percentages 
of cerium. For ionic cerium concentrations higher than 20% of the cerium-bismuth total, the cobalt hyperfine 
components cannot be resolved at all, except for the particular case of a 50% mixture. We attribute the 
attenuation of the cobalt spectrum to magnetic dipole interactions with the cerium ion, and suggest that 
this may also account for the fact that the observed degree of Gorter-Rose orientation of Co in cerium 
magnesium nitrate disagrees with the results of calculations that do not include the effect of dipole-dipole 


interactions. 


HE paramagnetic resonance spectra of dilute 
cobalt in bismuth magnesium nitrate have been 
measured by Trenam! at 20°K. His work has shown 
that there exist two nonequivalent ions per unit cell, 
each having the same axis of symmetry for their 
respective spectra but quite different values for their 
spectroscopic splitting factors and hyperfine interaction 
coefficients (see Table I). An isomorphous salt, cerium 
magnesium nitrate containing cobalt concentrations of 
$% to 1% has been used for some time in nuclear 
orientation experiments.”* For a quantitative calcula- 
tion of orientation effects, it is necessary to know the 
electronic g-factors and hyperfine component separa- 
tions of the cobalt ion in the salt employed. We have 
attempted to determine these parameters in cerium 
magnesium nitrate at 4°K, and have found two 
distinct broad electronic resonances yielding cobalt 
g factors in good agreement with those in bismuth 
magnesium nitrate! at 20°K. However, the cobalt 
hyperfine spectrum is completely suppressed, so that 
no precise determination of the hyperfine separations 
could be made. The measurements were repeated using 
mixed crystals containing both cerium and bismuth in 
several different proportions, in order to determine 
whether the attenuation of the cobalt hyperfine struc- 
ture is due to the cerium ion. The results establish that 
it is, and show that comparatively modest concentra- 
tions of cerium are sufficient to supress the cobalt 
hyperfine spectrum to the point of vanishing in the 
noise background. 
A Zeeman modulation spectrometer for three- 
centimeter wavelengths was employed in making the 
measurements; it made use of a reflection cavity in one 
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1R, §. Trenam, Proc. Phys. Soc. (London) A66, 118 (1953). 

2 Ambler, Grace, Halban, Kurti, Durand, Johnson, and Lemmer, 
Phjl. Mag. 44, 216 (1953). 
3 Jastram, Sapp, and Daunt, Phys. Rev. 101, 1381 (1956). 


arm of a balanced hybrid-tee microwave bridge. A 
barrel-type electromagnet with a gap of 2} in. and a 
tapered pole with a face diameter of 53 in. was em- 
ployed. The homogeneity at the center of the gap was 
one part in five thousand. The field current was con- 
trolled by means of a series stabilizing circuit which 
permitted the field to be varied from 0 to 4000 gauss, 
and at the same time effectively eliminated both 
ripple and drift. The field was calibrated by use of a 
proton resonance magnetometer. Microwave power 
was supplied by a Varian X-13 klystron which provided 
up to 100 mw incident upon the cavity. 

The samples were single crystals grown in weak 
solutions of nitric acid. The cobalt ionic concentration 
in all samples was about one-half percent that of 
magnesium. The samples were mounted on a Teflon 
bucket, and we replaced in a region of maximum r-f 
magnetic field in the cavity. The bucket was attached 
to a gear train outside the cavity which permitted 
rotation of the sample from a position at the top of 
the cryostat. No attempt was made to keep the liquid 
helium from entering the resonant cavity, but aside 
from lowering the resonant frequency of the cavity due 
to the dielectric constant of liquid helium, no adverse 
effects were detected as a result of its presence. 

The cobalt spectra examined show symmetry about 
an axis perpendicular to the flat face of the crystal; 
thus the spectra may be described in terms of com- 
ponents of g parallel and perpendicular to this axis. 
The hyperfine interaction coefficients A and B belong 
to parallel and perpendicular orientations respectively. 
The spectra obtained can be explained by the spin- 


TABLE I. BizMg;(NO3)12:24H2O (1% cobalt). 20°K (Trenam). 





gil £1 A X104,cm7!  BX104, cm 


Xion 4.108+0.003 4.385+0.003 
Yion 7.29 +0.01 2.338+0.004 





8541 103-41 
283+1 <1 
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TABLE II. X ion. (Bi+Ce)2Mg;(NO3;)12:24H20 ($% cobalt). 4°K. 








BX104. cm~ 


10343 
114+9 

90+9 
10749 


rat A X104, cm 


4.415+0.002 9543 
4.45 +0.01 82+9 
4.22 +0.01 90+9 
4.31 +0.01 89.749 
4.45 +0.01 











resonance Hamiltonian*®: 


K= £uBHS.4+2:8(H2S.+ H,Sy) 
+A (SiI2)+B(Selz+S,l,). (1) 


Our accuracy limited us to using only the first-order 
perturbation terms in this Hamiltonian, since the 
second-order terms were of the same order of magnitude 
as our uncertainty. Cobalt in this salt has an effective 
electron spin S=} and a nuclear spin J/=4, so that 
the hyperfine structure consists of eight equally spaced 
components. It is necessary to cool the salt to about 
20°K or below in order to detect the electronic transi- 
tion. The object of the present experiment was to 
determine the hyperfine separations at 4°K, and to 
investigate the effect of cerium ion concentration on 
the width of the cobalt hyperfine components. 


RESULTS 


The results obtained from our experiments are given 
in Tables II and III, and the spectra obtained are 
shown in Figs. 1-4. Our results for pure bismuth 
magnesium nitrate (zero percent cerium) agree quite 
well with Trenam’s! results at higher temperatures, 
and the spectra show the hyperfine structure quite well 
resolved. The two nonequivalent ions per unit cell 
that Trenam observed have also been observed by us, 
and we follow Trenam’s nomenclature in labeling them 
the X and YF ions. It will be noted in the spectra for 
the perpendicular orientation of the Y ion in the zero- 
percent cerium case (Fig. 4) that the pattern is quite 
complicated. A calculation based on second-order terms 
only gives a spectrum consistent with what is observed: 
four unequally spaced lines, each possibly split by a 
comparatively small first-order contribution. The ex- 
perimental accuracy for the 0% cerium case was the 
best for all of the spectra, since the presence of cerium 
in the sample reduced the signal to just above noise 
level (see Figs. 1-4), making determination of the 
position of the lines more uncertain. 

The resolution of the hyperfine structure decreased 
greatly for ten percent cerium concentration, but the 
lines were still quite detectable for the X ions. The Y 
ions show no resolution of hyperfine structure at all; 


4A. Abragam and M. H. L. Pryce, Proc. Roy. Soc. (London) 
A205, 135 (1951). 

5B. Bleaney and K. W. H. Stevens, Reports on Progress in 
Physics (The Physical Society, London, 1953), Vol. 16, p. 109. 

6B. Bleaney, Phil. Mag. 42, 441 (1951). 
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TABLE III. Y ion. (Bi+Ce)2Mg;(NO;)12:24H2O 
(3% cobalt). 4°K. 








A X104,cm=!  BX104, cm! 


aul él 





2.39+0.002 
2.37+0.01 
2.36+0.01 


2.36-40.01 


7.20+0.01 30246 <1 
10.55 
7.33 
7.3 








in fact we were unable to detect the resonance in the 
parallel orientation. The perpendicular orientation for 
the Y ion does show traces of structure. These continue 
to be visible all the way up to eighty percent cerium 
(Fig. 4). 

The 20% concentration of cerium still permits 
resolution of the hyperfine structure resulting from the 
X ions, but one will note that here the g values depart 
from their zero-percent values by amounts that are 
greater than the experimental error. Misorientation of 
the crystal was checked as a possible source of this 
discrepancy, but was ruled out. The trace for the 
parallel orientation of the Y ion (Fig. 3) shows a 
curious one-sided derivative curve with no structure. 
This asymmetry makes it difficult to assign a g value 
for this resonance; we have taken the point where we 
think the trace has started as the place from which to 
compute g. This procedure at least gives g values in 
accord with that obtained at 0% cerium. 

The results on 50% cerium are similar in nature to 
those for twenty percent. The hyperfine structure of 
the X-ion resonances is still resolvable although it is 
very weak, but the g values have departed even further 
from the 0% cerium case. An unexplained result at 
this concentration is the disappearance of the Y-ion 
resonance for the perpendicular orientation; this 
resonance is otherwise quite strong and occurs at the 
same place for each concentration. 

With 80% cerium, we can no longer resolve the 
hyperfine structure resulting from either of the ions, 
although the trace for the Y ion perpendicular does 
indicate that there is some residual effect present. The 
g values for the X-ion resonances are again close to 
what they were for 0% cerium. The result is similar for 
the 100% cerium case. 

It will be noted that the values of A and B for the 
hyperfine interaction (Table II) remain constant 
within experimental error for the X ions as the percent- 
age of cerium is increased, despite the variations that 
appear in the g values: The cerium interaction broadens 
and shifts the electron resonance, but has little effect 
on the cobalt hyperfine structure. The measured hyper- 
fine-coefficient values are in good agreement with those 
determined by Trenam at 20°K. 

The power level incident upon the resonant cavity 
was varied, with the result that in every case it was 
possible to saturate or partially saturate the resonances 
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involved. We found that a range of powers could 
always be found which afforded sensitive detection 
without saturation. By operating always within this 
range, we could insure that an observed absence of a 
resolved hyperfine resonance signal is due to the 
presence of the cerium and not to a broadening produced 
by saturation of the transitions involved. The effects 
that result from temperature are connected with the 
saturation question, since, as the temperature is lowered, 
the relaxation time for the electron spin system in- 
creases, thus causing saturation to occur at lower micro- 
wave power; however, the observed spectra indicate 
that we are not yet at a temperature low enough to 
seriously hinder our observations. 

Since the attenuation of the hyperfine spectrum is 
not caused by the power saturation effect, we feel that 
the most probable cause is the magnetic dipole inter- 
action between the cerium and cobalt ions. If one 
examines the traces for the X ions for the concentrations 
of 0, 10, and 20%, it will be noticed that while the 
hyperfine splitting remains unchanged, the breadth of 
the lines increases, and that the total width of the 
pattern progressively increases. It is not probable that 
this is due to a marked decrease in the relaxation time, 
since it was found that saturation effects occurred for 
approximately the same power in the 80% cerium con- 
centrations as for the zero-percent cerium concentra- 
tions. We conclude therefore that the broadening is of 
the spin-spin type rather than spin-lattice. 

The resonance of the free radical diphenyl-picryl- 
hydrazyl was observed for each run, and we were not 
able to detect any variation from its reported resonance 
at g=2.00 at 4°K. We have also observed the resonance 
due to cerium in its perpendicular orientation, and we 
confirm the value of Cooke et al.’ of g,=1.84. This 
gives us confidence that the results obtained are not 
in serious error as a result of some unknown cumulative 
effect. 

An experiment was also performed on 3% cobalt in 
lanthanum magnesium nitrate at 4°K to see how this 


~ 7 Cooke, Duffus, and Wolfe, Phil. Mag. 44, 623 (1953). 
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TABLE IV. La2Mg;(NOs3)12°24H2O ($% cobalt). 4°K. 





A X104, cm= 


80.7+3 
278.8+6 


BX104, cm7 


103.33 


ail &l 





~ Xion 4.050.002 4.430.002 
Y ion 7.2340.01 2.310.002 





spectrum compared with the one of bismuth magnesium 
nitrate. We found only a very slight difference; the 
values are given in Table IV. 


NUCLEAR ORIENTATION 


It has been known for some time that the observed 
degree of Gorter-Rose nuclear orientation of cobalt 
ions in cerium magnesium nitrate substantially differs 
from the results of calculations based on a hyperfine 
interaction that does not include dipole-dipole terms.® 
Such terms may reasonably be expected to diminish 
the degree of orientation; however, not enough is yet 
known about the crystal structure of cerium magnesium 
nitrate to permit a reliable calculation of their effect. 
The present resonance experiments confirm the presence 
of strong dipole-dipole coupling between the cerium 
and cobalt ions; together with orientation experiments 
carried out with 50% lanthanum-cerium (magnesium 
nitrate) crystals,’ which yield degrees of orientation in 
better agreement with the computed values, they 
indicate that the observed attenuation in the Gorter- 
Rose orientation is very probably due to dipole-dipole 
interactions. 
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The electrical resistivity of a high-purity aluminum specimen, having different concentrations of 
“quenched-in” lattice defects, is reported for the temperature region 1-20°K. For small and different con- 
centrations of structural impurities, the resistivity follows Matthiessen’s rule. The exponential constant, 
n, in the equation, p=p;+AT", is equal to 2.7 for the sample in a well-annealed state. This number increases 


slightly with an in crease in defect concentration. 


I. INTRODUCTION 


HE Griineisen formula! relating the electrical 

resistivity of a pure metal with absolute tem- 
perature predicts that, at low temperatures, pz, (re- 
sistivity caused by the thermal] motion of the lattice) 
is proportional to T°. If impurities are present in small 
concentrations there is added another term, p; (or 
Presidual!), independent of temperature (Matthiessen’s 
rule),? i.e., 


p=prtA I. (1) 


At these low temperatures, however, it is not unusual 
to find departures from the T* law. In a recent study 
of the electrical resistivity of aluminum, Caron ef al? 
obtain a 7* law in the liquid hydrogen temperature 
region for various specimens containing small but 
different concentrations of chemical impurities. At 
temperatures below 4.2°K, p was found by these authors 
to be essentially constant for a given specimen but 
markedly dependent on small changes in impurity 
concentration. 

Since p; is essentially due to the disturbance of the 
periodicity of the lattice and its effect on the scattering 
of the electron waves, its ultimate value should also be 
dependent on the concentration of structural as well 
as chemical impurities. Recently, there has been an 
increasing effort in studying imperfections retained in 
metals when quenched from high temperatures. The 
technique most often used‘ is the measurement of the 
electrical resistivity either at ordinary temperatures or 
at liquid nitrogen temperatures. In their study on 
quenching of defects in aluminum, DeSorbo and 
Turnbull’ carried out their resistivity measurements 
at 20°K in order to relatively enhance the resistivity 
component due to the ‘“quenched-in” imperfections 


1 E. Griineisen, Ann. Physik 16, 530 (1933). 

2C. Kittel, Introduction to Solid State Physics (John Wiley and 
Sons, Inc., New York, 1956), pp. 304, 305. 

’ Caron, Albert, and Chaudron, Compt. rend. 238, 686 (1954). 

4 J. E. Bauerle and J. S. Koehler, Phys. Rev. 107, 1493 (1957). 

5 F. J. Bradshaw and S. Pearson, Phil. Mag. 2, 570 (1957). 

6 F, Federighi and F. Gatto, lecture presented at the XLIII 
Congress of the Italian Physical Society, Padova, September 23, 
1957. 

7™W. DeSorbo and D. Turnbull, Bull. Am. Phys. Soc. Ser. II, 
2, 262 (1957); Acta Met. (to be published), 


above that caused by the thermal motion of the lattice. 
For this reason it would have been even more advan- 
tageous to perform the studies at liquid helium tem- 
peratures. However, only a few of the measurements 
were extended to this lower temperature region. This 
was done only to determine the effect of varying the 
concentration of the ‘“‘quenched-in” defects on both 
resistivity components, pz and p;. This paper reports 
the results of such an investigation on a high-purity 
aluminum specimen. 


II. EXPERIMENTAL PROCEDURE 


The specimen material for the experiment was zone- 
refined aluminum obtained from W. E. Tragert. The 
ingot was initially a single crystal obtained after six 
passes of zone-refinement procedure. It was machined 
down, swaged, and then drawn into wire. Between each 
swaging and each drawing operation, the metal was 
pickled in warm 15% NaOH solution. The drawing 
was done with a diamond die previously cleaned and 
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Fic. 1. Details of furnace and plunger for heating and 
quenching the aluminum specimen. 
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used on other high-purity aluminum. The wire, in its 
final form (0.020-in. diameter), was spectroscopically 
analyzed by L. Bronk. A “trace” of copper was detected 
but not found were Fe, Pb, Sn, Mg, Si, Bi, Ag, Pt, Ni, 
Co, Mn, Zn, In, Ca, Sb, Ti, Li, and TI. 

Seven to nine feet of wire, wound noninductively 
and strain-free on a thin mica cross (~1-in. diameter 
by 2-in. long), were used in the experiment. Two seg- 
ments of identical aluminum wire were arc-welded to 
each end of the sample in an inert atmosphere. These 
served as current and potential leads. The potentio- 
metric measurements were carried out with a “thermo- 
free” six dial Rubicon potentiometer. The sensitivity 
of the measurements amounted to at least 10~? ohm-cm. 

The sample was heated in a furnace arrangement 
shown in Fig. 1. A stainless steel framework (and tube) 
lifted the specimen into the furnace. After the sample 
was heated to an appropriate temperature, T9, the 
movable framework served as a plunger to rapidly 
quench the specimen into an appropriate quenching 
medium (e.g., ethyl alcohol, water mixture at — 40°C). 
The time of quench was less than 100 milliseconds 
(“fast” quench). To vary the concentration of the 
“quenched-in”’ defects, the sample was quenched from 
different temperatures ; or it could also be accomplished 
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¢ 
aim 


i" 


}— 


AIR QUENCH (550°C) 


a "fl 
a 


“ 
- 
- 
| ooo 


- 


AIR QUENCH (350°C) 


o 
_=-7~ ANNEALED 
oooo-—~ 


AL EO Ss eee ee er es ee Re 


= 








TEMP. °K 


Fic. 2. Resistivity vs temperature in the liquid helium-hydrogen 
temperature region for a zone-refined aluminum specimen con- 
taining different concentration of ‘‘quenched-in” imperfections. 
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Fic. 3. Log (pmeas.—Presidual) %S log T for a zone-refined 
aluminum specimen in which varying amounts of structural 
defects have been quenched in. 


by decreasing the quenching rate thereby permitting 
the aluminum coil to be partially air quenched and then 
placed in a bath such as dry-ice, acetone (‘‘slow” 
quench). After the quenching operation, the sample 
was transferred to a Dewar filled with liquid nitrogen. 
While the aluminum coil was submerged in the liquid 
nitrogen, each end of a potential and current lead was 
soldered’ to the appropriate lead of the detachable 
cryostat cover. This unit and the sample attached to 
it was transferred to the Dewar containing liquid 
hydrogen (or liquid helium). A vacuum-tight seal 
between the cryostat cover and the Dewar was made 
by a rubber sleeve clamped vacuum-tight. The pro- 
cedure used for maintaining temperatures constant to 
+0.002 degree (and their measurement) has already 
been described.° 


RESULTS AND DISCUSSION 


Figure 2 presents some typical results, all carried out 
on one sample, on the variation in resistivity (p) with 
temperature and with ‘“‘quenched-in” defect concen- 
tration. Temperatures in parentheses are those of the 
aluminum just prior to the quench, (JQ). The lower 
curve represents the value of resistivity, prior to any 
quenching, obtained after the specimen had been 
annealed for several hours at 550°C and allowed to 
cool at rates of 2-3°C/min. This curve is reproduced 
when, after the quenching studies, the sample is allowed 


8A new soldering alloy, with a melting point of 440°F, for 
joining aluminum and its alloys to copper and brass was used. A 
special ‘‘soudo” flux was also found necessary. This solder and 

ux were obtained from N. V. Chenische Fabrick, Lange Haven, 
Schiedam, Netherlands. 

®W. DeSorbo and G. E. Nichols, General Electric Research 
Laboratory Report No. 57-RL-1705, March, 1957 [J. Phys. Chem. 
Solids (to be published) ]. 
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TABLE I. Quenched imperfections in zone-refined aluminum; resistance minima and Matthiessen’s rule.* 











Te@(°PC) Type of quench 


Presidual 


A 
(ohm-cm) n (ohm-cm/ (deg)*] 





Annealed iit 
350 air (room temp.), “slow” 
550 air (room temp.), “slow” 
510 ethyl alcohol, HO (—40°C), ‘‘fast’’ 


2.917 10* 2.72+0.06 
3.359 10° 2.76+0.05 
5.546 10 2.85+0.04 
9.166 X 10~* 2.96+0.04 


4.245 x 10-8 
3.946 X 107% 
3.508 X 10- 
2.783 X 10-8 





® pmeas. — Presidual = AT™*. 


to stand at room temperature for several days. That is, 
upon long annealing times at ordinary temperatures, 
the increase in resistivity, [o(7@)— panneatea |, due to the 
“quenched-in” structural defects, disappears. This 
result is in agreement with some earlier work of 
Wintenberger.”” 

In the temperature region 1.8-4.2°K, the residual 
resistivity has essentially a constant value but is 
dependent on the concentration of the structural im- 
purities. In the measured region of 14-20°K, the results 
can be described by Matthiessen’s rule (Fig. 3). How- 
ever, when the sample is in the annealed state, then 
Pmeasured— Presidual IS proportional to T*:’. Furthermore, 
for these small concentration of defects the exponential 
constant (mw) shows a slight increase with increase in 
structural defect concentration. A summary of the 


1M. Wintenberger, Compt. rend. 242, 128 (1956). 


analysis of the data in terms of Matthiessen’s rule for 
three different temperatures is presented in Table I 
for (a) “slow” air quenches and (b) a “‘fast”’ quench. 

With the quenching technique described above, all 
the imperfections formed (at the quenching tempera- 
tures reported here) are not retained. Earlier work’ 
has shown that this is possible only at quenches from 
T9<330°C. Therefore, for example, the value of 
n=2.96 represents only a lower limit for quenches 
from Tg=510°C. We have not made any attempt to 
determine n as a function of Tg when all the defects 
formed are retained in the quenching process. 
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The steady-state solution for the susceptibility tensor of a two- 
sublattice system has been found by using sublattice equations of 
motion which include complete Landau-Lifschitz relaxation terms 
with individual relaxation parameters and which describe relaxa- 
tion toward the instantaneous total field acting on the sublattice. 
It is shown that one can define effective parameters describing the 
behavior of the system as a whole which remain finite throughout 
the compensation region and, in particular, insure that the ab- 
sorption coefficient will remain positive. It is also found that the 
effective gyromagnetic ratios characterizing the absorption and 


Faraday effect are different in principle, and a new term is found in 
the expression for the off-diagonal element which is a consequence 
both of the sublattice structure and total field relaxation. In the 
case of small damping, many of these distinctions disappear and 
some parameters reduce to those previously obtained. It is shown 
that the inclusion of total field relaxation is necessary to obtain 
results which are unambiguous and correct in principle; the 
magnetization line width product is also shown to be continuous, 
but vanishing at the compensation point for angular momentum. 





INTRODUCTION 


F the electronic magnetic moments in a ferromagnetic 
material are subjected to a magnetic field having a 
constant component in the z direction and a small 
oscillating component in the xy plane, then the gyro- 
scopic behavior of the spins leads to expressions for the 
transverse components of the magnetization of the form 
M,=X,H,—ioH,, 
M,=i¢H,+X,H,,. 
The components of the susceptibility tensor (X,,X,,@) 
can be calculated once the proper equations of motion 
of the magnetization components are known. 
An equation which has been extensively used for this 
purpose is the Landau-Lifschitz equation, which we 
shall write in the form 


dM/dt=yMxXH-—aMx(MxXH). (2) 


The form of this equation is a direct consequence of the 
simple requirement that |M| remain constant—a rea- 
sonable expectation for the strongly coupled ferromag- 
netic moments. For, if |M! is constant, dM/di must lie 
in the plane perpendicular to M, and can therefore be 
written as a linear combination of two orthogonal 
vectors in this plane, namely MX H and MX (MxXH). 
This immediately yields (2). The coefficient a has the 
dimensions of the reciprocal of angular momentum and 
must be positive in order that the last term of (2) 
actually describe a relaxation toward the direction of H 
as it is meant to do. It is common practice to assume a 
to be a constant, in particular, to be independent of the 
components of the magnetization; for simplicity, we 
shall also adopt this assumption. 

Let us neglect anisotropy and demagnetizing fields so 
that H in (2) is just the applied field. Then, if we write 
H,=H, assume that H, and H, are proportional to e**! 
and are both small compared to H, and neglect second- 
order terms in (2), we can easily find the steady-state 
solution of (2) in the form given by (1). The result is 
that X,=X,=X, and 

Dix=7'[14+ (aS)? JHM + iawM?, (3) 
Dp=yoM, (4) 


(1) 


where 


D,=7y{1+ (aS)? ]JH?—w*+ 2iawHM, (S) 


M ,=M~const, and S=M/y. We shall have occasion to 
refer to these specific results later. 

It is also common practice to use these formulas (or 
their equivalent in other notations) to analyze results of 
experiments performed on multiple sublattice systems, 
ie., ferrimagnetic systems. One obtains in this way 
values of y anda which characterize the material studied. 
We shall refer to these quantities as “effective parame- 
ters” and denote them by y, and a,. Previous experience 
with the effective gyromagnetic ratio! shows that they 
can be regarded as suitable averages of the separate 
parameters of the individual sublattices. 

Recently, an investigation was made of the possible 
existence and properties of the effective relaxation 
parameter a,.? For the purposes of this initial study, 
sublattice relaxation terms of the Bloch type were 
used, since the line shapes predicted by Bloch and 
Landau-Lifschitz terms are indistinguishable at low 
signal levels. It was found that one could indeed define 
an effective relaxation parameter by comparison with 
the results for the analogous ferromagnetic case. How- 
ever, it was shown that, in the compensation region, 
these equations predicted negative values for the ab- 
sorption coefficient for appropriate relative values of the 
sublattice parameters. It was concluded from this that 
the set of sublattice equations of motion which had been 
used could not serve as completely adequate descrip- 
tions throughout the whole range of possible ferrimag- 
netic behavior. It was further pointed out that the 
equations were inconsistent in the sense that they did 
not describe relaxation toward the instantaneous total 
field acting on each sublattice, and it was suggested that 
if this defect were remedied, one would obtain con- 
sistent and correct results in the compensation region as 
well as in the region of apparent ferromagnetic behavior. 

Our purpose in this paper is to carry out this sug- 
gested program and to see whether the inclusion of 

1R. K. Wangsness, Phys. Rev. 91, 1085 (1953); 93, 68 (1954); 


95, 339 (1954); Am. J. Phys. 24, 60 (1956). 
2 R. K. Wangsness, Bull. Am. Phys. Soc. Ser. II, 3, 43 (1958). 
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instantaneous field relaxation terms for the sublattices 
will still enable one to define effective parameters in a 
consistent and precise manner and whether the previous 
difficulties in the compensation region will be satis- 
factorily alleviated. In order to avoid excessive compli- 
cations, we shall only consider the case of two sub- 
lattices. Further, we shall include only the external and 
molecular fields in the total field acting on a sublattice, 
thereby neglecting anisotropy and demagnetizing fields. 
Although these fields can also be included in our general 
equations in a straightforward way, the results become 
so much more cumbersome as to almost entirely obscure 
the basic points of interest. 


COMPLETE SOLUTION FOR TWO SUBLATTICES 


Since each sublattice represents a strongly coupled 
system of electronic moments, we adopt an equation of 
motion for the ith sublattice of the Landau-Lifschitz 
form (2), i.e., we write 

dM ,/dt=y.M:XHi—a,M:X(M:XH,). (6) 
In (6), y; and a; are the gyromagnetic ratio and relaxa- 


tion parameter of the ith sublattice, while H,, the total 
field acting on it, is given by 

H,=H+ )Mz, H,.=H+,AM,, (7) 
where H is the external field and \ the molecular field 
coefficient. 

We assume the external¥field has a constant com- 
ponent H,=H, and two small transverse components, 
H, and H,, each proportional to e**‘. Inserting (7) into 
(6), assuming that M, and M, are also proportional to 
e’“*, and neglecting second-order terms, one finds that 


M ;.=M —const, (8) 


and that the remaining four components of the equa- 
tions of motion can be put in the form 


(iw+A)M,—CM,+Jd,—FA,=0,H.—714Hy 
CM + (iw+A)M,+FA.4+-JA,=74H+0,Hy, 
EM,—DM,+ (io+ B)A:—GA,=a_H,—7_H,, 
DM.+EM,+GA,+ (iw+ B)A,=y-H:+a_Hy, 


(9a) 

(9b) 

(9c) 

(9d) 

where (with j7=2, y): 

M;=Mi;+M2;, Aj=Mij—M3;, 
a,=a,M Pta.M;’, 
¥4=1MityM>. 

The various coefficients are given by 
A=}3(HT,—)T_A), 
B=3T,(H+AM), 
C=7H— iA, 

D=6H— yA, 
E=}(HT_—)Yr,A), 


(10) 
(11) 
(12) 


(13) 
(14) 
(15) 
(16) 
(17) 
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F=6(H+,M), 
G=7(H+AM), 
J=19_(H+\M), 


(18) 
(19) 


(20) 
where 
M= M,+ M,, 


A=M,—M2, (21) 


(22) 
(23) 


v=3(yit72), 5=3(v1—-72), 
P,=a,M tam». 


Equations (9) can now be solved for M, and M,. The 
solutions are found to have the form (1) withX,=X,=X. 
The results are 


Dx =a,K+74,L+aM+7_VN, 
Dp= —1(7¥4K-a,L+7_M—a_N), 


(24) 
(25) 
where 
K=A(B’+G’*)+ B(DF- EJ) 
—G(DJ+EF)—w*(A+2B) 
+iw(B+G?+2AB+DF—EJ—«”), 
£=C(B’+G’*)—G(DF-— EJ)— B(DJ+ EF) 
—w°C+iw[2BC—(DJ+EF)], 
M= E(F?+J*)+J(CG—AB)—F(AG+ BC) 
+w*J —iw[lJ(A+B)+F(C+G)], 
N= D(F?+ J?) -—F(CG—AB)—J(AG+ BC) 
—w*F —iw[ J (C+G)—F(A+B)], 


(27) 


(28) 


(29) 


and where D, the determinant of the coefficients of (9) 
is given by 


D= { (A?+C*) (B+G*)+ (P°+ F) (F’+J’) 
+2(AB—CG)(DF—EJ)—2(AG+ BC) (DJ+EF) 
—w(42+C4+ B4+G?+4A B+2(DF—EJ)]+w'} 

+ 2iw[A (B°+G*)+ B(A?+C*)+ (A+ B)(DF-EJ) 
—(C+G)(DJ+EF)—w(A+B)]. (30) 


EFFECTIVE PARAMETERS 


Our basic general results contained in (24)—(30) are 
obviously much too complicated to be easily interpreted. 
As usual,!* however, we can expand our results in 
powers of the molecular field coefficient \ and keep only 
the terms in the highest power of \. One finds from 
(13)-(23) and (26)—(30) that the coefficients of 4 in D 
and of A? in D, K, £L, MN, and N are zero, so that the only 
terms of these expressions that we need now consider are 
those of order A’. 

One finds that, to this approximation, 


D/ (Ay172)?= H?M?( 1 +a;25;’) (1 +a2*S,") 
—w*[S?+ (artaz)*S 282? ]+2iwHM [aS ? 
+aS2?+-a1a2(a1+a2)S 7S], (31 ) 


K/M= HMA Ly? +F+ 4 (02-14) } 
+ioM[M (+40?) 


—A(yo+4P4T_)], (32) 
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£/M= HM yy —F +3 (P2+T_*) ]— Fr yP-} 
+iwM[}4 (oT _-—8Ty)], (33) 


M/M= AMAT _[y+e—4(0,2?—-T_*) ]—yal 4} 
+iwM[—M (y6+47,T_) 
+A(P+31T_*)], (34) 
N/M = HM —d[y?—#H—3F (TP 24+T_*) ]—39T 4 T_} 
+iwM[—3M (yT_—<aTy)], (35) 
where S;=M ,/v; is the angular momentum of the ith 
sublattice and S=.5,+ Seis the total angular momentum. 


Inserting these results into (24) and (25), one finds 
that x and ¢ can be written in the form 


Dx=72[14+ (a-S)*JHM + iawM?, 
O¢=7.0M+i8.HM?, 


(36) 
(37) 


D=72[1+(a2S)*]H*—w*+2iawHM, (38) 
vye(1+ (aS)*]=[M2(1+arS2)(1+a2S3%) /Z, (39) 


ae= [a,S?+a2S;? 
+a02(a;+a2)S7S," |/Z, 


ye’ ={M[SH (arSi+a2?S2)SiS2]}/E, 


Be=4 (71-72) { (a1— a2) ara2S 7S 2? 
—[((akM —aM ')/(y172)?}}/2, (42) 


L=S?+[(aytar)S1S2 P. (43) 
The quantities denoted by the subscript e are the ones 
we designate as the effective parameters, because, by 
comparing (36)—(38) with the ferromagnetic result given 
by (3)-(5), we see that the susceptibilities for the two- 
sublattice system have essentially the same dependence 
on frequency, field, and net magnetization_as do those 
for the ferromagnetic system. 
If we write x=x’—ix”, ¢=¢'— io”, and set 
I?=y2(1+ (aS)*], 
we easily find that 
Dy! = HM([P?(l*H?—w?)+2(awM)?), 
Dx!" =a 40M? (w*+T?H?), 
Do! =oM[y.' (T?H?—w*)+ 2a8H?M"), 


Do" = HM?(2avy.'w®—8.(T?H?—w) | 
where 
D=|D|?= (T2H?—w*)?+ (2aaHM)? 
=I-*{ (TH? — (T?— 2a2M*)w* P 
+ (T?—a?2M?)(2am07M)*}. (49) 
As a simple check on our work, we see that if we set 
a;=0, then a,=8,=0, y2=(M/S)*, y.’.=M/S, and the 
components of x and ¢ reduce to well-known previous 
results.! We can obtain the ferromagnetic case by 
setting y:=7, a;=a, S;= 45S; we find that a,=}a, 8.=0, 
and y.=y.- =M/S=y, and the values of x and ¢, of 
course, reduce to those given by (3)-(5). 


where 


(40) 
(41) 


(44) 


(45) 
(46) 
(47) 
(48) 
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There are several remarks to be made, however about 
the general results. The effective relaxation parameter 
a, is always positive since the a;>0. Therefore, the 
absorptive component x” given by (46) will be always 
positive; thus these expressions no longer lead to the 
previous unacceptable situation of negative absorption.” 
We also see that since, in general, y.~+y.’, the effective 
gyromagnetic ratio which basically determines the 
Faraday effect, y.’, is different in principle from that 
obtained from the study of the resonance absorption. 
An interesting property of y,’ is that for appropriate 
relative values of a; and S;, y.’ can have a sign opposite 
to that of M/S since the product 5,5, is negative in the 
ferrimagnetic case. Finally, the term in ¢ proportional 
to 8, is a completely new term, entirely absent in the 
ferromagnetic case as we can see from (4). This new 
term is a direct consequence of the sublattice structure 
since it is proportional to (y1—72) from (42) and hence 
vanishes for the case of equivalent sublattices; we also 
note that it is of third order in the relaxation parame- 
ters aj. 

All of these distinctions disappear, however, if the 
damping is sufficiently small. If we keep only terms 
linear in the a,, we find from (39)-—(43) that 8,=0, 


a= (asSs-+035:')/S*, 
yé= (M/S), y=M/S, 


and we are back to our familiar results with a simpler 
expression for the effective relaxation parameter which 
is still always positive even in this limiting case of small 
damping. For many cases, of course, (50) and (51) 
along with (45)—(49) will be sufficient to use in dis- 
cussing experimental results. 

The values at the compensation points M=0 and 
S=0 are of particular interest. Since a, is always 
positive, there will not be a compensation point for 
effective relaxation parameter, in contrast to previous 
simpler results.2 At the compensation point for mag- 
netization (M=0), x=¢=0 and y2 and 7,’ also vanish; 
we return to this case below. At the compensation point 
for angular momentum (S=0), S2=—S;, M=y7S; 
+7252= (yi—72)S1, and we easily find from (39)-(43) 
that 


ae= (1+-aya25;*)/[ (a1 t+e2)S1"], (52) 
ve =((11—-2)/ (ertae)S1 P(1+aSy*) (1+a2*S1?), (53) 
(54) 


(50) 
(51) 


y= Ba (v¥i- 2) (a:—az)/(ai+a2), 


B.= 3 (¥1—2) (ar+a2)~* 


x { (a1— a2)aya2— (y 1¥2) *(y24!as?— 140°) }. (55) 


Equation (54) shows quite clearly that y,’ can in 
principle be of either sign, and upon further comparison 
with (53), we see that y.2+ (y.’)*. It is easily shown that, 
for this case, 


ve— (ve)? =L(yi—y2)@eS1 P. 
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We have seen that our expansion to order \” has given 
us finite, nonvanishing results except for the single point 
M =O. In order to investigate the situation more closely 
here, we can calculate the terms of order \ in (24)—(29). 
Since (30) does not vanish for M=0, we need not con- 
sider it ; our work can be further simplified since we need 
only find the terms of order \ when M=0, since, for 
M+0, our expansion to order * suffices. The pro- 
cedure is quite straightforward, and we find that 
D= —d*(wM 1) (y¥i— 72)? + (art a2)*M 2], Dx=—D/d, 
and D¢é=0. Therefore, at M=0, we can say that 
x= (—1/A)+terms of order (A~*) and that ¢ is of order 
(A~*). Therefore, the absorption at M=0 is, at most, of 
order \~*, and can usually be taken as zero. If anisotropy 
is included, then x” turns out to be of order (1/A) 
at M=0. 


NECESSITY OF TOTAL FIELD RELAXATION 


Since the Eqs. (6) lead to results which are reasonable 
and avoid the difficulty of a negative absorption 
throughout the whole range of magnetization, including 
the compensation region, the question then naturally 
arises as to whether this is really due to the inclusion of 
relaxation toward the instantaneous total field on the 
sublattice or whether it is simply a result of using the 
complete Landau-Lifschitz relaxation term in (6). The 
simplest way to answer this question is to look at the 
consequences of dropping the terms involving ) in the 
relaxation term of (6). One easily sees that this means 
that all terms involving a product Aa,, or, equivalently, 
AT, will not appear in (13)—(20). One can now proceed 
exactly as before but with the omission of these terms. 
One finds, first of all, that the coefficient of —w’ in (31) 
is simply S*. The final results still can be written in the 
form (36)-—(38), but now the values of the effective 
parameters, indicated by dashed symbols, are found to 
be simply 
(56) 
(57) 
(58) 


4.=7-=M/S, 

a.= (a,M Si +a2M S2)/MS, 

6.=0. 
Although it is still possible to define effective parameters, 
they are immediately seen to have the undesirable 
properties that were eliminated by (39)—(43), even for 
the case linear in a;. In particular, the effective gyro- 
magnetic ratios and relaxation parameters have infinite 


discontinuities at the compensation points. In addition, 
(57) can be written, with the help of (56), in the form 


&e= — (1/Fe){ |yi1arS2+ |y2|a2527}/S*, (59) 


and the sign is thus determined as the negative of the 
sign of 7-. Since 7, is positive between the compensation 
points, &, will be negative in this region, thus once again 
leading to the possibility of an unacceptable negative 
absorption. These results thus show quite conclusively 
that an adequate macroscopic representation of relaxa- 
tion in multiple sublattice systems must describe re- 
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laxation toward the instantaneous value of the total 
field acting on the individual sublattice. 

In this connection, we see from (56) and (58) that the 
distinction between 7, and y,’, as well as the new term 
in (37) proportional to 8,, is also a direct consequence of 
total field relaxation and in principle offers a means of 
experimentally checking these results. 

Although we shall not discuss it in detail here, one can 
apply the same approximate methods previously used 
for an arbitrary number of sublattices’ to Eqs. (6) 
and (7). One easily finds that the effective parameters 
obtained in this way are exactly those given in (56)—(58). 
Thus, this method, which has been previously quite 
useful, fails to give the correct result for an arbitrary 
number of sublattices even though the total fields are 
used in the initial set of sublattice equations of motion. 

A brief mention of the effect of assigning different 
sublattice parameters has been made by Calhoun, 
Smith, and Overmeyer.’ Although they do not discuss 
their derivation of their result, their expression for the 
effective relaxation parameter in their notation is only 
linear in the a; and is of the same general class as that 
given in (50), i.e., will also not remain finite in the 
compensation region. 


LINE WIDTH BEHAVIOR 


We can get some idea of the expected behavior of the 
line width by looking at the conditions on the external 
field for the minimum value and twice the minimum 
value of D in (49) since these are almost the same as the 
conditions for the maximum and half-maximum value of 
x’. If the value of the field which makes D=D,nin be 
designated by Ho, and that which makes D= 2D yin by 
H*=H,+Ad, we easily find from (49) that 


2H .AH+ (AH)?= 204M (T?—a?2M*)3/T. (60) 


If, for simplicity, we assume that the a; are small 
enough so that we need only consider the linear ap- 
proximation, we have ['y.<~M/S, and Hy¢~w/|7-|, so 
that (60) becomes 


(MAH)+[ (MAH)2/2w| S| ]=o(a-S?) 


=w (aS ?+a25 2”) =wd, (61) 


with the use of (50). We note that the right-hand side of 
(61) is always finite and positive. Solving (61) for MAH, 


we get 
MAH =wo|S| {1+ (2a/|S|)}!—1}. (62) 


If a/|S|K1, we get MAH~wa, while if |S|—0, 
MAH~w(2a\|S|)4 and vanishes at S=0. Thus, we see 
that the product MAH varies continuously through the 
compensation region, in agreement with previous 
results.23 This result does not mean that AH itself 
vanishes at S=0, but is a consequence of keeping only 
the linear terms. 


Calhoun, Overmeyer, and Smith, IBM Research Memo. 
RC 79, November 1957 (unpublished); Calhoun, Smith, and 
Overmeyer, J. Appl. Phys. 29, 427 (1958). 
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It is shown from a manifestly gauge-invariant Hamiltonian that the Meissner effect can follow from an 
energy-gap model of superconductivity. The superconductor is described by Fréhlich’s Hamiltonian and the 
superconducting properties at the absolute zero are determined by a method due to Bogoliubov. In the 
weak-coupling limit (7.«@p) there is an energy gap which leads to a Meissner effect. The method of 
Bogoliubov is extended to apply at general temperatures and the current is calculated in the weak-coupling 
limit. The results are in essential agreement with those of Bardeen, Cooper, and Schrieffer. 


1. INTRODUCTION 


UESTIONS have been raised! concerning the gauge 

invariance of the theory of superconductivity of 
Bardeen, Cooper, and Schrieffer. The idealized Hamil- 
tonian which they used is not gauge invariant because 
of the momentum dependent cutoff on the effective 
interaction between electrons. While, as shown by 
Anderson,’ errors arising from: this cutoff are small in 
the weak coupling limit (7.<<@p), it is more convincing 
to start from a Hamiltonian which is manifestly gauge 
invariant. 

The Hamiltonian used by BCS is based on one de- 
rived by Bardeen and Pines‘ with use of a canonical 
transformation which replaces the electron-phonon 
interaction by an effective interaction between elec- 
trons. Since the canonical transformation introduces 
extra terms in the expression for the magnetic inter- 
action and current density (which again are small in 
the weak-coupling limit), it is desirable to start from 
the original Hamiltonian which includes the electron- 
phonon interactions and which is gauge invariant. 

Since Coulomb interactions do not play an essential 
role in the explanation of the Meissner effect, we have 
simplified the problem by starting with Frélich’s Ham- 
iltonian® from which Coulomb interactions are omitted. 
For further simplicity we have calculated the current 
in the gauge for which divA=0. However, because the 
original Hamiltonian is gauge invariant it is clear that 
this simplification does not affect the existence of the 
Meissner effect. Indeed, Anderson has shown by intro- 
ducing the collective excitations of the system how the 
calculation is to be performed in another gauge. 

The approach is that used by Bogoliubov® to obtain 
the ground-state energy and excitation energies of the 
superconducting state at the absolute zero. In Sec. 2 


* This work was supported in part by the Office of Ordnance 
Research, U. S. Army. 

1M. J. Buckingham, Nuovo cimento 5, 1763 (1957). M. R. 
Schafroth, Proceedings of the International Conference on Low- 
Temperature Physics and Chemistry, Madison, Wisconsin, 1957 
(to be published). 

2 Bardeen, Cooper, and Schrieffer, Phys. Rev. 108, 1175 (1957). 
This paper is referred to as BCS. 

3 P. W. Anderson, Phys. Rev. 110, 827 (1958). 

4 J. Bardeen and D. Pines, Phys. Rev. 99, 1140 (1955). 

5H. Frohlich, Proc. Roy. Soc. (London) A215, 291 (1952). 

6 N. N. Bogoliubov, Nuovo cimento 7, 794 (1958). 
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the method is outlined and in Sec. 3 the Meissner 
effect and an expression for the current at the absolute 
zero similar to that of BCS are obtained. In Sec. 4 the 
results are extended to higher temperatures. 

Because the phonons have not been eliminated from 
the Hamiltonian, the calculations are complicated by 
the existence of the electron self-energies. BCS have 
assumed in comparing their results with experiment 
that the electron energies include the self-energy arising 
from the interaction of the normal electrons with the 
phonons. It is in principle possible to prove this assump- 
tion from the approach of this paper. This is carried 
out to some extent incidentally, but a complete proof 
requires that the calculation be taken to higher order, 
a program which is outside the scope of this paper. 


2. OUTLINE OF BOGOLIUBOV’S METHOD 


The aim of this section is to obtain the lowest eigen- 
states and eigenfunctions of Fréhlich’s Hamiltonian, 


H=D ExCx,0*C x, c+, hwrghg*by 


ko q 


+ x 
k,k’,o 
q =k’ —k, 
where é is the Bloch energy of an electron, fw, is the 
energy of a phonon of wave number 4q, g is the inter- 
action constant, and 0 is the volume. b,* is the operator 
which creates a phonon of wave vector q and Cy ,* is 
the operator which creates an electron of wave vector 
k and spin o. Throughout this paper it will be assumed 
that w is a constant. To solve this problem Bogoliubov® 
has introduced the canonical transformation 


yn0= UpCut—ViC_xa*, 
ni = UC_ng t+ ViCct*, 
where U,, Vx are real constants that satisfy 
U?+V,?=1. 
It is easily verified that yxo*, yxi* satisfy the commuta- 
tion relations for Fermi operators. They are operators 


which create quasi-particle excitations from the ground 
state, |0), defined by 


v«x0|0)=0, yuil0)=0 for all k. 


Tir, \ * 
‘(—) (Cx, o*C x’, obg*+comp. conj.), (1) 


(2) 
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With the choice of Ux, Vx given below, Bogoliubov has 
shown that this state, which corresponds with the 
superconducting ground-state wave function of BCS, 
has a lower energy than the normal state. The operators, 
x, have been introduced independently by Valatin’ to 
simplify the formalism of BCS. It is convenient, as 
BCS found, to allow the number of particles to vary in 
the wave function so that the expectation value of 


N= > k, oC, oC, v7 


in the eigenstates is Vo, the number of electrons present. 
This is achieved by adding a term —XNV to the Hamil- 
tonian and choosing the Fermi level, \, so that 


N=N). (3) 


In terms of the new operators the total Hamiltonian is 
given by the system of equations 


H=Ho+Ai*+AY+H27+U, 
Ho= De Ek (veo veo tev i) +> gb ,*b,, 


tur * 
1 (=) 
kk’ . 20 


—— 
X COV + U Vic) (10 V071* +7 cr¥ 0/0) bq" 
+ (UU — ViVier) (Yu0*¥x0 
+7 «/1*¥i1)bg*+comp. conj.], (4) 
HP = 042 (ee —A)U Vic (Vu0*Var* +717 x0), 
B= Yiel (ee —A) (Ue — Vi?) — Ex) (1 0* x0 +1 7x1); 
U=20e(&—d) Vv. 


The term H,* has been introduced to take account of the 
renormalization of the energies of the excited particles. 
For the discussion of the Meissner effect it is useful to 
introduce this renormalization explicitly into the 
Hamiltonian. 

The problem is complicated by the fact that even in 
the normal state an electron is surrounded by a cloud 
of phonons which gives rise to a self-energy. The energy, 
€x, of the electron in the normal state is therefore dif- 
ferent from é, the.energy of a “bare” electron. Since 
we wish to compare the superconducting state with the 
normal state, we replace é, by ex in Eqs. (4) and com- 
pensate for this by adding the terms H»° and H» given 
below to the Hamiltonian. 


HS=> u(ex— ex) (U?— V?) (yuo*y not Vur*7 x1), 
He=> 62 (ex— ex) UV (yuo yur* +717 x0)- 
The difference (@:—x) is found below [Eq. (9) ]. We 
could take into account the renormalization of w but 
this will not enter the following discussion. 


The constants Uy and Vy are determined from the 
following considerations. In the weak-coupling limit of 


7J. G. Valatin, Nuovo cimento 7, 843 (1958). 
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g small we can try to solve the problem by perturbation 
theory with Ho as the zero-order Hamiltonian. We shall 
refer to the various terms of the expansion by referring 
to the corresponding Feynman graphs. In these graphs 
(see Fig. 1) the dashed line indicates a phonon, a line 
with an arrow to the left a particle “0” and a line with 
an arrow to the right a particle “1.”” Now there will be 
some terms of the perturbation expansion, for instance, 
those illustrated by the graphs of Fig. 1, in which two 
excited particles are created from the vacuum. The 
corresponding integrals will contain denominators 
(2E,). If the unrenormalized energies appeared, the 
integrals would diverge and for this reason they are 
called “dangerous” by Bogoliubov. Even when the 
renormalized energies are used the integrals will be 
large. Therefore, we choose Uy, V% to make these 
contributions vanish. To second order in g, the con- 
tributions of Fig. 1 must cancel. (H2 will give a con- 
tribution of higher order.) Therefore 


2(ex—A)U Vy 
gehw (U'U—V'V) 
—> —_————(U'V+V'U)=0, (6) 
kt Q twtE+E’ 
E'=E(k’), etc. 


This is an integral equation for U, V which has been 
solved by Bogoliubov for small g. The solution is given 
by the following equations when g and w are constants: 


1 fy 1 & 
ue=-(1+—*_), ve=-(1-— ), 
2 (:2+¢,”)! 2 (&2+¢,)! 


g° 
x= ex-A—— DU 


22 & tw+E+ EF’ 
g hw e 


» : —, 
22 & twt+ E+E’ (¢?+c’)! 
Cxo=Co= 2hw exp[—1/p], p=N(0)g°/2. = (7) 


Here ko is the momentum at the Fermi surface, N (0) 
is the density of states at the Fermi surface, co is the 
same as €9 of BCS, and p is the same as V(0)V of BCS. 
d is determined according to (3) so that ¢ is zero at the 
Fermi surface. £ is then the single particle energy in the 
normal state as measured from the normal Fermi sur- 
face, Xo, i.e., 


u"—V"), 





£=ex—Xo. 


The renormalized energy in the superconducting 
state, Ey, is determined from the fact that since it is 


> 


Fic. 1. Graphs which give rise to small energy denominators 
at the absolute zero. 
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the exact energy of the state yx*|0) (relative to the 
energy of |0)) the corrections to the energy of this 
state must vanish. To order g*, we find from second-order 


perturbation theory 
(@—A)(W’— V*)—E, 
vhw 


22 & (hw+E’—E) 


(U'U—V'V)? (U'V+UV’? 
sous - =(), 
(w+ E’+ E) 





Neglecting terms of order (co/hw)?, we have 


Ex=(? +00) t— (¢*hw/22) EO ((hw+E”Y- BE} 
k’’ 


+(&—eaxli(P+c2)-4. (8) 


In the sum the energy, E;, can be replaced by the zero- 
order approximation, £(#+-c,?)~*. Using the fact that 
when ¢9— 0, E— |€], one obtains 


ghw 
sit PN DL Chwt+é"?-#?P, 
rod 


E,y= (#+00)}. (9) 


Terms of order pco(#+c*)! have been neglected in 
obtaining this result. For most superconductors p has 
values ~0.2 to 0.4 so that these terms are not negli- 
gible. For a complete justification of the formula of 
BCS it would be necessary to carry the perturbation 
expansion to terms of the fourth order in g. 


3. MEISSNER EFFECT AT THE ABSOLUTE ZERO 


In terms of the creation and annihilation operators 
for “bare” electrons the interaction between the elec- 
trons and the electromagnetic field is, to first order in 
the vector potential A(r) 


eh \ (2r)! 
ts~(—)— SE CyetCxoa(k’—k)- (k!-+k) 


2mc/ Q k,k’,e 


e 
+ f Br AY) De® LHC 
2m k,k’,o 


a(q)= (ny f ar A(r)e~*4"*, 
In terms of the operators for the creation of the new 
quasi-particle excitations the interaction becomes 
Ha=Ha'+H 4", 
ch \ (2r)! 
H,'= (—)— S (k-+k’)-a(k’—k) 
2mc/ Q kyk’ 
X (v0 Yx0— Vier *Vu1) (UU + V'V) 
+ (Yeo ¥ur*— Ye1¥ x0) (U'V—UV)}, 


INVARIANCE 


é 
A,”=—— 
2meQ 


d®r A?(r) > ef(e-k)-+ 


i,k’ 
X { (ye 0* vob V1 *Vu1) (UU — VV") 


+ (yuo Vir * HY x 1¥K0) (U/V+UV) +2V 25x}. (10) 

In order to calculate the current, j(r), we shall first 
calculate the energy, ELA], to second order in A(r) 
and then use the result 


j(r)= —c{SE[AV8A(n)}. 


We choose the gauge so that divA is zero. This means 
that the perturbation does not introduce the collective 
excitations of the system.’ To zero order in g, one easily 
finds that 


chy? (2r)! 
i) =(=) —— > (k+k’)[(k+k’)-a(k—k’)]} 


m 2c k,k’ 


(U'V-UV’? Ne 
ei (k-k’) -r_____________A(r), 
E+E’ mc 


(11) 


This expression is of the same form as that of BCS 
[see Eqs. (5.14) and (5.15) of reference 2] and implies 
a Meissner effect. However, since important terms of 
order g’ are implicitly included in Eq. (11) we must 
calculate the current to this higher order to ensure 
that they are not canceled. 

Many of the graphs of order g* give contributions to 
the energy that are zero or of order (Aw/Er) which can 
be neglected. Those graphs which contain an inter- 
mediate state in which only two particles of equal 
momenta are present cancel because of the condition 
imposed on U and V. The remaining graphs which 
contain H,4” involve only the diagonal part of this 
operator. The corresponding contributions to the 
energy are convergent sums of the form 


i (U?— V*)f(E), 


where f(£) is a function of E but not of £. This sum is of 
order tw/Epr. The graphs, in which the two vertices at 
which 4’ acts are joined only by lines containing other 
vertices, give zero contributions because of the choice 
of gauge. The proof of this result is the same for all 
these terms so we shall prove it only for the particular 
term corresponding to the following sequence of 
processes. 

Particles of momenta, k, k+q, are created from the 
vacuum by H4’—the particle of momentum, k+4q, is 
scattered to 1+ q with the emission of a phonon—the 
particle of momentum k is scattered to | with absorp- 
tion of a phonon—the particles are destroyed by H 4’. 
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The corresponding contribution to the energy is 


—(eh/2mc)?(24/2)*ehw > [21-a(q)] 


lk,q 


X (OW ipq—UigV1) (UU x— ViV x) 

X (UnrqU eq—ViergV re) Ur V nr g—UergV) 

x [2k-a(q) JTE(I)+£(1+q) } (E(k) +£(k+q)}° 
X w+ E(k) +E(14+-q) 


When we proceed to the limit 2— © and replace the 








(UV’—U'V)(UU'+VV)(U"U-— 
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sums by integrals we have an expression of the form 


foaf ee aco-x[ aca: fu ses, \eeral, [+a] 


where f is a scalar function. In the integration over | 
the only direction defined is that of q. Hence the in- 
tegral is proportional to (a-q) which is zero. This 
proof depends on the simplifying assumption that w is 
a constant. 

There are four graphs in which H4’ scatters one of 
the particles just once and these contribute to the cur- 
rent an amount 


y" V) (U V+ vu") 





ch\? (2x)! 
(2) 


m co? k,k’,k’’ 


This vanishes in the normal metal and also in the 
London limit where the important values of k and k’ 
are such that | k—k’|fvg<eo. In the Pippard limit, 

k—k’|hvg>e0, which is applicable to penetration 
phenomena this term is of order (€¢?/#vo| (kK—k’ | Aw) and 
can still be neglected. 

The remaining graphs of which there are sixteen are 
connected with the self-energies of the particles. They 
are such that H,4’ creates and destroys two particles; 
H.$, H27 or a phonon interacts with one of the particles. 
The contributions of these graphs to the current are 


ch\? (2x)! 
j= (=) 
ml 20 
xX LD (k+k)[(k+k’)-a(k—k’) Jet) 


k,k’ 
XL/(E,E’,€0) +f(E’,E,e0) J, (12) 


where 


(¢—-a)(W-V)—E 
f(E,E’,€0) = (U'V— uv Bs 7 


(E+E’) 





gv hw (UU"—Vv") 

20 &” (E+E’)*(tw+E"+E’) 
(UV"+VU")? (tat+2E+E"+E’) 
(E+ EB’)? (w+ E+E) 

hw (U V"+ vu"? 
x—2 
20” (hw + E+E") (hot+E"+E’) 








+(U'U+V'V)? 





(13) 


In the London limit this becomes 


, ch\? A(r) 2 g’hw 
woe 


m cd ue 


R(UV"+VU")? 
(ha +E+E") 





g’ 2e 
= N(0)— —N (0)A(r), 
2 3¢ 


(ha+ E” + E) (ha+ E+ E’)(E+E’) 


X (k+k)[(k+k’)-a(k—k’) Je**-*?-*, 





where 
do=hko/m= (1/nh) | Vukx | ° 
Therefore the total current in this limit is 
i(r) = —3LN (0)bee?/c}(1—p)A(r). 
This limiting form implies a Meissner effect.* The factor 
(1—p) takes into account the renormalization of the 


velocity at the Fermi surface to order g’. For this re- 
normalized velocity is 


v= (1/h)| Vel. 
With the use of Eq. (9) this can be rewritten 
0o=Do/(1+p) ~do(1—p). 
Hence the limiting form of the current is 
j(r)= —3LN (0)oe?/c JA(r), 


in terms of the parameters of the normal metal. This 
is in agreement with the result of BCS. 

To evaluate the current in the general case it is useful 
to split off the corresponding current in the normal 
state, that is, 


jo(r)=J2'(n)+92""(1), 


where 


ch\? (2r)! 
i”)=(=) > (k+k’)-a(k—k’)et*-®) 
mI 2c? xk’ 


xL/(1é],¢’1,0)+/(/ ¢’1,]€1,0)], 


and f is defined in Eq. (13). Combined with the corre- 
sponding contribution of zero order in g, jo’’(r) gives the 
Landau diamagnetism of a normal metal and the zero- 
order c rrection to it. The interesting part of the current 
in the superconductor is je’(r). From Eq. (12) we can 
follow the analysis of BCS which leads from their 


8M. R. Schafroth, Helv. Phys. Acta 24, 645 (1951). 
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Eq. (5.15) to (5.37). In this way we obtain 
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The important contributions to the integrals are ob- 
tained when || and |’) are of order eo. For these 
values of |£| and |£’| we have, neglecting terms of 
order (€o/hw)* 
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The second term is canceled by the corresponding term 
in J(R,0) so that, neglecting terms of order (€o/hw)*, we 
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If the zero- and second-order terms are now combined, 
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where 
J (R)= (1—2p) [I (R,0) —I(R,e0) J. 


Since to this order 
dé=de(1+p), 


we can replace unrenormalized quantities by renor- 
malized ones in J(R) and obtain just Eq. (5.42) of 
BCS with all parameters referring to electrons in the 
normal state. It is consistent with our approximations 
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Fic. 2. Graphs which give rise to small energy denominators 
above the absolute zero. 


to replace the c, which appears in the definition of 
U, [see Eq. (7) ] by co=eo. The result is then exactly 
the same as that of BCS. 


4. MEISSNER EFFECT AT ANY TEMPERATURE 


In this section we outline the extension of the method 
to a general temperature. We proceed formally as in 
Sec. 2 introducing new operators xo, Yx1 through Eqs. 
(2) and rewriting the Hamiltonian as in Eq. (4). How- 
ever, Uy and V, satisfy a different equation for there 
are more possibilities of obtaining small denominators. 
The zero-order state contains the quasi-particle excita- 
tions with probabilities given by the Fermi-Dirac func- 
tion, f{(£). This means that besides the graphs of Fig. 1 
there are ‘‘dangerous” graphs like those of Fig. 2. For 
all these graphs to cancel we must have 


gh 
(ex.—-A)U Vi =L aap VU’)(UU'—VV’) 
k’ 20 
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This equation leads to the same temperature-dependent 
energy gap as obtained by BCS, with Zy still given 
formally by Eq. (9) and co temperature-dependent. 

To the first order in A and zeroth order in g, one 
obtains for the paramagnetic current, 


eh \? (2x) 
(=)  (k+k)[(k+k’)-0(k’—k) Joie) 


2m cl? k’k, 
(UU'+VV’)? 


(u'v-UVy fae 
| (E-E’) FF 3- 


To? ideal 


The diamagnetic current is the same as at the absolute 
zero. If the terms of order g* and (€/Aw) are neglected 
the total current is formally the same as given by BCS. 
The effect of higher order terms has not so far been 
computed. 
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The hfs splitting Av of the metastable state of singly ionized 
helium 3 is determined by an ion-beam method. The conventional 
inhomogeneous molecular-beams A and B fields are replaced by 
radio-frequency fields at 13350 Mc/sec. At this frequency 
transitions are preferentially induced between the F= 1 component 
of the 22S; state and the short-lived 22P, state. All those ions 
which have made the transition decay immediately to the ground 
state. Thus, as the beam passes through such a field, state-selection 
is accomplished by selective quenching of the F=1 metastable 
ions. Two types of detection have been used: photoelectric 
detection of the Lyman-alpha photons emitted in the second state 
selector, and metastable ion detection by the surface Auger effect. 

Eighty-six determinations of the hfs splitting have been made 
under a range of experimental conditions. The final result 
is Av=1083.35499+0.00020 Mc/sec. This value is compared 
with the theoretical hfs splitting for a point nucleus, which 
includes the known electrodynamic, relativistic, and redtuced-mass 
corrections, and which may be computed precisely, since the 


I. INTRODUCTION 


N recent years a number of authors have discussed 

the theory of the three-body nuclei, helium-3, and 
tritium. In particular, Sessler and Foley’ have shown 
that a contribution to the S-state hfs splittings of He* 
and He** of the order of one part in 10* is to be expected 
from the effects of nuclear structure and possibly also 
from the effects of nuclear interaction currents. Un- 
fortunately, knowledge of the He* nuclear wave 
function and interaction-current Hamiltonian is at 
present so imperfect that it is impossible to estimate 
these effects with precision.? On the other hand, the 
absence of any observable hfs anomaly in tritium’ 
implies that the interaction current effects in the H* 
nucleus are small. If this is also the case for He’, an 
experimental determination of the hfs will provide a 
test of proposed He* nuclear wave functions. Alter- 
natively such an experimental determination, taken 
together with independent information about the 
nuclear wave function, may give insight into the 
precise nature of the He’ nuclear interaction currents. 

The hfs splitting of the 2*S, state of the He*® atom, 
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atomic wave function of He** is hydrogenic and known exactly. 
The observed hfs splitting is smaller by 186 ppm than the theoret- 
ical value. This anomaly is attributed to the effects of finite 
nuclear and nucleon size, higher order radiative effects, and 
possibly also to nuclear interaction currents. Estimates are made 
of some of these effects. 

The hfs splitting Ay(1s) of the ground state of He** is estimated 
on the basis of the present result to be Av(1s)=8665.628+-0.013 
Mc/sec. 

The experimental result is also compared with the experi- 
mentally determined hfs splitting of the 1s2s (85,) state of the 
He® atom. The ratio of these two quantities yields a precise 
estimate of the electronic charge density at the nucleus of the 
2 8S; state of the He’ atom. 

Finally, the monoenergetic nature of the ion beam has allowed 
observation of a new molecular beams resonance power sharpen- 
ing effect. 


Av(He’, 22S,), has been determined by Weinreich and 
Hughes,® but their results cannot be used to study the 
effects discussed above, because of uncertainties in 
existing two-electron wave functions.* On the other 
hand, the electronic wave function of He** is hydrogenic 
and known exactly. Thus deviations of the observed 
hfs splitting of the ion from that calculated for a 
point-dipole nucleus may be interpreted in terms of the 
above-mentioned nuclear effects. 

In the present paper we describe an experimental 
determination of the hfs splitting of the metastable 
state of He*+, Av(He**, 2.S,), by an ion-beam method. 
The metastable state was chosen for study simply 
because a method of observation appeared feasible, 
whereas no practical method has been proposed for the 
ground state. Unfortunately, an inherent difficulty is 
associated with the metastable state; namely there 
exists the possibility of a Stark shift in the hfs splitting 
due to electric field mixing of the 27S; state with 
close-lying 2P states. The experimental apparatus has 
thus been designed to minimize spurious electric fields 
along the beam trajectory. 

A preliminary value of Av(He**, 27S), hereafter 
denoted by Av, was reported in a previous publication.’ 
Since that time a number of important changes have 
been made in the apparatus. The quality of the rf 
used to induce hyperfine transitions has been improved, 
the method of detection has been changed, and the 
apparatus has been generally stabilized. In addition, 
a systematic search has been made for shifts in the 
resonance line under observation. It was thus discovered 
that the preliminary value of Av was in error because of 


5G. Weinreich and V. Hughes, Phys. Rev. 95, 1451 (1954). 
* W. B. Teutsch and V. Hughes, Phys. Rev. 95, 1461 (1954). 
7R. Novick and E. Commins, Phys. Rev. 103, 1897(L) (1956). 
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a shift resulting from overlap of AF=1, Amp=0 (c) 
and AF=1, Amp=+1 (7) transitions. The overlap 
condition was eliminated when final observations were 
made. 

On the basis of the splitting observed in the meta- 
stable state and the theory of the hfs of hydrogenic 
systems it is possible to make a precise estimate of the 
hfs splitting of the ground state of the He* ion. Further- 
more, a comparison of the present experimental result 
with the experimentally determined hfs splitting of the 
1s2s (2%S,) state of the He*® atom® yields a precise 
estimate of the electronic charge density at the nucleus 
of the 24S, state of the He® atom. Finally, the mono- 
energetic character of the ion beam has permitted 
observation of new details of molecular-beam resonance 
phenomena. In particular, a resonance power sharpening 
effect has been observed.* 


II. GENERAL METHOD 


The method of atomic beams, as it applies to the 
study of hyperfine structure, most commonly utilizes 
the deflection of a beam of neutral atoms in an inhomo- 
geneous magnetic field for the purpose of state selection.® 
An alternative scheme was employed for the special 
case of metastable hydrogen by Heberle, Reich, and 
Kusch.” In their experiments state selection was 
effected by allowing a beam of metastable atoms to 
pass through a field of 575 gauss. At this field the 
2°S; (mzy=—}) and 2°P, (m;=}4) levels cross, and 
the atoms in the former level are selectively quenched 
by the small motional electric field. 

Unfortunately neither method is appropriate for 
He**+. With conventional A and B magnets, and at a 
practical ion-beam velocity of 10° cm/sec, the Lorentz 
force would be of the order of 10® times greater than 
the deflecting force on a magnetic moment of one 
Bohr magneton. However, if the Lorentz force were to 
be compensated for by, for example, crossed electric 
and magnetic fields, it would be necessary to select a 
prohibitively narrow band of beam velocities, since 
compensation would be complete only at one velocity. 
Thus the conventional deflection method appears 
impractical for ion beams. An extension of the Heberle- 
Reich-Kusch method to He**+ seems quite unfeasible 
as well. The crossing point of the appropriate 2°S; 
and 2*P, levels in He** occurs at about 7600 gauss, 
and it would be difficult to prevent fields of this 
magnitude from fringing into the hfs transition region, 
where it is required that the static magnetic field be 
small and uniform. Moreover, the ion optics would be 
considerably complicated by the presence of such large 
fields as are required for the level crossing in this case. 

8 E. Commins and R. Novick, Bull. Am. Phys. Soc. Ser. II, 2, 
344 (1957). 

9N. F. Ramsey, Molecular Beams (Oxford University Press, 
London, 1956). 

% Heberle, Reich, and Kusch, Phys. Rev. 101, 612 (1956). The 


application of the method of rf state selection to the case of He? 
was first made by J. Heberle. 
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Fic. 1. Main features of the energy level structure of He** for the 
n=1 and n=2 states. Hfs is neglected. 


In the present experiment state selection is achieved 
instead by means of radio-frequency transitions. In 
order to describe the effect of these transitions in 
detail, we review the level structure of He** briefly. 

Separated from the 1°S; ground state of He** by 
approximately 40.8 ev are the 2S and 2P states (see 
Fig. 1). The 2°S,; and 2°P; states are themselves 
separated by a Lamb shift of approximately 14 045 
Mc/sec."' An ion in the 2 *P; state, which lies lower in 
energy, may make a direct electric-dipole transition 
to the ground state with the emission of a 303.8A 
Lyman-alpha photon. The mean life of the 2?P; state 
is only 10~” second, and its corresponding half-width 
is 1600 Mc/sec. On the other hand, an ion in the 2 7S; 
state may make no direct electric-dipole transition to 
the ground state, its most likely mode of decay being 
by double-quantum emission.” This state is therefore 
metastable, with an estimated mean lifetime of approxi- 
mately two milliseconds in the absence of perturbing 
fields. Both states exhibit hyperfine structure, inverted 
because the nuclear magnetic moment of He’ is nega- 
tive.” Figure 2 illustrates the Zeeman effect of the 
hyperfine structure." 

In the present experiment He’ atoms are ionized by 
electron bombardment in an electrostatically focused 
ion source (see Fig. 3). Approximately 1% of the ions 
formed is metastable. The ions are drawn out of the 
bombardment region and accelerated to form a beam, 
which is then focused by an electrostatic lens. The 
beam energy has been, at various times, 5, 10, 20, or 
40 ev. Initially the four sublevels of the metastable 
state are approximately equally populated. After 


" The value of S for He** is obtained from the observed value 
of S for He** by applying suitable mass and finite-size corrections. 
See E. Lipworth and R. Novick, Phys. Rev. 108, 1434 (1957). 

2G. Breit and E. Teller, Astrophys. J. 91, 215 (1940). 

3M. Klein and B. Holder, Phys. Rev. 106, 837(L) (1957). 

4G. Breit and I. I. Rabi, Phys. Rev. 38, 2082 (1931). 
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Fic. 2. Zeeman effect in the hfs of the 2 25; 
and 2?P, states of He**. 


passing through the first lens the beam enters a wave 
guide driven at 13350 Mc/sec. At this frequency 
transitions are preferentially induced from the F=1 
level of the metastable state to one of the 2?P; substates. 
Those ions which have made the transition decay to 
the ground state in the mean time of 10-” second, 
producing a net population difference between the 
hfs levels. Since the natural width of the 2?P, state is 
of the order of magnitude of the hfs splitting of the 
metastable state, it is impossible to avoid depopulating 
the F=0 metastable state to some extent, but for a 
proper choice of rf power and frequency, the F=1 state 
is depopulated much faster. Thus, as the ion beam 
leaves the first state selector or “polarizer” there are 
about three times as many metastables in the F=0 
state as in each of the three F=1 substates. 

The beam then traverses the hfs transition region, 
over whose entire length exists a weak static magnetic 
field. Since the ion beam is virtually monoenergetic, 
nearly all the F=0 metastables make the transition 
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Fic. 3. Schematic diagram of the experimental apparatus. 


AND E. 


D. COMMINS 


to the F=1 state for a proper choice of rf power, 
frequency, and polarization. The angle between static 
and rf magnetic fields may be controlled by means of 
compensating coils external to the vacuum chamber, so 
that the relative intensities of the o and 7 transitions 
may be chosen at will. Two types of transition region 
have been used, the separated oscillating field type due 
to Ramsey'® and a simple uniform field type. The 
latter was introduced in the later stages of the experi- 
ment to reduce the overlap effects mentioned above. 

After passing through the hfs transition region, the 
beam traverses a second focusing lens and then a 
second waveguide, or “analyzer,” again driven at 
13 350 Mc/sec. Once more transitions are preferentially 
induced from the F=1 level of the metastable state 
to the 2°P; state, and again all those ions which have 
made the transition quickly decay to the ground state 
with the emission of Lyman-alpha photons. 

Two distinct methods have been used to detect the 
hfs transitions. Both are illustrated schematically in 
Fig. 3, although only one was used at any given time. 
First, one may detect photoelectrically the Lyman- 
alpha radiation emitted during decay of the metastables 
in the analyzer. When no hfs transitions occur, relatively 
few of the metastables entering the analyzer are in 
the F=1 state, and the photocurrent is at a minimum. 
At an optimum rf power and frequency in the hfs 
transition region, many transitions occur, and a 
relatively large number of metastables entering the 
analyzer are in the F=1 state; the photocurrent is 


.consequently a maximum. Alternatively, one may 
‘observe the number of metastables surviving the 


analyzer by observing the electrons ejected from the 
ion collector by the impinging ion beam. Both meta- 
stable ions and ground-state ions eject electrons, but 
the electron yield-per-metastable is much greater. 
When no hfs transitions occur, a maximum number of 
metastables survive the analyzer, and the ejection 
electron current is a maximum; when most hfs transi- 
tions occur, the electron current is a minimum. With 
this detector it is necessary to eliminate the effects of 
the large background of electrons ejected by ground- 
state ions. This is done by modulating the rf power in 
the polarizer, and observing only the modulated 
component of the ejection electron current. 

The method described in the foregoing may in 
principle be applied to the 2S state of any hydrogenic 
atom or ion. However, aside from the difficulty of 
producing multiply charged metastable ions, there is 
the further difficulty that the polarization and analysis 
frequency increases roughly as the fourth power of 
the nuclear charge Z. For all but the very lightest 
nuclei, this frequency is beyond the range of present 
day microwave generators. Moreover, with increasing 
Z the width of the 2P state increases more rapidly than 
the hfs splitting. This has the effect of reducing the 


18 N. F. Ramsey, Phys. Rev. 78, 695 (1950). 
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efficiency of state selection and thus diminishing the 
useful signal. In the case of the doubly charged lithium 
isotopes, the polarizing frequency is about 60000 
Mc/sec, the width of the 2P state is 8060 Mc/sec, and 
the hfs separations are about 1060 Mc/sec and 3740 
Mc/sec for the lighter and heavier isotopes, respectively. 
For heavier ions the situation is even worse, and it 
appears that the present method is limited to He**, 
H*, and H'. The small hfs splitting of deuterium 
precludes the use of an rf method of state selection in 
that case.'® 


Ill. PRODUCTION OF METASTABLE IONS 


The cross section for the production of ground-state 
helium ions by electron bombardment, denoted by 
o*(1S), has been determined experimentally,’ but 
no similar information is available for o*(2S), the 
cross section for production of metastable ions. On 
the basis of the sudden approximation, a simple 
estimate gives'® 


o* (2S) =0.016+ (1S) =3.3X10-" cm’. (1) 


This estimate is reliable only toan order of magnitude, 


Focus 
Electrode _——s 
— r | 
f + 
— : | 



























































Cc I Electron 
Electron Collector seam 


Fic. 4. Schematic diagram of the ion source. 


but is sufficiently good for the purpose of designing an 
ion source. Ionization might be achieved by means of a 
gas discharge or by bombardment of He’ gas with an 
electron beam. The latter of these two alternatives was 
chosen, since several workers had already been successful 
in producing metastables in this manner."-!® 

For reasons to be discussed, it is desirable that the 
ion beam be wide and flat; therefore the bombarding 
electron beam is shaped as shown in Fig. 4. Electro- 
static focusing of the electron beam is employed, since 
the use of magnetic fields would seriously disturb the 
trajectory of the slow ion beam and even prevent ions 
from leaving the source. It may be shown that recoil 
effects during the ionization process are quite small, so 
that the ions formed have approximately thermal 
energies. Quenching of the metastable ions might arise 
from the effects of space-charge fields, plasma oscilla- 
tions, and collisions of metastable ions with electrons 
and atoms. These processes are difficult to analyze in 


16 Reich, Heberle, and Kusch, Phys. Rev. 104, 1585 (1956). 
17 W. Bleakney, Phys. Rev. 36, 1293 (1930). 
18 W. E. Lamb, Jr., and M. Skinner, Phys. Rev. 78, 539 (1950). 
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Fic. 5. Excitation curve for the production of metastable ions 
at constant ion current, plotted as a function of electron bombard- 
ment energy. 


detail, but observation shows that approximately 1% 
of the ions in the beam is metastable. This is consistent 
with the estimate of cross section [ Eq. (1) ] and suggests 
that little quenching occurs in the source. 

Preliminary observations of the ion source yield 
were made by placing an accelerator grid and ion 
collector directly in front of the exit aperture of the 
source. It was found that over a wide range the ion 
current, J;, for the short beam was proportional to the 
electron collector current, 7., and for 7.=5 ma and a 
source pressure of p=10-' mm Hg, the ion current 
was J;=2.5X10-" ampere. This yield was more than 
adequate since space-charge spreading limited the 
ion current traversing the full length of the apparatus 
to about 4.5X10-* ampere at 20-ev beam energy. 

It has been possible to determine experimentally the 
form of o+(2S), although its scale is not known with 
precision. Figure 5 illustrates an excitation curve for 
the production of metastable ions at constant ion 
current. This curve gives the form of o+(2S)/e*(1S), 
but since o*(1S) is known,’ one may determine 
o*(2S) as a function of electron energy to a multiplica- 
tive constant. The latter cross section is plotted in 
Fig. 6. 

Initially some difficulty was encountered with 
contamination of the ion beam by slow electrons. 
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Fic. 6. Cross section for the production of metastable ions, 
plotted as a function of electron bombardment energy. 
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TABLE I. Ion-source and beam parameters.* 


2.130 in. 
0.010 in. (tungsten) 
6.0 amperes 
6.0 volts (regulated 
for constant ion 
current) 
—250 volts 
—2.0 volts 
+90 volts 
—70 volts 
10 ma 
5 ma 
20 ev 
3.6X 10° cm/sec 
35 cm 


Filament length 
Filament diameter 

Filament heating current 
Filament heating voltage (60 cps) 


Cathode voltage 

Drawout voltage 

Electron collector voltage 

Focus electrode voltage 

Electron emission current 

Electron collector current 

Ion-beam energy 

Ton-beam velocity 

Ton-beam length 

Ion-beam cross section (at midpoint 
of trajectory) cmX1 cm 

Ion beam current (maximum, at 20 ev) .5X 10-8 ampere 

Ion beam current (typical, at 20 ev) .OX 10-8 ampere 

Source pressure (estimated) 5X10 mm Hg 

Main chamber pressure (ultimate) 3X 10-§ mm Hg? 

Main chamber pressure (during run) 2X 10-5 mm Hg? 

Gas flow 0.1 cc/min STP 








* Typical values are given. All voltages are with respect to the source. 
> Pressure as measured with an ion gauge calibrated for nitrogen. 


These proved to be secondaries liberated from the 
source as the result of collisions of the bombarding 
electrons with the back wall of the gun (see Fig. 4). 
The contamination was eliminated by carefully col- 
limating the electron beam and by increasing the 
width of the bombardment chamber from 0.060 in. 
to 0.090 in. No appreciable change was observed in 
electron-beam performance. 

Estimates of source performance are contained in 
Appendix I. A listing of the important ion-source 
parameters is given in Table I. 


IV. ION OPTICS 


The state-selection regions may be either in the form 
of resonant microwave cavities or nonresonant wave 
guides excited by pure traveling waves. In the former 
case the cross-sectional area of the beam is restricted 
to that portion of the cavity over which the rf electric 
field has a useful amplitude (about 1 cm’), while in 
the latter case the area may be made arbitrarily large 
by extending the beam in the direction of rf propagation. 
The small beam area associated with cavities restricts 
the ion current to intolerably low values; on the 
other hand, the wave guides require large rf power. 
Fortunately, high-power klystrons were available at 
the state selection frequency, and the wave guide 
scheme could be used. Thus the cross section of the 
beam is large in the direction of propagation of power 
in the guide and small in the transverse dimension. 

None of the usual methods for reducing the effects of 
space charge and thermal spreading could be employed 
in the hfs transition region. Magnetic collimation would 
produce an intolerably large Zeeman effect, while 
either electrostatic lenses or electron space-charge 
neutralization might quench the metastable ions and 
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produce a Stark shift in the hfs splitting. The length 
of the hfs transition region is of the order of 25 centi- 
meters, and for the ion currents employed in the 
experiment the beam spreads appreciably in this dis- 
tance. The hfs transition structure must then be made 
large enough to accommodate the beam, and this in 
turn necessitates high power. 

If an uncertainty of the order of one part per million 
(1 kc/sec) is to be achieved in the determination of 
Av, it is desirable that the linewidth of the observed 
transition be no greater than 100 kc/sec. This width can 
be achieved either with a long hfs transition region or 
with low beam velocities. Since the beam is at least in 
part space-charge limited in this region, the maximum 
ion current is given by a Child’s law relation. For a 
space-charge limited beam it can be shown that for a 
given line width the maximum ion current is propor- 
tional to the length of the beam trajectory (see Appendix 
Ii). It would then appear that long transition regions 
are preferable to low beam velocities. However, the 
rf Stark effect increases linearly with beam velocity 
for optimum power (see Appendix IV), and for high 
velocities the possibility of a Stark shift is increased. 
A compromise must then be made in choice of beam 
length. In the present apparatus, the total beam 
trajectory is 35 cm and the length of the transition 
region is 25 cm. At the midpoint of the beam trajectory, 
transverse dimensions of the beam are approximately 
3 cm by 1 cm. For a beam energy of 20 ev the estimated 
space-charge limited ion current is 6 10~* ampere, and 
the line width of the hfs transition is 80 kc/sec. It is 
estimated that thermal spreading might reduce the 
ion current by a factor of two (see Appendix III). 
An ion current of 4.5X10~-* ampere has actually been 
achieved at 20 ev, and it is observed that the maximum 
ion current varies as the } power of the beam voltage. 
The energy spread of the beam has been observed as a 
function of drawout potential (see Fig. 7). It can be 
seen that for a working drawout potential of one volt, 
the fractional spread is less than ten percent of the beam 
energy. 

In order to maintain stability the ion beam is 
regulated electronically. A signal voltage derived from 
the ion collector current drives an amplifier, which in 
turn controls the electron emission in the ion source. 
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In this way it has been possible to maintain the ion 
current constant to within one percent over periods of 


several hours. 
V. STATE SELECTION 


In order to make quantitative estimates of the 
signal and background to be expected, we must first 
describe explicitly how each of the sublevels of the 
metastable. state is depopulated by an oscillatory 
electric field. It will be helpful to refer to Fig. 2. Let 
us assume that the letters a), d2, «--, which label the 
various sublevels in Fig. 2 also denote the amplitude 
coefficients of these sublevels. Thus, in general, a;=a,(¢), 
etc. If it is assumed that no spurious electric fields 
occur, the 27S; and 2*P; states are coupled only in 
the state selectors, where the beam is exposed to 
oscillatory electric fields close to the Lamb-shift 
frequency. 

The probability amplitudes, a, ds, etc., are governed 
by the usual time-dependent equations: 


i1(En—E,)t 
ihdm => anH mn’ exp| — 


h 


| m=1,--+,8. (2) 


The oscillating electric field is directed along the beam. 
If this direction is also chosen as the axis of quantiza- 
tion, the matrix elements of the perturbation are 


H mn =cE coswt(m|z|n). (3) 


Here E is the amplitude of the oscillating field, w its 
circular frequency, and (m|z|) is the matrix element 
of z between the states m and n. Neglecting the anti- 
resonant terms, Eqs. (2) become 


a,= —ita;Ve'™ as= — tagl ‘eiwws)t_ sds, 


Gig=—iagVe'@?)!)  dg=—iatUe +2)! — }yag, 


(4) 


d3= —ia,Ve's Gd; = — ia Vee“) '— Iya, 


G4g=+tagl e'2- dg = +iasUVe'e—+? !— das, 


Here, U = (eE/h)(v3/4)ao, where e and # have their 
usual meanings, ao is the Bohr radius, and y is the decay 
constant of the 2P state. The quantities 1, we, w3 are 
defined in Fig. 2. The terms in y in Eqs. (4) are inserted 
to account for the spontaneous decay of the 2P state. 
Solving Eqs. (4), we obtain”® 

| ay|?= | ayo? exp(—A,Z), 

| @2|?= | a2o|? exp(—Acf), i 
Re ee (5) 

| a3|*= | a3o|? exp(—Asé), 

| a4{?= | ago|? exp(—Acé). 
Here ajo=a;(0) and A;= U*y, L(37)?+ (wi—w)* J, i=1, 
2, 3. Equations (5) show explicitly how the four sublevels 
are depopulated by the electric field. To describe the 
composition of the ion beam, let ¢; be the fractional 


In solving Eqs. (4) it is assumed that U*<v+?. In the actual 
experiment U?10~ 4’. 
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number of metastables surviving the polarizer, and ¢2 
be the fraction of those surviving the polarizer, which 
also survive the analyzer. Thus, if we denote the 
fraction of metastables which survive both polarizer 


and analyzer by ¢, we have 
$= >dide. 


If we define J;s as the current of ground-state ions and 
Iss as the current of metastable ions emerging from the 
analyzer, we have 


Iis=13°+ (1-9) 125°, 


(6) 
Tog =91 5°, 
where J;s° and J2s° are the initial currents of ground- 
state ions and metastable ions, respectively. The 
ejection electron current at the surface detector is then 


T.=y1istLhis®+ (1-—)I2s°]+728tT2s°. (7) 


Here yis* and y2s* are the ejection-electron yields for 
ground-state ions and metastable ions, respectively. 
The photocurrent in the photoelectric detector is 
given by 

I p=I28°b1(1—o2)nTQ/ 4, (8) 


where yu is the fractional photoelectric yield, T is the 
fractional transmission of the photodetector film and 
grids, and {2/47 is the fractional solid angle subtended 
by the photosurface at the analyzer. 

The quantity ¢ depends on the rf power and frequency 
settings in the polarizer and analyzer, as well as in the 
hfs transition region. There are three separate cases of 
interest : 


1. ¢’: Polarizer power off, analyzer power on, no hfs 
transitions. : 

2. @”: Polarizer and analyzer powers on, no hfs 
transitions 

3. ¢’”: Polarizer and analyzer powers on, 
transitions at maximum. 


hfs 


In the case of the surface detector, only the modulated 
component of the electron current is observed and the 
useful signal is given by 
Ss=[1.(9'")—1-(¢') ]—U-(¢") -1.-(¢') ] 

=I,(¢'")—Ie(¢”), (9) 
Ss = (v2st— 1st) (9 — 6” )T05°. 
The background, (the modulation signal with no hfs 
transitions), is given by 

Bs=1,.(¢")—Ie(¢') = (y2st— 1s) (6” —¢’)I 29°. (10) 
In the photodetector the useful signal is 

J = T25°b1($2"’ —¢2""") TQ 4dr, 1 ) 
~~ tr 1 
Sp= (6"— 9") Ios°TnQ/ 4x, . 


since ¢; is independent of the conditions in the hfs 
transition region. From Eqs. (9) and (11) we see that 
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Fic. 8. Rf induced signal for the o transition expressed as a 
fraction of the total number of metastable ions. The signal is 
plotted as a function of state-selection frequency, where at each 
frequency the state selection rf power is adjusted to an optimum 
value. 


the condition on ¢ for maximum signal is the same for 
both detectors; namely that |¢’”—@’’| be a maximum. 
In order to compute ¢ explicitly for the various cases 
of interest, it is convenient to make a table using the 
results of Eq. (5). In column two of Table II are written 
the initial population coefficients of the four sublevels 
of the metastable state; we assume they are equal. 
Column three gives the values of the population 
coefficients of these levels after the beam has passed 
through the polarizer. The beam then passes through 
the hfs transition region; since the beam is quite 
monoenergetic, the population coefficients of those 
substates between which the hfs transitions take place 
are reversed, for optimum rf power and frequency. 
Columns four and five indicate this for AF=+1, 
Amr =0 and Amy=-—1 transitions, respectively. Since 
the populations of the m=0 and m=+1 substates of 
the F=1 state are slightly different after the polarizer, 
it should be possible to observe low-frequency Zeeman 
transitions. For this case, the coefficients would then be 
as given in column six. An attempt was made to observe 
these transitions, but this was unsuccessful, probably 
because the polarization is very inefficient, and possibly 
also because Majorana mixing might further reduce 
the signal. If no transitions occur, the coefficients 
remain the same as in column three. For the sake of 


TABLE II. Metastable population coefficients." 
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® The Xi are defined by Eq. (5). Unprimed quantities refer to the polarizer, 
and primed quantities to the analyzer. 

> The population surviving the analyzer may be found for the case of 
each of the possible transitions by multiplying the value in column eight 
by the appropriate value in column four, five, six, or seven. 
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completeness this is given in column seven. After the 
beam has passed through the analyzer, the metastable 
population will be further depleted, as indicated in 
column eight. We may easily compute the quantity 
|¢’’—¢"| for a number of special cases of interest by 
referring to Table IT. As an example, we write ¢”, ¢’” 
for Amr=0, AF=-+1 transitions. The quantity ¢” is 
obtained by multiplying the values in column seven 
by those in column eight and then adding. The quantity 
¢’”’ is obtained as the sum of the products of the values 
in columns four and eight. Thus, 


¢'"—¢" opt: } (e “Ait ¢- Ast) (e Art! g=ha’t’) (1 2) 
For optimum signal the polarizer and analyzer transi- 
tion probabilities are equal and (12) becomes 


(13) 


\o’’—9"’| =} (e-Mt— est), 


This quantity is plotted in Fig. 8 as a function of 
applied frequency, where at each frequency the power 
is adjusted for optimum signal. The maximum occurs at 
13146 Mc/sec, but it is quite broad. For technical 
reasons it was decided to operate at 13 350 Mc/sec, 
which is close to optimum. In this case it may be seen 
that |¢’’—¢”| =0.069. Thus only 6.9% of the meta- 
stable ions contribute to the useful signal. We summarize 
some of the principal results of this section in Table III. 
It should be noted that since the polarizer and analyzer 
rf power settings have distinct optimum values for 
the different transitions, the background values in 
Table III are different. Figure 9 shows the variation of 
signal for the AF=1, Ampr=O transition as a function 
of the power in one state selector, when the other is at 
optimum power, and both are driven at 13 350 Mc/sec. 

The preceding estimates of |¢’”’—¢’’| are inadequate 
in that they do not take into account the possibility 
of mixing of the populations of the three F=1 substates 
(Majorana transitions) between the state selectors. 
Such mixing may occur if the state selector rf field is 
not parallel to the static magnetic field. However, the 
quantities in Table III are reasonably consistent with 
observed beam intensities and signals. This will be 
considered in more detail in Sec. VIII. 

The state selectors themselves are sections of wave 
guide appropriately modified with gridded apertures 
to allow passage of the ion beam. Each state selector 
is driven at 13 350 Mc/sec by a Varian V-28 klystron, 
and the rf power is brought into the vacuum chamber 
through mica windows of 0,004 in. thickness. Either 


TABLE III. Fraction of the metastable ions that contribute to the 
rf induced signal and background, for various transitions. 


Signal 
0.069 


0.048 
0.0033 


Transition 
Amr=0, AF=1 
Amp=+1, AF=1 
Amp=+1, AF=0 


Background* 


0.174 
0.152 
0.218 











®* The background depends upon the polarizer and analyzer settings. 
These are different for each of the transitions. 
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klystron is capable of supplying sufficient rf power to 
quench all the metastables in the beam. Rf power in 
the polarizer is modulated at 280 cps by superimposing a 
square wave on the beam voltage of the first klystron, 
thereby swinging the tube in and out of its principal 
mode. Figure 10 illustrates the state-selection circuitry. 


VI. QUENCHING AND STARK EFFECTS 


The metastable ions are susceptible to a variety of 
adverse electric-field effects. Most serious among them 
is a shift in the apparent value of the hfs splitting due to 
electric fields in the hfs transition region, which act to 
mix the 2 *S; state with the nearby 2P states. There are 
two sources of electric field in thé transition region, the 
space-charge field accompanying the ion beam and the 
rf electric field induced by the oscillating magnetic 
field used to produce the hfs transitions. The space- 
charge effect may be estimated by consideration of the 
static Stark shift. The displacement of an energy level 
E,, in the presence of an electrostatic field E is given by 


| (n|eE-r|m) |? 
Mint SN crtcipwnieniiens, 
n E,—E, 


(14) 


For the case of He*+ the most important term is that 
connecting the 27S; and 2°P, states; the 2?P, state 
contributes less than one percent of the total shift. 
From Eq. (14) we find that the static Stark shift in 
the separation between the mr=0 levels of the hyperfine 
doublet is 


5(Av) = — (6.6£,?+-8.8E,) cycles/sec, (15) 


where F, and £, are the transverse and longitudinal 
components of the electric field expressed in volts/cm. 
This formula is valid only if the Stark shift is small 
compared with the Zeeman splitting, but this condition 
is well satisfied for all cases of interest here. The beam 
cross section is approximately 3 cmX1 cm, but for 
the present purpose we can replace this by an idealized 
beam of the same current density whose long transverse 
dimension is infinite. For a current density of 10~* 
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Fic, 9. Rf induced signal for the o transition as a function of 
rf power in one state selector, when the power in the other state 
selector is adjusted to optimum. Both state selectors are driven at 
13 350 Mc/sec. 
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amp/cm? and a beam energy of 20 ev the maximum 
space-charge electric field is 


E=22r0=0.016 volt/cm. (16) 


Thus the Stark shift from space charge is negligible. 
It is shown in Appendix IV that the formula for the 
static Stark shift [Eq. (15)] provides a very good 
estimate of the rf Stark effect if we replace E, and E, 
by the root-mean-square values of the oscillating field 
components. In the case of the separated-oscillating- 
field transition region the fields are not uniform, and 
it is difficult to make a reliable estimate of the rf 
electric field. However, in the case of the single oscillat- 
ing-field-transition region the fields are approximately 
uniform and the rms field components are 


%1=w(Ayy/v2c); E,=0, (17) 
where w is the frequency of the applied field in radians 

sec, H; is the peak amplitude of the oscillating magnetic 
field, y is the distance from the bottom of the transition 
region (see Fig. 13), and c is the velocity of light. In 
Eq. (17) it is assumed that the static magnetic field 
is parallel to the beam axis. This condition was 
approximately satisfied in the actual apparatus. The 
oscillating field amplitude (H,;) may be estimated 
from the condition for maximum transition probability 
for the o transition [see Eq. (21) ]. This is: 


H,= hv ‘pol. (18) 


Here h and yo have their usual meaning, v is the beam 
velocity, and L is the length of the transition region. 
Inserting the foregoing value for H; into Eq. (17) we 
find a shift of —39y? cps at a beam energy of 20 ev. 
Averaging this shift over a beam height of 1.5 cm we 
find a net rf Stark shift of —29 cps for the single 
oscillating field transition region. 

There also exists quenching of metastable ions by 
electric fields. The decay rate of the 2°S, state in the 
presence of a static field E is given by 


y| (2?Py|/eE-r!225,) |? 


Y¥s™ ’ 


WL (27)? +s" ] 





(19) 


if hfs is neglected, and also if the natural decay rate is 
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Fic. 11. Resonance curve of the o transition obtained with separated oscillating fields. The static and rf magnetic 
fields are oriented parallel, giving zero probability for w transitions. 


neglected.” In Eq. (19), y is the natural decay rate of 
the 2 *P, state, and ws is the Lamb shift in radians-per- 
second. If hfs is included ws in Eq. (19) must be replaced 
by the appropriate separation of the 22S, and 2?P, 
sublevels, and slightly different quenching rates are 
obtained for each of the hfs components. Thus, in 
particular, there is a small differential quenching as 
the beam is accelerated. Nevertheless, for the present 
purposes Eq. (19) is adequate. For He**, 


(20) 


where E is in volts/cm. This result is valid only for 
quenching rates that are large compared to the natural 
decay rate of the 27S; state. Since the total beam 
transit time is only 10-* second, the space-charge 
fields produce negligible quenching. Indeed, the total 
metastable signal has been observed to be proportional 
to ion current over a wide range, indicating experi- 
mentally that space-charge quenching effects are very 
small. Quenching may also arise from beam electrode 
fields ; the most intense of these is the acceleration field. 
Here approximately 10% of the metastables are 
quenched on acceleration to 20 ev. The ratio of total 
metastable signal to ion current has been observed to be 
independent of pressure over a wide range, indicating 
that pressure quenching effects are quite small. Quench- 
ing of the metastables by the rf electric fields in the 
transition region is discussed in Appendix IV. 


Ys= 63E? sec, 


VIl. HFS TRANSITION PROBABILITIES 
AND LINE SHAPE 


If a precision of the order of one part per million is 
to be achieved in the determination of Ay, it is desirable 
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Fic. 12. Schematic diagram of the separated-oscillating-fields 
transition region. 


2 W. E. Lamb, Jr., and R. C. Retherford, Phys. Rev. 79, 549 
(1950). 
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that the line width of the observed transition be of 
the order of 100 kc/sec or less. If the beam energy is 
20 ev, such a line width can only be achieved with a 
transition region approximately 25 cm long, which is 
almost one wavelength at the hfs transition frequency. 
On the other hand, it is desirable that the rf field H, 
be homogeneous over the beam path length for a single 
oscillating field, in order that the line shape be of a 
known form. At the outset of this experiment it seemed 
difficult to reconcile the two requirements of homo- 
geneous H; and a transition region one wavelength long 
in the design.of a single oscillating field. For this reason, 
a separated-oscillating-fields transition region was 
chosen initially,® although later a satisfactory single 
oscillating-field design was employed. 

The choice of separated oscillating fields avoids the 
difficulties we have just mentioned, because in this 
case the individual transition regions are quite short 
compared to a wavelength. Nevertheless, some special 
hazards are associated with the design. Since the time 
intervals which the beam spends in the individual 
oscillating fields are very short, these fields must be of 
the order of 4 gauss to effect the hfs transitions. The 
associated rf electric fields then become of the order of 
20 volts/cm. From Eq. (15) it is evident that this might 
result in a large Stark shift in the hfs splitting, and it is 
necessary to choose a design which minimizes such 
an effect. 

A second difficulty is that although individual 
interference fringes are narrow, the resonance-curve 
envelope is relatively broad for a monoenergetic beam 
with separated oscillating fields (see Fig. 11). Here the 
envelope half-width is approximately 900 kc/sec for a 
20-ev beam. As a consequence there exists the possibility 
of distortion of the transition line shape by overlap, 
or interference between the m and o transitions. To 
avoid overlap, the m transition intensity must be 
suppressed or the frequency separation between x and o 
transitions made greater than 2 Mc/sec. 

The separated-oscillating-fields structure is a 
wavelength shorted transmission line in which the 
rf current enters through the center conductor and 
returns via the grounded outer envelope (see Fig. 12). 
The intention of this design, suggested originally by 
Heberle, Reich, and Kusch,” is to minimize the rf 
electric field intensities in regions a and 6 of Fig. 12. 
The results of measurement of a transition with 
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separated oscillating fields are most easily interpreted 
when the rf fields in regions a and 6 are either in phase 
or out of phase by 180°. To reduce the electric field to 
a minimal value at points within the effective transition 
region, the out-of-phase configuration is chosen, and the 
beam is exposed to strong electric fields only before 
region a and after region d. 

The single oscillating-field design which was finally 
adopted is shown in Fig. 13. Here also, the rf current 
enters through the center conductor and returns via 
the grounded outer envelope. The slots in the center 
conductor are for the purpose of preventing the propaga- 
tion of modes of oscillation other than the TEM mode. 
Thus it is intended that the electromagnetic wave 
propagation vector be everywhere perpendicular to 
the beam velocity vector in the region of the beam. 
The magnetic field lines are then as indicated in Fig. 13. 
Probe measurements show that propagation is in the 
desired mode, and in this way the inhomogeneities 
mentioned earlier in this section are largely avoided. 
The total beam path length here is approximately 
the same as in the separated-oscillating-fields transition 
region. However, the total time which the beam spends 
exposed to rf fields is much longer in the present case 
and much lower magnetic field intensities are required. 
Therefore the possibility of an rf Stark shift is much 
reduced. Moreover, the resonance curve envelope width 
is much narrower than in the case of separated oscillat- 
ing fields and overlap difficulties are eliminated. 

For a homogeneous single oscillating field the o 
hfs transition probability is given by 


(2b,)° 


Po: (21) 


= sin’[ 3 (A?+ (2be)*)'#]. 
+ ( 2b, )2 


Here, A=w—wo where w is the applied frequency, wo 
is the resonant frequency, both in radians/sec, ¢ is the 
time spent in the transition region, and 


bo= (uo/ 4h) (g7—g1) Hi, cos6, 


where @ is the angle between static and rf magnetic 
fields, H, is the peak amplitude of the oscillating rf 
field and po, ht, gy, and gr have their usual meanings. 
From Eq. (21) and Fig. 14 it can be seen that the 
central fringe of the resonance curve narrows for a 
monoenergetic beam when the rf power is above 
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Fic. 13. Schematic diagram of the single oscillating-field 
transition region. 
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Fic. 14. Theoretical transition probability as a function of 
applied frequency, tor a homogeneous single oscillating field and 
a monoenergetic beam [Eq. (21)]. Curves corresponding to 
several different rf power levels are plotted. 


optimum. At the same time the intensity of the central 
maximum decreases and the intensities of the side 
maxima increase. This effect has been observed experi- 
mentally (see Fig. 15). It is to be contrasted to the 
case of conventional molecular beams where the 
right-hand side of Eq. (21) must be integrated over 
the Maxwellian distribution to give the line shape.” 
In that case, broadening of the line occurs as the rf 
power is increased above optimum. Finally, it has been 
observed experimentally that the subsidiary maxima 
are more intense at optimum rf power than one would 
expect from Eq. (21). An explanation lies in the fact 
that the rf field is not perfectly homogeneous, but as 
shown by probe measurements, is slightly stronger 
toward the ends of the transition region than in the 
middle. A calculation of the line shape shows that such 
a field distribution does in fact cause this change.”? 
(Since the change is symmetrical, no shift in resonance 
is to be expected ; an experimental search for phase-shift 
effects was made by taking data with two different 
orientations of the oscillating-field structure.) 

Although the rf field in the single oscillating-field 
structure is much smaller than in the separated- 
oscillating-fields structure, approximately ten watts 
are required to drive each. A Collins 32-V-3 transmitter 
was employed as the frequency source. It supplies a 
tunable signal in the neighborhood of 30 Mc/sec which 
is stable to better than one part in 10’. This frequency 
is multiplied by a factor of 36 by a multiplier chain 
whose output (in the neighborhood of 1080 Mc/sec), 
drives a Sperry type SAL 39 klystron amplifier. The 
gain of this amplifier may be controlled by varying its 
beam-supply voltage, and it is capable of providing 
more than 100 watts CW to the hfs transition region. 
Unfortunately, the SAL 39 klystron is intended for 

*1H. C. Torrey, Phys. Rev. 59, 293 (1941). 

* We are indebted to Professor N. F. Ramsey for carrying out 
this calculation for us on an electronic computer. 
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pulse operation, and use of the tube as a CW amplifier 
involved a number of difficulties. At high beam 
voltages it has a tendency to oscillate, although this 
may be prevented by placing a small magnet near the 
output cavity. Also if one uses ac on the klystron 
heaters the rf output exhibits approximately 10% 
modulation at 120 cps. Use of a dc heater supply avoids 
this difficulty, but this is rather inconvenient since 
45-amperes heating current is required. The band width 
of the klystron is narrow, and the tube must be retuned 
for optimum power output at intervals of approximately 
3 Mc/sec. The band width of the single oscillating-field 
structure is extremely broad, while that of the separated- 
oscillating-fields structure is approximately 15 Mc/sec. 
The latter is therefore provided with a capactive 
tuning screw (see Fig. 12). Figure 16 illustrates the 
details of the rf circuitry. Finally, the rf-induced signal 
has been observed as a function of applied power in 
order to determine optimum operating conditions. 
Figure 17 illustrates data taken with the separated 
oscillating fields. Since the ion beam is monoenergetic 
the curve has the shape of the function sin?(P#) as 
expected. 


VIII. DETECTION 


Two of a number of possible methods were employed 
for detecting the hfs transitions. In the photoelectric 
detector, which was used for preliminary data, Lyman- 
alpha radiation emitted during the decay of metastables 
in the analyzer passes through a system of grids and 
falls on a semicylindrical platinum photo surface. 
The photoelectrons are collected by a positively biased 
pickup wire and the current is fed to an electrometer 
followed by a galvanometer. The first of the grids is 
merely one side of the analyzer wave guide, perforated 


1083600 1083.800 


to allow passage of the light. A second grid supports an 
aluminum film of thickness 500 A, which serves to 
prevent charged particles from entering the detector 
region. The transmission of this film for 300-A light is 
approximately 50%.” In order to estimate the signal 
strength to be expected from the photodetector, we 
use Eq. (11). For the present apparatus,“ T=%, 
n=0.03 and Q/4r=0.05. For o transitions, |¢’”’—@”’| 
=0.069 and I2s°=2X10-" amp for an ion current of 
2X10-* ampere. Inserting these factors in Eq. (11), 
we have 


| S,| =2.6X10-* ampere. (22) 


The photodetector has the advantage that undesirable 
background may be reduced to a very low level by 
means of the film and the grids. Moreover, the associated 
electronic equipment is extremely simple. Unfor- 
tunately, as indicated by Eq.(22), the signals obtainable 
with this detector are quite small, and it was ultimately 
abandoned in favor of the surface ejection method. 
Detailed studies of the ejection of electrons from 
metal surfaces by singly and doubly charged helium 
ions have been carried out by Hagstrum.”® He has shown 
that the electron yields from molybdenum for slow 
Het ground-state ions and for slow He** ions are: 
vis*=0.30 and y++=0.81, respectively. Hagstrum has 
pointed out further that the yields for metastable ions 
and for double ions should be comparable. Finally, he 
has shown that when the ejection surface is atomically 
clean, the maximum electron energy should be given by: 
E.=W,—2¢, where W, is the excitation energy of the 


23D. H. Tomboulian and D. E. Bedo, Rev. Sci. Instr. 26, 747 
(1955). 

* W. C. Walker (private communication). 

2°H. D. Hagstrum, Phys. Rev. 104, 309 (1956); 104, 672 
(1956) ; also private communication. 
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Fic. 16. Schematic diagram of the hfs transition rf circuitry. 


ion, and ¢ is the work function of the metal surface. 
For ground-state ions, E,(1S)=25 ev—2¢. For meta- 
stable ions the neutralization presumably occurs in a 
two-step process. First the metastable ion decays to 
the ground state, with the accompanying ejection of an 
electron of energy E,(2S)=40 ev—2¢. The second step 
of the process is the neutralization of the resulting 
ground-state ion. 

Originally, efforts were made to discriminate by 
means of retarding potentials against the low-energy 
electrons ejected with neutralization of the ground-state 
ion. However, unfavorable geometry and _ surface 
contamination prevented this. Therefore a_ large 
background exists due to ground-state ions, constituting 
the chief disadvantage of surface ejection, and it is 
necessary to use a narrow-band detection scheme to 
circumvent the difficulty. The metastable component of 
the beam and hence the electron current is modulated 
at 280 cps (see Sec. V). This modulated electron 
current is fed into an electrometer, followed by 
a wide-band preamplifier and a Numar Type 104 
narrow-band amplifier and lock-in detector. The 
output is applied to a pen recorder. 

We again refer to Sec. V in order to estimate the 
signal, background, and noise of this detector. Inserting 
|p’ —o” | =0.069, I2s°= 2X 10-” amp, y2st=0.81 and 
vist =0.30 in Eq. (9), we find 


|Ss| =7.0X10- ampere. 


Inserting |¢’’—@’| =0.174 and the values of y1s*, yest, 
and J»s° listed above in Eq. (10), we find 


Bs=1.8X10-" ampere. 


A theoretical calculation of the noise inherent in the 
ejection current is difficult. However, it may be assumed 
that this arises principally from the fluctuations in the 
280-cps component of the electron current ejected by 
ground-state ions. Then the noise current is given by 


(I n)?= 2elisByis* (1+y1s*), 


where is the band width of the lock-in detector, Js is 
the ion current, and e is the electronic charge in 
coulombs. For an ion current of 2X10-* ampere, for 
yvist=0.3 and for B=0.1 sec~, we have 7,=1.6X10-" 
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Fic. 17. Rf-induced signal for the o transition, plotted as a 
function of applied rf magnetic field in the hfs transition region. 
The data were taken with separated oscillating fields. 


amp. This gives a signal-to-noise ratio of approximately 
440. If the electron current were observed at the ion 
collector electrode directly, the full 280-cps shot-noise 
of the ion beam would be present in the signal, and the 
estimated signal-to-noise ratio would be reduced by a 
factor of 1.8. The advantage of the present arrangement 
of electrodes is apparent rather than real, however, 
since noise in the ion source and in the detector limited 
the actual signal-to-noise ratio to about forty. 


IX. VACUUM SYSTEM 


Special precautions have been taken to prevent 
instabilities in the ion current resulting from the 
electrical charging of insulating films on the surfaces 
exposed to the beam. The vacuum system is constructed 
of type-304 stainless steel and is equipped with mercury 
diffusion pumps. Provision is made for baking the main 
chamber at 300°C and all seals on this chamber 
are made with gold or copper gaskets in an effort 
to eliminate the possibility of organic contamination. 
No instabilities in the ion current were experienced as 
long as all of these precautions were observed. On one 
occasion when the system was not baked out there was 
definite evidence of beam instability. It was observed 
that after 200 hours of operation the surface of the 
electron collector in the ion source was nearly as 
clean as when it was first installed. This is in strong 
contrast to the usual experience with kinetic vacuum 
systems where blackening is observed after a few hours 
of operation.”® Ultimate vacua of 3X 10-§ mm Hg were 
obtained. He*® was recirculated continuously and 
purified with a charcoal trap immersed in liquid 
nitrogen. The gas sample, obtained from the U. S. 
Atomic Energy Commission, was of Type M-1. 


X. OBSERVATIONS 
A. Zeeman Effects 


The zero-field hfs splitting Avo is determined from 
observations of the o transition in a weak static magnetic 
field by applying a quadratic Zeeman correction to 


26 For a discussion of organic contamination of kinetic vacuum 


systems, see A. E. Ennos, Brit. J. Appl. Phys. 5, 27 (1954). 
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the observed resonant frequency. The static field 
must be sufficiently intense to give adequate separation 
of the o and = transitions; otherwise the resonances are 
shifted by overlap effects. However, excessively large 
static-field values make possible substantial uncertain- 
ties in the quadratic correction. Since in the case of the 
separated-oscillating-fields transition region the width 
of the resonance envelope is 900 kc/sec, overlap 
effects can only be avoided by using fields of more 
than 2 gauss, if the w and o transitions have comparable 
intensities. In order to avoid such high fields, the x 
resonance amplitude is made very much smaller than 
the o amplitude by orienting the static field parallel 
to the rf field. There then remains the problem of 
determining the static-field strength when the 
transition probability is close to zero. A rather indirect 
procedure was adopted. Initially the residual field was 
determined roughly by flip-coil measurements at 
various positions along the beam trajectory. It was 
found that the axial component (z-component) was 
very much smaller than the x- and y-components. 
External rectangular coils to compensate the x- and 
y-components were placed symmetrically with respect 
to the beam axis, and the Am=—1 transition was 
observed for a number of coil current settings and at 
several field angles. In this way the average field-per- 
unit current which each coil generates was determined, 
i.e., the coils were calibrated. This was done on two 
separate occasions and between these the main body of 
separated-oscillating-fields data was taken. For one 
set of coils the agreement of the two separate calibra- 
tions was within 4% and for the other it was within 
i's %. Since the residual field fluctuates from day to day 
it was necessary, in addition, to observe the Am=—1 
transition before and after each daily group of o transi- 
tions. In this way the mean daily x- and y-residual 
components were determined. The z component contrib 
uted an insignificant amount to the total static field, 
and could be neglected. Finally, for observation of the o 
transition, the static field was oriented parallel to the rf 
magnetic field, giving zero probability for the  transi- 
tions. The Zeeman correction was then determined 
from the observed residual fields and coil current 
settings. It is estimated that the correction was obtained 
to within 2%. A typical value of the Zeeman correction 
was 1.40 kc/sec. 

A simpler procedure could be adopted in the case of 
the single oscillating field, since the line width is only 
110 kc/sec for a 20-ev beam. Here the z and ¢ transitions 
were observed for the same coil settings and the 
difference in their resonance frequencies was used to 
find the quadratic correction directly. In this case the 
rf magnetic field was parallel to the beam axis, and it 
was necessary to apply an axial static field with an 
additional set of coils. The ratio of « to + amplitudes 
was about 5:1 for the single oscillating field. 
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B. Observation of o Transitions 


All final observations were made with the surface 
ejection detector. In these data, a single determination 
of the transition consisted in observing the transition 
intensity at 10 to 12 frequencies on either side of the 
midpoint of the central resonance fringe. The following 
procedure was adopted: 


1. With the hfs transition rf field off, the polarizer 
and analyzer rf fields off, and the beam running, a 
base line trace was established on the recorder chart. 
Fluctuations of this trace from a straight line were 
attributed to detector noise plus the beam noise in a 
narrow band about 280 cps. With the hfs transition rf 
power still off, but the modulated polarizer field and the 
analyzer field now on, a deflection was observed which 
was proportional to the metastable beam background. 
The level of this background could be adjusted to any 
fraction of the total metastable beam signal by setting 
the polarizer and analyzer power levels. The optimum 
settings for various transitions were determined from 
values in Table ITI. 

2. The Collins transmitter was set at a predetermined 
fréquency and the hfs transition rf was turned on. An 
rf-induced signal was then exhibited as a displacement 
of the recorder trace from the background level. The 
time for the trace to come to equilibrium was entirely 
determined by the lock-in detector time constant, which 
was twenty seconds. 

3. The displacements for four separate frequencies 
were observed consecutively in this manner. A pair of 
observations was always made on one side of the line 
and then a second pair on the other, to compensate for 
instrumental drifts. 

4. The rf was then turned off and the background 
trace was re-established in order to observe if any 
drifts had actually occurred. 

5. In reduction of the data the two successive 
positions of the background trace were connected by a 
straight line segment, and the rf-induced signal was 
the measured distance of the equilibrium trace for a 
given frequency from the interpolated background line. 
Usually fluctuatichs of the background trace were no 
greater than one tenth of a millivolt on the Leeds and 
Northrop recorder, while the maximum rf-induced 
signal was usually from two to four millivolts. 

6. Frequency measurement was by a heterodyne 
method. The ninth harmonic of 240 Mc/sec from a 
frequency standard was compared with the second 
harmonic of the output from the SAL 39 klystron 
amplifier. The difference between these two frequencies, 
approximately 6.7 Mc/sec, was compared with 7.5 
Mc/sec from the frequency standard. The difference in 
these two frequencies was observed with a BC 221 
frequency meter. The frequency standard was compared 
daily with WWV. The BC 221 was calibrated with 
10 kc/sec markers from the frequency standard. 
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C. Resonance Distortion Effects 


Several effects might cause shifts and distortion of 
the resonance. Aside from overlap and rf Stark shift, 
which have already been discussed, there exist the 
possibilities of pressure effects, phase shifts in the 
oscillating field, and variations in oscillating-field 
strength as a function of frequency. To determine 
phase-shift effects observations were made with the 
transition region oriented first in one position and 
then in the reverse position. A search was made 
for an rf Stark shift by observing the resonance at 
several different power levels. Overlap effects were 
investigated by observation of Av at different beam 
voltages and static magnetic field values. 


D. Final Data 


Eighty-six separate determinations of Av were made. 
Of these, 68 were made with the separated oscillating 
fields and the remainder with the single oscillating 
field. These determinations fall into twelve distinct 
groups. Each corresponds to a unique set of experi- 
mental conditions, chosen to allow investigation of 
possible resonance shifts of the kind discussed in Sec. 
XC. An elaboration of these conditions is given in 
Table IV; for example, groups 1-5 were taken with one 
orientation of the separated oscillating fields and groups 
6-8 with this structure reversed. 

All of the data were reduced by a two-point interpola- 
tion method. In addition, some of the data obtained 
with the separated oscillating fields were reduced by 
fitting a least-squares cosine curve to the observed 
points. The arithmetic means of the determinations in 
each group are plotted in Fig. 18, together with 
their statistical probable errors, for each method of 
reduction. Finally, the two-point interpolation data 
were divided into two groups corresponding to the 
upper and lower halves of the resonance curves, in 
order to investigate possible asymmetries. The arith- 
metic means of the data using these different reductions 
are listed in Table IV. 


E. Uncertainties 


The statistical probable error of the arithmetic mean 
of all 86 determinations is 36 cps. However, this cannot 
be used as a measure of the uncertainty of the final 
result, since allowance must be made for uncertainties 
in various systematic effects. It is estimated that all of 
the frequency readings might be in error by as much as 
25 cps, due to inaccuracies in calibrating the BC 221 
and setting it to zero-beat. Since the sign of this effect 
is not known, it contributes in its entirety to the 
final uncertainty. The difference between the upper and 
lower means is 50 cps. This difference might arise from 
frequency sensitivity of the rf circuits and rf power 
monitor. An allowance of 25 cps is made in the final 


STATE 


OF SINGLY IONIZED He? 


TABLE IV. Summary of observations.* 


Group» 


2.4X 1075 
2.4X 10-5 
2.4X 10-5 
2.4 10-5 
2.4X 10-5 
2.4X 10-5 
2.4X 10-5 
1.4 10-5 


2.4X 10-5 
2.4X 10-5 
2.4X 1075 
0.9X 10-5 


Sw wrermrrr 


| ty ty ty 


(t) 


ie 


0.14 
0.16 
0.12 
0.08 
0.20 
0.04 
0.15 
0.06 


0.04 
0.08 
0,22 
0.07 


CONT OD Un & GW dO 

Oe On Une Ge | 

SIM MONON UW 
NIN QA OO! 


9 
10 
11 
12 


bho bo ee OO 


Group mean 


values: 5.01 4.99 5.04 4.94 


Arithmetic mean of 86 separate observations: 1 083 354.99 kc/sec 


® The items in the columns refer to: 


(a) Number of determinations in a group 

(b) Ion beam energy, ev. 

(c) Pressure, mm Hg. These pressures were observed with an ionization 
gauge calibrated for nitrogen. 

(d) Zeeman correction, kc/sec. 

(e) Rf power. For those entries marked a, the rf power was set for optimum 
transition probability. For those entries marked 8, the rf power was 
set for } of optimum. 

Orientation of hfs transition region. For those entries marked A the 
transition region was in one position; for those marked B this position 
was reversed. 

(g) Arithmetic mean of data as reduced by two-point interpolation; kc/sec. 

(A) Arithmetic mean of upper halves of resonance curves; data reduced by 
two-point interpolation; kc/sec. 

(¢) Arithmetic mean of lower halves of resonance curves; data reduced 
by two-point interpolation; kc/sec. 

(j) Arithmetic mean of Av as determined from data reduced by fitting 
resonance curve to a least-squares cosine curve; kc/sec. 

(k) Statistical probable error of interpolated mean, kc/sec. 

(1) Statistical probable error of values of Av obtained by fit of cosine 
curve; kc/sec. 

> Groups 1-8 were obtained with the separated oscillatory field type of 
transition regions, groups 9-12 with the single oscillatory field type of 
transition region. 


uncertainty for this effect. The sum of the above 
uncertainties is 86 cps. 


F. Corrections 


The Bloch-Siegert correction,” the transverse Doppler 
shift, and the magnetic field inhomogeneity correction 
are each a few cycles-per-second and may be neglected. 
If the data are extrapolated to zero rf power, the 
apparent value of the hfs splitting is Av= 1083.35511 
Mc/sec, indicating the possibility of an rf power shift 
of —120 cps. The earlier estimate of the rf Stark 
effect indicates that a power shift of —29 cps might 


27 F. Bloch and A. Siegert, Phys. Rev. 57, 522 (1940). 
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Fic. 18. Arithmetic means of 86 separate determinations of Av, as arranged in 12 distinct groups, each corresponding 
to a unique set of experimental conditions. The vertical lines indicate the statistical probable error of each group of 
determinations. The final value of Av, together with its estimated uncertainty, is plotted at the extreme right of the figure. 
The points with uncertainties indicated by dotted lines are associated with the cosine curve reduction. (See Table IV.) 


be expected. Extrapolation of the data to zero pressure 
indicates the possibility of a pressure shift of +200 cps. 
Presumably such an effect could arise from the collision 
of metastable ions with the residual gas in the vacuum 
envelope. Such collisions might be expected to mix P 
states with the 2°*S; state and so reduce the apparent 
hfs splitting. Thus the apparent ‘“‘pressure shift,” 
obtained by extrapolation, has the wrong sign. 

However, an analysis of variance supports the 
assumption that both these apparent “shifts” are within 
the statistical fluctuations of the data. Thus no correc- 
tion is made for these effects, but the final uncertainty 
is chosen to include their possibility. 


G. Final Result 
The final result is 


Av(He*, 2 2S;) = 1083.35499-+0.00020 Mc/sec. (23) 


XI. CONCLUSIONS 
A. Nuclear Structure Effects 


A theoretical estimate of Av for a point-dipole nucleus 
is given by the following expression : 


Avy=[(16/3)a?R.c(une?/un) (un/ Ms) (ue/uo) ] 
x1 —3m/M ye |X[1+ (17/2)a?] 
X [1+a/22—0.3280?/? ]X [1 — 2a2(5/2—1n2) ]. 
(24) 


The first quantity in brackets is obtained from the 
simple Fermi formula.”® The ratio of the He’ nuclear 
moment to the Bohr magneton is most precisely 
determined by the product of three factors (in paren- 
theses): the ratio of the nuclear moments of He* and 
H!,?9.© the ratio of the H! nuclear moment to the 
spin moment of the electron, and the theoretical value 
of the ratio of the electron spin moment to the Bohr 
magneton.** The second and third quantities in brackets 
are, respectively, the Breit-Meyerott reduced-mass 
correction® and the Breit relativistic correction. The 
fourth is the anomalous-moment correction for the 


28 E. Fermi, Z. Physik 60, 320 (1930). 

2H. L. Anderson, Phys. Rev. 76, 1460 (1949). 

* For a discussion of the diamagnetic corrections in the deter- 
mination of the He*—H! moment ratio, see N. F. Ramsey, 
Phys. Rev. 78, 699 (1950). 

31 Koenig, Prodell, and Kusch, Phys. Rev. 88, 191 (1952). 

32 C. M. Sommerfield, Phys. Rev. 107, 328 (1957). 

3G, Breit and R. E. Meyerott, Phys. Rev. 72, 1023 (1947). 

% G. Breit, Phys. Rev. 35, 1447 (1930). 
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Fic. 19. Prolate spheroidal 
coordinates. 


electron, and the fifth is the second-order radiative 
correction.*® Radiative corrections of relative order 
Za’, Zo, and o are believed to exist; however, these 
have not as yet been evaluated. Equation (24) allows 
for the finite nuclear mass only through the reduced- 
mass correction, but it does not include radiative 
reduced-mass corrections.**** If we insert DuMond 
and Cohen’s values for c and R,,,** Sommerfield’s value 
for a, and Wapstra’s value for the mass of He’,” 
we obtain 

Av, =1083.556+0.010 Mc, sec. (25) 
The uncertainty in Av, arises mostly from that in a; 
it does not include any allowance for the unevaluated 
theoretical terms discussed in the foregoing. We 
introduce a quantity 6 defined by 


Av=Avp,(1—8). (26) 


Using the present experimental value for Av and the 
above value for Av,, we obtain 


6=186+9 ppm. (27) 


This anomaly presumably arises from the effects of 
nuclear and nucleon structure, nuclear interaction 
currents, and unevaluated higher order radiative 
corrections. The structure and interaction current 
effects have been estimated by Sessler and Foley, 
while the nucleon structure contribution has been 
considered by Sessler and Mills.“ If higher order 
radiative corrections are ignored, the anomaly 6 may 
be expressed as follows: 


6=— (AsstApt+Arct+AnaatAy). 


The main contribution to 6 is the first term A,,, the 
so-called ‘“‘neutron-spin S-state hfs anomaly in the 
adiabatic approximation.” This is given by 


Mn 
4..=—2( ) f (itr Wwtdr / a0 f Yrtdr. (29) 
Mie’ 


This expression is derived with an electronic wave 
function in the neighborhood of the nucleus which 


(28) 


35 N. M. Kroll and F. Pollack, Phys. Rev. 86, 876 (1952). 

36 R. Arnowitt, Phys. Rev. 92, 1002 (1953). 

31 W. Newcomb and E. Salpeter, Phys. Rev. 97, 1146 (1955). 
38 A. C. Zemach, Phys. Rev. 104, 1771 (1956). 

% E. Cohen, ef al., Revs. Modern Phys. 27, 363 (1955). 

# A. H. Wapstra, Physica 21, 367 (1955). 

4t A. M. Sessler and R. L. Mills (private communication). 
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Taste V. Binding energy differences and hfs anomalies as 
computed with various helium-three nuclear wave functions. 


Binding 
energy 
difference 6 
Mev ppm 


Singlet Hard-core 
effective radius 
range ro D 
10-%cm 107% cm 


Pease-Feshbach 0.0 1.041 155 
KMY exponential 2.7 0.0 0.986 144 
0.2 0.810 162 
0.4 0.729 176 
0.6 0.676 179 
KMY exponential 0.0 1.037 136 
0.2 0.845 155 
0.4 0.777 159 
0.6 0.723 166 
KMY Yukawa ; 0.0 1.246 113 
0.2 0.799 
0.6 0.679 
KMY Yukawa Z. 0.0 1.358 
0.2 0.865 
0.6 0.723 


0.764 


Wave function 


Experimental values* 186+9 


® See reference 44. 


may be determined explicitly as the solution of the 
Schrédinger equation in prolate spheroidal coordinates 
(see Fig. 19). Also, ¥y is the nuclear wave function, 
Hn, MHe® are the magnetic moments of the neutron and 
the He* nucleus, respectively, and do is the Bohr 
radius. The second term of Eq. (28) is the correction 
which results from nuclear orbital effects in the non- 
adiabatic approximation. The third term gives an 
interaction-current contribution; two forms have been 
discussed by Sessler and Foley. The first contributes 
— 2.0 ppm to the anomaly, while the second contributes 
— 230 ppm. However, results of measurements of the 
hfs of tritium would seem to exclude large interaction- 
current effects, so that in what follows we shall explicitly 
assume the first value for Arc. The fourth and fifth 
terms are a nonadiabatic correction to A,, and a 
nucleon structure correction, Ay, respectively. Evaluat- 
ing the second and fourth terms with the Pease- 
Feshbach nuclear wave function, and inserting Ay 
=—1.5X10-°, we have! 


6=—(A,,—2X10-). 


The values of 6 for various nuclear wave functions are 
presented in Table V. The Pease-Feshbach function 
is derived by a variational method assuming Yukawa- 
shaped central and tensor wells, while the parameters 
are chosen to fit two-body data.” The function con- 
structed by Kikuta, Morita, and Yamada* assumes 
a central interaction with a hard repulsive core. Two 
separate forms are considered: one in which the attrac- 
tive part of the interaction is exponential, and the 
other in which it is Yukawa-shaped. The parameters 
are chosen to fit the two-body data, and the anomaly 
is computed for two different values of the singlet n-p 


be R. L. Pease and H. Feshbach, Phys. Rev. 88, 945 (1952). 
* Kikuta, Morita, and Yamada, Progr. Theoret. Phys. (Japan) 
15, 222 (1956). Also, M. Morita (private comminication). 
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effective range ro, and several values for the hard-core 
radius D. 

The table also gives values of the binding-energy 
difference E between He’ and tritium, as computed for 
each of the wave functions. It can be seen that nonzero 
values of the hard-core radius give relatively good 
values of E, while the Pease-Feshbach function is in 
error by 25% in its prediction of this quantity.“ 
On the other hand, most of the predicted hfs anomalies 
are somewhat lower than the experimental value. These 
differences might be accounted for by interaction- 
current effects and radiative effects. 


B. Hfs Splitting of the Ground 
State of He** 


An estimate of the hfs splitting of the ground state of 
He** is given by the expression : 


Av(He**, 1 2S;) =8Av(He**, 2 2S;) 

X1— (PZ? |[1—AZ*a*}. (30) 
The first factor in brackets is the Breit relativistic 
correction,** and the second is a radiative correction 
calculated by Mittelman,* who gives A=5.28. This 
formula has been compared with experiment in the 
case of hydrogen by Heberle, Reich, and Kusch.” 
These authors find an apparent value of A =3.4440.8. 
The source of this discrepancy is not known. For the 
purpose of estimating the ground-state splitting of the 
He’ ion we will take A =4.04+1.24. Thus we find: 


Av(He*, 1 2S;) =8665.628+0.013 Mc/sec. (31) 


The uncertainty arises principally from the uncertainty 
in the coefficient A. 


C. Atomic Wave Function for the 2 *S, State 
of the He*® Atom 


Sessler and Foley! have shown that the hfs splitting 
of the 24S, state of the He*® atom is related to the 
splitting in the ion by 


Av(24S;, atom) 3 17 
-—0(0)| 1+ (4-—e) 
Av(2*S;,ion) 16 2 





+ Aon (Aen Zen)f (32) 


where A,.) and Ag» are relativistic and diamagnetic 
corrections for the 2*S; state of He®, Agama and Aam/s 
are relativistic reduced mass corrections for the atom 
and ion respectively, and D(0), the electronic charge 
density at the nucleus of the 2*S, state of the atom, 


44 For the experimental determination of the binding energy of 
the He? nucleus, see Li, Whaling, Fowler, and Lauritsen, Phys. 


Rev. 83, 512 (1951). 
45 M. H. Mittelman, Phys. Rev. 107, 1170 (1957). 
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is defined by 


D(0) = 8a, f |W(11,0) |2dv(11). (33) 


Here ¥(ri,r2) is the nonrelativistic wave function for an 
infinitely heavy nucleus, and ap is the Bohr radius. The 
large nuclear structure corrections discussed in Sec. XI 
A do not appear in Eq. (32) because the atomic electrons 
act essentially independently in producing the hyperfine 
splitting of the 2%S; state.’ Sessler and Foley have 
estimated the relativistic and diamagnetic corrections. 
They find 

Arei=5.9 1a, 


Aam=4.3X10-*. (34) 


No estimate has been made of the mass corrections 
Aamm and Agama, but they are likely to be of the same 
order of magnitude, and of the same sign. Neglecting 
their difference and inserting the observed values of 
the splittings and the above relativistic and diamagnetic 
corrections into Eq. (32), we find 


D(0) =33.1837+0.0007. (35) 
This quantity can be used to test proposed wave 
functions for the 2%S; state of the He* atom. Teutsch 
and Hughes® have evaluated D(0) for a number of 
proposed wave functions. The most accurate function 
that they consider is a six-term Hylleraas function. 
For this function they find 


D(0) =33.16340.023. (36) 


Here the uncertainty in D(0) is estimated from the 
discrepancy between the computed and observed 
binding energy of the 2%S, state. More recently, 
Traub and Foley have computed D(0) for a six- 
parameter wave function and also for a 12-parameter 
wave function. They find 


D(0) = 33.18456, 
D(0) = 33.14795, 


6 parameters ; 5. 
37) 

12 parameters. 

The twelve-parameter function gives a value of the 

energy of the 2*S, state which is in better agreement 

with experiment, however. 
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APPENDIX I. ION SOURCE YIELD 


We assume that the drawout potential removes all 
ions formed in region V of Fig. 4. If V is the number of 
ions removed per second, then 


N=j-otnV/e, 
where j~ is the electron current density, o* is the 
ionization cross section, ” is the gas density, and e 
is the electronic charge. The ion current is then 
I+= Ne=I-atnd 
=I~dot p/kZ, 
where /~= 7(L, p is the pressure in the bombardment 
region, and d, t, and L are given in Fig. 4. For p=10~™ 
mm Hg, T= 300°K, and the present geometry, we have 
I+=1.4X10~°/ 
Experimentally /*+=5X10~-°J~ for this presssure. The 
low value of the estimate indicates that ions are actually 


drawn from a larger volume of the bombardment 
region than V. 


APPENDIX II. SPACE-CHARGE LIMITING 
OF THE ION CURRENT 


The maximum ion current /;(max) is given by“ 


v72/e\'wD 
Imax) =—(—) -— V? esu/sec=6X 10-8 amp, 


Tv m 


4 


where V =(20/300) esu, L=35 cm, w=3.0 cm=beam 
width, D=1.0 cm=beam height. The Child’s law 
relation is J=AV!/L*, where A=constant. If the ion 
current is given by this relation, we have 


I;=const Xv*/L?=constX L/T*, 


where 7 =time of beam transit, and »=beam velocity. 
For a given line width T is constant and J;=const XL. 
Thus, for a given line width, the space-charge limited 
ion current increases with L. 


APPENDIX III. THERMAL SPREADING 
OF THE ION BEAM 


In the following estimate we neglect the complications 
which ensue when thermal spreading and space-charge 
effects are considered together. Let L be the beam 
path length as before, and let 4 be the width of the final 


4a J. R. Pierce, Theory and Design of Electron Beams (D. Van 
Nostrand and Company, Princeton, New Jersey, 1949). 
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aperture. Assume the beam issues from a line source 
with no spread in the longitudinal velocity component 
v,. The transverse: component 2, is limited by the 
condition 2,<Dv,/2L, where v,=(2eV/m)'. If we 
assume that the transverse velocities are given by 
a Maxwellian distribution, the fraction of particles for 
which the transverse component is less than the 


upper limit is given by 


(m/2k T) doy max) 
J exp(—2*)dx. 


0 


For T=300°K, V=20 ev, and the present geometry 
we find »=0.6. Thus approximately half of the ions 
might be lost to the beam through thermal spreading. 


APPENDIX IV. RADIO-FREQUENCY STARK EFFECT 


The rf electric field associated with the oscillating 
magnetic field in the hfs transition region couples 
the various hfs components of the 27S; and 2?P; 
states. This produces a shift in the apparent value 
of the hfs splitting and a quenching of the meta- 
stable ions. An exact evaluation of these effects is 
prohibitively difficult. We show here that the formulas 
for the static Stark effect provide a good estimate in 
the high-frequency case if the amplitude of the static 
field is replaced by the rms value of the electric field. 
We consider a simplified problem in which the hfs is 
ignored and there exists instead a simple Zeeman 
resonance between magnetic sublevels of the 2 2S; state. 
In addition it is assumed that there is an oscillating 
magnetic field, an oscillating electric field, and that the 
Zeeman splitting of the 2S; state and the frequency of 
the fields are about 1083 Mc/sec. Thus the matrix 
elements and energy separations in the simplified 
problem are essentially the same as in the actual 
experiment. The energy levels are shown in Fig. 20. 

In the presence of oscillating magnetic and electric 
fields the amplitude coefficients of the levels defined in 
Fig. 20 are governed by the equations: 

a= —tw,a+ Me—”'b+28&(coswt)d, 


b= —twyb— Meta— 28 (coswt)c, 


é= —tw.c+28&(cosut)b, 


d= —iwad—28(coswt)a. 


Here, w is the frequency of the applied field in radians 
per second and 


M oe MoH 12n, 


we=Eon, wa=Ean—iy/2, S=(2)teaoE yon, 


where /,, Ey, E., and Eg are the energies of the various 
states, y is the decay constant of the 2?P, state, and 
H, and E£; are the peak amplitudes of the oscillating 
electric and magnetic fields, respectively. It is assumed 
that these fields are perpendicular to each other and 


Wa= Ean, We=Eeja—ty/2, 
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Fic. 20. Zeeman splitting of the 2*S; and 2*P, states in the 
absence of hyperfine structure. The letters a, 6, c, and d denote 
both: the states and their probability amplitudes and S is the 
Lamb shift. The Zeeman splitting vp is assumed to be about 
1083 Mc/sec. 


to the static magnetic field. The imaginary parts of 
we and wg are introduced to account for the decay of 
the 2°P, state. We have dropped the antiresonant 
terms in the magnetic perturbation since the effect of 
these is known to be small. It can be readily shown 
that the damping of the 2P state has little effect on the 
static Stark shift. For simplicity we will also neglect 
it here; this is allowable as long as the frequency of 
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the rf electric field is far removed from the Lamb shift 
frequency. Using methods developed by Ramsey* and 
Winter,*® it can be shown that the frequency of the 
Zeeman transition in the presence of the rf electric 
field is given by 


& 
a +. 


o-w-| 
W—-W—-W WE—-We tw 


& 


& 
g2 


— -+- 


g2 
| hasan | 
Wa—Wa—-W Wa—watw 


where wo=27vo. Since w is small compared to (w,—w-) 
and (we—wa), this expression may be expanded in 
powers of w. In such an expansion the linear terms in 
w cancel and we have 


$ CE 1 1 
@o=wWo-- ae— —| eh-7 sen —| 


4 f 2 lop—oe, wa—wa 


The terms that we have neglected here amount to no 
more than one percent of the net shift. This result is 
identical to that obtained for a static field of magnitude 
E,/v2 and we have shown that the formulas for the 
static Stark shift provide a good estimate of the rf 
Stark shift provided we take E=£,/v2. A similar 
conclusion holds for the rf Stark quenching. 


48N. F. Ramsey, Phys. Rev. 100, 1191 (1955). 
‘9 J. Winter et al., Compt. rend. 241, 556 (1955). 
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Starting from the general equation for the distribution matrix, magnetic resonance absorption in crystals 
is treated by introducing the Fourier transform of the resonance line which is shown to have the convenient 
form of a simple trace. The method is first applied to rederive some earlier results of Van Vleck, concerning 
the moments of the line. It is then extended to include the case of the following experimental paper, where 
resonance absorption of one magnetic ingredient is observed while another magnetic ingredient is at the 
same time subjected to a strong resonant rf field. It is shown that the absorption line exhibits a center line 
and faint sidebands, and formulas for the intensity and shape of these lines are developed. In particular, 
it is shown that the total second moment of the absorption is unaltered by irradiation of the other ingredient. 
A quantitative measure for the observed narrowing of the center line is found through the reduction of its 
second moment, which is compensated by the contribution of the sidebands to the total second moment. 


1. INTRODUCTION 


HE rigorous analysis of the dipolar broadening of 

nuclear magnetic resonance lines in crystals 
represents a formidable mathematical problem. Even 
in external magnetic fields, strong enough to permit 
treatment of the dipolar energy as a small perturbation 
in comparison to the Zeeman energy, one deals with a 
secular problem where the matrices have a rank de- 
termined by the extremely high degeneracy of the un- 
perturbed system. The greatly simplifying restriction 
to the lowest energy levels, which permits a treatment 
of the somewhat analogous problem of ferromagnetism 
near saturation,' is here not applicable under normal 
experimental conditions since they are so far from those 
of complete saturation that all the greatly numerous 
energy levels of the system are of practically equal 
importance. Van Vleck’ has made a significant contri- 
bution to the problem by showing that one can never- 
theless obtain quantitative information if one foregoes 
the attempt to calculate the detailed shape of resonance 
lines, but, instead, restricts oneself to compute their 
various moments. The very lowest moments are of the 
greatest practical importance since the complexity of 
the computation, as well as the difficulties of an experi- 
mental determination, increases very rapidly for the 
higher moments. 

It is shown in the following paper, by Sarles and 
Cotts, that the dipolar broadening of a resonance line 
can be modified by choosing the applied alternating 
field to cause rapid changes in the orientation of the 
nuclear moments pertaining to another magnetic in- 
gredient in the crystal. The following analysis of this 
effect will be carried out by a suitable adaptation of Van 
Vleck’s method. In order to clarify the various simpli- 
fying assumptions of the method, the theory of relaxa- 


* Supported in part by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

1F, Bloch, Z. Physik 61, 206 (1930); 74, 295 (1932). 

2 F. J. Dyson, Phys. Rev. 102, 1217 (1956). 

3 J. H. Van Vleck, Phys. Rev. 74, 1168 (1948). 


tion, recently presented by the author,‘ will be used as 
a starting point. It will first be applied to the single 
resonances, considered by Van Vleck, before generaliz- 
ing the treatment to include the discussion of experi- 
ments with double resonance, reported in the following 
paper. 


2. GENERAL EQUATIONS AND NOTATIONS 


It has been shown that the behavior of a general 
spin system can be derived from the distribution matrix 
o, satisfying the equation® 


da/dt+iLE,o ]=T(o). (1) 


E represents the total energy of the spin system, di- 
vided by #, and can be written here as 


E=B+C+D, (2) 


where the first part represents the Zeeman energy, 
determined by the external constant magnetic field Ho; 
the second, the dipolar energy; and the third, the con- 
tribution due to external alternating magnetic fields.® 
The term on the right side of Eq. (1) originates from 
the coupling of the spin system to the lattice, which 
acts as a heat reservoir at a given temperature. The 
presence of such a term is evidently required to account 
both for thermal relaxation and for a finite absorption 
of the spin system, but for the purposes of this paper 
it is sufficient to note that, besides being linear in «, it 
should be regarded as being exceedingly small. Indeed, 
its order of magnitude is given by the inverse of the 
thermal relaxation time T,, which may be assumed to 
be of the order of several seconds or even considerably 


‘F. Bloch, Phys. Rev. 102, 104 (1956); 105, 1206 (1957). 
These two papers will be referred to as “IL” and “III,” respec- 
tively. 

5 Equation (2.56) in IIT; the small corrections A and I appear- 
ing in this equation are here omitted since they are negligible with 
respect to the principal part E, used in Eq. (2) of this paper. 

* This notation is the same as of Eq. (4.1) in II; the coupling 
term C, however, does not have the form, given by Eq. (4.7) in 
II which is appropriate for liquids, but is to be replaced by that 
arising from the interaction of dipoles in fixed positions, — 
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longer.’ On the other hand, the width of the observed 
absorption lines is of the order of 10 kilocycles and is a 
measure for the magnitude of the dipolar term C in 
Eq. (2). Compared to this term, that of the right side 
of Eq. (1) should thus be considered to have a relative 
order of magnitude of 10~ or less. 

Considering first a single magnetic ingredient of 
nuclei with spin J and gyromagnetic ratio y, the spin 
vector operator for a given nucleus 7 will be denoted 
by I;. Choosing the z component in the direction of the 
constant field, the components of I; will be replaced by 
three operators J(A=—1,0,1) which are related to 
the components of the vector I; by the equations, 


Tp=(1,;)25 [= (7) 21(15)y, (3) 
and which satisfy the commutation rule* 
(1) 0n7]= (—1)*7(A— 7) I) +76 n- A7=—1,0,1). (4) 


Following the notation of Van Vleck® in the case of a 
second ingredient with nuclei of spin 7’ and gyromag- 
netic ratio y’, the spin vector operator of a given nucleus 
j’ of this ingredient will be denoted by I;. The defini- 
tion and commutation rules of the corresponding opera- 
tors J; are obtained by replacing, in Eqs. (3) and (4), 
j by j’ and k by k’; any two operators, of which one 
has a primed, the other an unprimed lower index, 
commute of course with each other. It is finally useful, 
for further purposes, to introduce the total spin 
operators 

P=) 51>} 


for one ingredient and /” in case of a second ingredient, 
obtained by replacing 7 by j’ in Eq. (5). With these 
notations, the Zeeman part B of Eq. (2) can then be 
written in the form 


(A= —1,9,1), (5) 


B= —wyl”®, (6a) 
in the presence of one ingredient and 
B= —wol®—wy I”, (6b) 
in the presence of two ingredients with 
wo=yHo, wo =y'Ho. (7) 
The dipolar part C of Eq. (2) will, for a single in- 
gredient, be written in the form, 


C= Z Cik, 


i<k 


(7a) 


7 For the NaF crystal of the following paper LL. R. Sarles and 
R. M. Cotts, Phys. Rev. 111, 853 (1958) ], 7:1 sec; since the 
thermal relaxation is here primarily due to the presence of para- 
magnetic impurities one can expect to find increasingly larger 
values of 7; for higher purity of the crystal. In the case of rela- 
tively pure single crystals of LiF, one observes in fact thermal 
relaxation times which are of the order of several minutes and 
which would probably be even longer if the amount of para- 
magnetic impurities could be further reduced. 

8 Apart from expressing the fact that the spin operators of 
different nuclei 7 and k commute, this form of the commutation 
rule for j= can be readily verified, in virtue of Eq. (3), to be 
equivalent to the customary form [/,,/,]=iI, and its cyclical 
permutations. 
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where 
AC j,.=h?y?(7 54 (1;- I.) —3r jx 5 (rye I,) (rj, -I,)] (8) 


represents the well-known interaction energy of two 
magnetic dipoles j7 and k with moments p;=fyI; and 
u.=hyl,, respectively, separated from each other by 
the radius vector r;, with magnitude r;,. Using the 
operators defined in Eq. (3), one has 


Cr=QX cy TMi, (9) 
A,r . 


where the summation extends over the values —1, 0, 1 
of \ and 7 and where the coefficients c;,*" are readily 
obtained by introducing in Eq. (8) the operators J ;* 
for the nucleus 7 defined by Eq. (3), and the correspond- 
ing operators J,’ for the nucleus k.° Since Cj, is a 
Hermitian operator, the coefficient c;,-*~’ is conjugate 
complex to c;;>". 

In the presence of a second ingredient, one has, 
instead of (7a), 


C= 2D Cit L Cre td Ciw, 


i<k i'<k’ jk’ 


(7b) 


with the same significance of Eqs. (8) and (9) for primed 
as for unprimed indices and with the replacement of +” 
in Eq. (8) for the second term of Eq. (7b) by y’,? for 
the third by vy’. 

To obtain the part D of Eq. (2) it will be assumed, 
in the case of a single ingredient, that the applied 
alternating field contains only a single frequency w; in 
the vicinity of the resonance frequency wo. Its effect 
upon the nuclei can be described, in the customary 
manner, by that of a rotating field of magnitude H, 
with an x- and y-component, given by H; cosw;t and 
— Hy, sinw,t, respectively. With the notations (3) and 
(5) one then has 


D=—hy(De'*1!+- Je 14) , (10a) 
with 


h,=7H,/2. (11a) 


In order to treat the case of double-resonance in the 
case of two ingredients, the alternating field will be 
assumed to contain, besides the frequency w:, a second 
frequency w in the vicinity of the resonance frequency 
wo’ of the second ingredient. Because of the presence of 
an additional rotating field of magnitude H» and fre- 
quency we, one has therefore in this case 


D= —In(Deie'+ Je) 
—hy' (Ie [le ian) 
pre he(Te*#2*+- [1 2") 


— hy! (Ie J'1¢-ie2!), (10) 


where the first and second terms on the right side con- 


9 These coefficients appear explicitly in Van Vleck’s Eq. (2), 
reference 3, where instead of the above notation /°, /', J~, spin 
operators are denoted by S,, S+, S~, respectively. 
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tain the action upon the primed and unprimed ingre- 
dient, respectively, of the field with frequency w, the 
third and fourth term that of the field with frequency 
w2, and where 


hy= vH,/2, 
ho= yH> ‘ai 


hy’ =y'H, Z. 


(11b 
h.!=y'H» 2s ; ) 


Either in the case of a single ingredient or of two 
ingredients, it will be assumed that one observes 
signals of frequency w; so that the direct experimental 
information concerns the resonance characteristics of 
the contribution M = M,+-iM, to the complex polariza- 
tion which is due to the unprimed ingredient.’ Referring 
to a unit volume of the crystal, it is given by 


M=hy(I), (12) 
where (/') stands for the expectation value of the 
operator /', defined by Eq. (5). In view of the general 
manner in which the distribution matrix determines the 
expectation value of a spin function," one obtains from 
a solution ¢ of Eq. (1) 


(P!)=Tr(l'e). (13) 
As a function of time, M varies under stationary condi- 
tions with the frequency ,; besides, it will be assumed 
that the magnitude H, of the corresponding rf field is 
sufficiently small, so that only linear terms in this 
quantity have to be retained. The resonance of the 
unprimed ingredient is then characterized by measuring 
the complex susceptibility 


x=M/(Hye-*""*) = x'+ ix”, (14) 
in its dependence upon w, and, particularly, by the 
imaginary part x”’ of this expression, which corresponds 
to absorption. 


3. SINGLE RESONANCE WITH A SINGLE 
MAGNETIC INGREDIENT 


The formalism, outlined in the preceding section, 
will be applied in this section to the simplest case, 
where the crystal contains a single magnetic ingredient 
and where the alternating field is assumed to contain 
only one frequency w, so that the three parts B, C, and 
D, on the right side of Eq. (2) are given by the Eqs. 
(6a), (7a), and (10a), respectively. While it will yield 
no results beyond those already derived by Van Vleck,” 
the treatment of this case is presented in a manner 
which leads up to that of double resonance to be con- 
sidered in the following section. 

Starting with Eq. (1), a unitary transformation will 
first be applied to the distribution matrix « whereby 


© Tn applying the results, obtained below, to those of the follow- 

ing paper, the unprimed and primed ingredient will consist of the 

nuclei of Na®, and F'’, respectively, contained in a crystal of NaF. 
1 See Eq. (2.6) of II. 


12 Sections IT and III, reference 3. 


LINE 


NARROWING 


the transformed matrix 


_ I] 
or=ToT™, 


(15) 
is defined by means of the transformation operator 


T = exp(—iwytl°), (16) 


and its inverse 7". 
It can be seen! that the result of this transformation 
upon the operator /;* is given by 


TI PTO =e] D, (17) 


Indicating from now on the result of the transformation 


throughout by the subscript 7, one obtains from Eqs. 
(5) and (17) 


(DP) p=e-Poutpr (18) 


and, with the trace invariant against the transforma- 
tion, from Eq. (13) 


(2)=TrU7'or) =e" Tr(l'o7). (19) 


The time dependence of this quantity, just as that 
of the complex polarization M of Eq. (12), is contained 
in the exponential, multiplying the trace, so that the 
latter has to be independent of time. To meet this 
requirement, it is necessary to exclude transient effects 
and it is further sufficient to find the stationary part of 
the matrix or since the operator J' is independent of 
the time. This suggests finding a form of o7 which is 
altogether stationary. On the other hand, it follows 
from Eqs. (1), (2), and (15) that o7 has to satisfy the 
differential equation 


dor ‘dt+iLEz,or |=l'r(o7r). (20) 


By dividing the operator Fr into three parts in analogy 
to Eq. (2), so that 


Er=Br+Crt+Dr, (21) 


one can verify from Eqs. (6a), (15), and (18) that 


Br=wl°+TBT= Ay), (22) 


with 
Ai=o} — Wo. 


It is further seen from Eqs. (7a), (9), and (17) that 


Cr= TCT“=), pe Ctl PT, fe FOr at, 


Ar j<k 


(24) 


and from Eqs. (10a) and (18) that 


Dr=TDT™ = —hy(I'+T-). (25) 
A rigorously stationary solution of Eq. (20) is pre- 
cluded by the time dependence of C7, contained in the 
terms with A+7#0 of Eq. (24). On the other hand, 


‘8 The simplest proof of Eq. (17) is obtained by noting that it 
holds at the time ‘=0 and by verifying that, in virtue of Eqs. (4) 
and (5) and, hence, of the commutation rule of 7° with J;*, the 
equality holds for the time-derivative. 
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the omission!‘ of these terms involves a negligible error, 
provided that the conditions 


(| Ay], lei], |hy| “Kw (26) 


are satisfied. This is indeed the case under normal 
experimental conditions where the constant field Hp is 
so strong that the Larmor frequency wo=~7yHo is very 
large compared to the frequencies on the left side of the 
relation (26) which represent a measure for the effective 
magnitude of the operator Er of Eq. (20). The same 
holds in the vicinity of resonance for the frequency 
so that the rapid alternation of the terms with A+7#0 
justifies their omission.!® It is therefore permissible to 
substitute for the expression (24) its time average 


A= +e (65.7 Te pO +x es 1], 
i<k 
Another simplification arises from the fact that hy, 
may be considered sufficiently small so that quadratic 
and higher terms in this quantity may be neglected. 
Let 


(27) 


(28) 


oT=o0t 01, 


where a> is the stationary solution of Eq. (20) obtained 
for h:=0 and where o; is proportional to /,. Since Dz, 
given by Eq. (25), is itself linear in /, it follows to this 
order from Egs. (20) and (22) with the substitution (27) 
for Cr that a stationary solution for o; has to satisfy 
the equation 


[A,/°+4A, oti r(o)=hL'+I-, ao |. 


To obtain the quantity ¢» which appears on the right 
side of this equation, it is to be noted that, for H,=0, 
the spin system is in thermal equilibrium with the 
lattice, so that the stationary solution of Eq. (1) can 
be written in the form'*® ¢e~*“° where 8=h/kT and where 
Ey represents the principal part of the energy of the 
spin system, divided by #. In the presence of a suffi- 
ciently strong constant field Ho, this part is given by 
the Zeeman energy B of Eq. (6a) and one may there- 
fore write 


(29) 


oo=f exp(x/®), (30) 
with 
k= Bwo= hwo /RT, (31) 
and 
¢=(Tr exp(«/®) }". (32) 


Although this result for 4;=0 refers to the stationary 
solution of Eq. (1), it applies also to that of Eq. (20) 
and hence to the quantity oo of Eqs. (28) and (29). 
Indeed, this quantity is seen to remain unchanged 
under the transformation (15) since the operator T of 
Eq. (16) commutes with exp(«/°). 


4 This omission is equivalent to that of the heavy-bracketed 
part of the Hamiltonian in Van Vleck’s Eq. (2), reference 3. 

16 Treated as a perturbation, the omitted terms yield in first 
approximation contributions of small amplitude to or which 
vary with frequencies w; and 2w; and correspond to the existence 
of faint subsidiary absorption lines, pointed out by Van Vleck. 

16 Equation (2.35) of II and (1.1) of IIT. 
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In order to solve Eq. (29) for o1, it is most convenient 
to choose a representation in which the quantity A, 
given by Eq. (27), is diagonal with eigenvalues wp. 
This quantity can be seen to commute with the opera- 
tor 7°, in view of the definition (5) and the relations (4), 
so that it is possible to assign a definite eigenvalue m of 
T° to each of the states n. It follows that the quantity 
A,/°+A is, in this representation, likewise diagonal 
with eigenvalues 


(n|Ay°+A|n)=mA\+on, (33) 


as well as the quantity oo of Eq. (30) with eigenvalues 


(n|oo|n)=fe™. (34) 
As a consequence of the commutation relations between 
I® and J*', one has the selection rule that (»|J*"|n’) 
vanishes unless the eigenvalues m and m’ of J° for the 
states m and n’, respectively, satisfy the relation 
m' =m 1. Disregarding, for the time being, the imagi- 
nary relaxation term on the left side of Eq. (29), one 
obtains therefore from this equation, together with 
Eqs. (33) and (34), 


(n|o1| 2’) =hy(1—e-*)(n| I exp(xl®) | n’)/ 
(Wn—Wn— Ai), 


(35) 


for m’=m-+-1 and an analogous expression for m’=m—1, 
while all other matrix elements of o; vanish. Since the 
matrix, representing the contribution oo to or in Eq. 
(28), is diagonal, it follows further from the selection 
rule for /', that one can write Eq. (19) in the form, 
(I!) =e~#1t ¥ (n|o,\n’)(n’|I'\n), (36) 


nn’ 


and that the expression (35) may be inserted on the 
right side of this equation. 

The relaxation term, which was temporarily neg- 
lected, can be considered to be very small and thus to 
have an appreciable effect upon the result (35) only if 
w@n—w,' is in the immediate vicinity of the value A, 
given by Eq. (23). This effect can be described by 
adding to the denominator on the right side of (35) a 
term —iI’,,, with a real and positive coefficient I’,,’, 
which is of the order of magnitude of the inverse thermal 
relaxation 7, and thus according to Sec. 2, very small 
compared to the width of the absorption line.” With 
this correction in Eq. (35) and with Eqs. (11a), (12), 
(13), and (36), one obtains from Eq. (14) the complex 
susceptibility 


x(A1) =3thy?(1-—e"") © (n| I exp(xl®) |n’) 


X (n' | I" |n)/(@n—Wn—Ai—tT an’), (37) 


\7 The origin of this coefficient and the proof that it must be real 
and positive is analogous to that of the quantity Ia, of Eq. (3.8) 
in II. 
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with the imaginary part 
x" (Ai) = 3h? (1—e-*) Lo (| I exp(xl°) |[n’) 


XK (n'|I"| 2) fane(Ar). (38) 


The function 
is n' (Ay) = Pan'/L(@n—wn’ es Ai)?+ Er ex )? 


attains appreciable values only if A, differs from w,—w,’ 
by an amount comparable or small compared to Pnn’. 

In view of the smallness of this coefficient, mentioned 
above, it is therefore permissible to replace the function 
fnn'(41) in (38) by a 6 function, multiplied by x for 
reasons of normalization, and to write!® 


x" (Ai) = (4/2)ghY>(1—e-*) LE (n| I exp(xl") |’) 


nn 


(39) 


XK (n'/T!|n)b6(Ai—watwn’). (40) 
This quantity determines the absorption of weak rf 
fields in its dependence on the applied frequency 
w#1=wo+ A; and contains thus the complete information, 
both with regard to magnitude and detailed shape of 
the resonance absorption line. It is, however, more con- 
venient to write it as a Fourier integral in the form 


+0 
x"(A1)=K f e(detdt, (41) 


kaa 
where 


K= {thy (1—e-*). (42) 


The moments of the absorption line, defined by 


(avw= fave"(andas /| fx"anaas] (43) 


are then directly obtained from the Fourier transform 


(44) 


+0 
2nK g(t) = f e1ty’"(Ay)d Ai, 


18 This procedure was used from the start by Van Vleck and 
its significance is intuitively clear. Nevertheless, it may be well 
to add some remarks in regard to the calculation of moments. 
According to Eqs. (38) and (39), the observed absorption line 
is actually to be understood as the conglomerate of very many, 
very narrow lines of Lorentzian shape with a negligible contribu- 
tion to the absorption as soon as A, is outside of the range of the 
frequencies w,—wy’, i.e., outside of the width of the observed line. 
However, since for large values of A; this contribution decreases 
merely as 1/(A;)?, it contributes an ever-increasing amount to the 
second and higher even moments, the larger the range of values of 
A, is chosen. On the other hand, this range is, in practice, re- 
stricted to a few times the observed width w of the line so that the 
Lorentzian wings of the actual line are immaterial, provided only 
that the width I’,,,, of the individual lines is small compared to w. 
In fact, choosing a range aw with a>>1 on both sides of the ob- 
served line, it is readily shown that the contribution from this 
origin to the sth moment (s even) is of the relative order of 
magnitude a*!|I'| /w where |I'| represents a weighted average of 
the various values of In», and may be estimated from the ob- 
served values of 7; to be in our case no more than 10~‘w. Thus 
even the choice of quite large values of a is permissible without 
noticeably affecting the values of the lower moments. 
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in the form 
(A1*)w=i*e (0)/¢(0), (45) 


where ¢g*)(¢) represents the sth derivative of the 
generating function g(t). A simple expression for this 
function is obtained by inserting the result (40) for 
x’’(A;) in the right side of Eq. (44) and using the value 
(42) of K, so that one has 


o(t)=> (n| I exp(xI®) | n’)(n’| P| n)eton—on) 


=> (n|I- exp(xI°) | n’)(n’ | e'4*Pe-*44| n), 


nn’ 


The last equality is based upon the fact that the matrix, 
representing the operator A of Eq. (27), is diagonal 
and has the eigenvalues w, and w,, in the states n 


and mn’, respectively. Through the rules of matrix 


multiplication and the definition of the trace, one 
obtains thus!® 


g(t) =Tr(e4*'e—*44J— exp(xl®)). (46) 


As a further simplification it is permissible, under nor- 
mal experimental conditions, to assume k= 7iwo/(kT)<1 
and, hence, to replace the operator exp(«/°) by unity” 


so that 
o(t)=Tr(e'4te-i4tJ), (47) 


The principal problem of evaluating ¢(¢) and, hence, 
through Eq. (41) the function x’’(A;), resides with the 
time development 


P(t) =e'4*T'e— #4 (48) 


19 While the author introduced the Fourier transform merely as 
a formal device, he is grateful to Dr. K. Halbach for having 
pointed out to him that it has a simple physical significance which 
permits a more direct derivation of the expression for g(t), given 
in Eq. (46). Restricting oneself to effects, linear in the applied 
rf field, one may in fact consider the effect of a 5 pulse of the 
rf field at the time ¢=0 as the result of the superposition of mono 
chromatic fields with a uniform spectrum over the frequency «. 
The quantity, given by Eq. (44), can then be interpreted as 
representing the signal observed at a time ¢>0. Conversely, one 
can integrate Eq. (1), assuming that for ‘<0 one has o=a», 
keeping for ¢>0 only terms linear in the applied rf pulse and 
neglecting damping effects which arise from the term ['(¢). With 
the use of the Eqs. (12) and (13) one is thus led to an expression 
for M which vanishes for <0 and which is proportional to ¢(¢). 
The expression (46) for this function is obtained by the same 
approximation as that which leads to the replacement of C by its 
average value A and the neglected part can likewise be seen to 
correspond to faint subsidiary absorption lines (see reference 15). 
The fact that the signal, following an rf pulse, can be expressed 
in terms of traces of operator products, was pointed out before 
by I. J. Lowe and R. E. Norberg, Phys. Rev. 107, 46 (1957), who 
applied it to the calculation of free induction decays in crystals. 

%” The presence of this operator in Eq. (46) indicates a tempera- 
ture dependence of the line shape which, however, is normally too 
slight to be observable. It might seem that it could be neglected 
only under the far-too-stringent condition Nx<1 since the range 
of eigenvalues of the operation /° is of the order of magnitude V 
of the number of nuclei present in the sample. Upon writing 
exp(x/°) as a product of operators, pertaining to the various 
nuclei, it can be seen, however, that the overwhelming majority 
of the factors cancel out in the expression (45) for the moments 
so that the condition «<1 is indeed sufficient to replace the re- 
maining ones by unity. The effect of a finite temperature upon the 
line shape has also been pointed out by M. H. L. Pryce and K. W. 
H. Stevens, Proc. Roy. Soc. (London) A63, 36 (1950). 
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of the operator J' under the influence of the dipolar 
Hamiltonian 7A. 

To find this development is equivalent to solving the 
differential equation 


dI'(t)/dt=iLA,I‘(t) ], (49) 


with the initial condition 
PO)=f, (50) 


Although no simple solution can be expected for arbi- 
trary values of the time /, it is easy to give a power 
series expansion, valid for a sufficiently short time /.”! 
Indeed, the coefficients of this expansion are directly 
obtained from Eq. (49), and from successive differentia- 
tions of this equation which yield the derivatives of 
I(t) at the time ‘=O in terms of the corresponding suc- 
cessive commutators of A with J’. 

From the expressions (46) and (47) it is seen, for the 
same reason, that the derivatives of ¢(t) at the time 
t=0 and, therefore, in view of Eq. (45), the moments 
of the absorption line, are simply obtained in the form 
of traces, involving these commutators. In particular, 
using g(/) in the form given by Eq. (47) and noting 
the fact that the trace of an operator product does not 
change by a cyclical permutation of the factors, one 
finds, for the second moment, 


(A2)w=Tr([,A [4 J“ )/Tr), — (51) 


and, for the fourth moment, 
Tr{{[1,A4],A [A [4,7] /Tr(’r), 


in agreement with the corresponding expressions de- 
rived by Van Vleck.” While the numerator of these 
expressions contains the trace of even products of spin 
operators 7;, it can be seen, since the quantity A of 
Eq. (27) is bilinear in these operators, that all odd 
moments are determined by odd products and, hence, 
vanish identically. The absorption line is therefore 
symmetrical around the value 4,;=0: or, according to 
Eq. (23), around the point at which the frequency 
w, of the applied rf field is equal to the Larmor fre- 
quency wo in the constant field. 


(Ai) w= (52) 


4. DOUBLE RESONANCE WITH TWO 
MAGNETIC INGREDIENTS 


While the results for the second and fourth moment, 
derived in the previous section, merely confirmed those 
of Van Vleck in the simplest case of a single ingredient, 


21 The required shortness of the time ¢ can be stated to demand 
that 1/¢ be large compared to the effective magnitude of A, meas- 
sured by that of the coefficients c;, of Eq. (27) which pertain to 
the dipolar interaction of neighboring nuclei j and &. Physically, 
this magnitude is of the order of the frequency width of the reso- 
nance absorption line. 

2 See reference 3, Eqs. (4) and (7). The fact that these equa- 
tions contain the x-component S, of the total spin, rather than the 
complex combinations /' and J~ of the x- and y-component 
represents a merely formal difference between the results of Van 
Vleck and those given above. 
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the method of their derivation permits a considerable 
generalization. In the first place, it can be readily 
extended to include the case of two ingredients in the 
presence of an alternating field with a single frequency, 
thus leading to the corresponding results of Van Vleck.” 
The further extension to the case of an rf field with two 
frequencies will be seen, under special conditions, to 
lead likewise to these results. More generally, however, 
there appear here new featured which will be particu- 
larly discussed in this section. 

Before entering into a more rigorous discussion, it 
seems worth while to present some qualitative consider- 
ations, based upon purely classical arguments. Since 
only the dipole interaction between nuclei of different 
ingredients is relevant for these arguments, that be- 
tween nuclei of the same ingredient will be neglected 
for purposes of simplicity. In the absence of any rf 
field the nuclei of one ingredient are thus considered to 
be acted upon by the external constant field and by a 
relatively weak internal field, arising from the dipoles 
of those neighboring nuclei which belong to the other 
ingredient. Because of the Larmor precession of these 
dipoles, the internal field alternates around an average 
value determined by their constant component parallel 
to the external field. The alternating part may be neg- 
lected because of its high frequency so that one deals 
with an effective constant field which deviates from 
the external strong field by an amount determined by 
the average value of the internal field. This amount 
is different at different sites in the crystal and leads 
thus to a broadening of the observed absorption line 
of the nuclei of one, the “unprimed,” ingredient by the 
interaction with the dipoles of the other, the ‘‘primed,”’ 
ingredient. 

It will now be assumed that the latter are subjected 
to an additional external field of strength Ho, per- 
pendicular to the constant field and rotating with a 
frequency we in the vicinity of their Larmor frequency 
wy’. Referring to a rotating coordinate system, it can 
readily be seen that, as an effect of magnetic resonance, 
the component of the dipoles, parallel to the constant 
field, is no longer constant, but alternates with a 
circular frequency 


f=((y'H2)?+ (@2—w’)? }!, 


around a static value which is smaller than that in the 
absence of the rf field and obtained from the latter by 
multiplication with the factor 


wo’) one 
This behavior of the dipoles is reflected upon the effec- 
tive field to which the nuclei of the unprimed ingredient 
are exposed insofar as its previously-mentioned devia- 
tion from the external field is concerned. This deviation 


thus contains a static part, modified from its previous 
value by the factor r, and it provides in addition a 


(53) 


7= (wo— (54) 


23 See reference 3, Sec. IV. 
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partial modulation of the effective field with the fre- 
quency f. In the reaction of the unprimed nuclei upon 
the applied rf field, this modulation of the effective 
field can be replaced by an equivalent modulation of 
the frequency w;. As a consequence, there appear side- 
bands of the absorption of the unprimed ingredient, 
separated from the center line by integer multiples of 
the modulation frequency f. For sufficiently high values 
of the modulation frequency, the intensity of the other 
sidebands is small compared to that of the sidebands 
with the separation f and —/f and the intensity of 
these two sidebands is, in turn, small compared to 
that of the center line. The width of the center line, 
which is then the only one of appreciable intensity, is 
determined by the static part of the deviation of the 
effective from the external field and will thus exhibit a 
reduction, measured by the factor r of Eq. (54). 
Under conditions of exact resonance for the primed 
ingredient, i.e., for w2=wo’, the requirement of a high 
modulation frequency f is, according to Eq. (53), 
equivalent to that of high values H» of the rf field. 
With this requirement fulfilled, the result r=0 for 
w2=wo indicates that the width of the resonance line 
of the unprimed ingredient is here totally unaffected 
by the presence of the primed ingredient, and this fact 
is indeed born out by the observations, reported in the 
following paper. 

It is gratifying that the simple considerations, 
presented above, permit an intuitive understanding of 
the effects, which may be expected under conditions 
of double resonance and they formed indeed the basis 
for the original suggestion of an experimental investiga- 
tion.** Nevertheless, they are only qualitatively correct 
and a quantitative derivation calls for a more rigorous 
treatment, analogous to that of the preceding section. 

For this purpose, one has to introduce two essential 
changes. In the first place, the discussion of the Boltz- 
mann equation (1) will be based upon the parts (6b), 
(7b), and (10b) of the spin energy, divided by #. In 
the second place, the transformation operator T of 
Eq. (16) is here to be replaced by 

T= exp(— twill —iwotl"). (55) 
While Eqs. (19), (20), and (21) remain still valid, one 
obtains instead of the expressions (22), (23), and (24) 


Br=AI°+AqI”, (56) 


Cr=>. cr cel Te i(A+r) wir 


Ar «j<k 


+ Pe Cp TT PTE OF T)wet 


+E ced Myre sourtrene, 


jk’ 


(57) 

% The earlier observations by J. T. Arnold [Phys. Rev. 102, 
136 (1956) ] of the influence of the resonance of one group of 
nuclei upon that of another group in the same molecule and the 
underlying theory of this effect by the author (reference 4, II) 
were likewise suggestive although they refer to a somewhat differ- 
ent situation. 
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Dp=—hy(P+ I) — hy [18 or-o2) tp Je toro) 
— hyf Temi (oro) t4 J-lgiwr-w2) £) 


—hy/(I"+I'], (58) 


respectively, where 


Ai=wi—wo;  Arz=we—wo'. (59) 


In contrast to the treatment of Sec. 3, there appear 
here time-dependent terms not only in Cr but also in 
Dr. Through an analogous consideration these opera- 
tors can, however, be replaced by their time averages 
if both frequences w;, w2 as well as their difference 
w1—We are large, compared to the frequencies Ay, As, 
hy, he’, and those given by the various coefficients c” in 
Eq. (57). Barring the accident that the gyromagnetic 
ratio of the primed ingredient is either very close to zero 
or to that of the unprimed ingredient, these conditions 
are no more stringent than those, expressed by the 
relations (26) and are satisfied in external constant 
fields of comparable magnitude. As in Sec. 3, the term 
with \+7+0 in the first and second sum on the right 
side of Eq. (57) can thus be omitted. All terms in the 
third sum of Eq. (57) except those with both A=0 and 
7=0 are likewise to be omitted as well as the second and 
third term on the right side of Eq. (58). Assuming 
again 4; to be small and keeping only terms linear in 
this quantity, the further considerations are the same 
as those of the preceding sections. In particular, the 
basic equation (29) for o; retains its validity and one 
may therefore still make use of the results (41), (45), 
and (47) for the imaginary part of the complex sus- 
ceptibility, the moments of the absorption line due to 
the unprimed ingredient and the generating function 
g(t) for «<1, respectively.2*> The only essential differ- 
ence between the treatment of the cases, considered in 
this and the preceding section, originates from the 
presence of additional terms in the time averages of the 
operators Cr and Dr so that the definition (27) of the 
time average A has to be modified. 

In order to distinguish the origin of the various parts 
which enter in this new definition, let 


A=Avta. (60) 


The part 
Ao=Aal”— hy! (I"+1'>) (61) 


arises from the operator Br and from the operator, 
obtained by the time average of Dr according to the 


25 The explicit form (30) of the distribution matrix oo for 4;=0 
has to be replaced by an expression which depends also upon the 
spin operators of the primed ingredient in a manner determined 
by the magnitude of the rf field with frequency w2. For large 
magnitudes, this dependency expresses, in particular, the satura- 
tion of the primed ingredient which may cause an “Overhauser 
effect” (see II, Sec. 3) upon the intensity of the absorption due 
to the unprimed ingredient. It would, in this case, result in a 
change of the constant K in Eq. (41), leaving, nevertheless, 
Eqs. (45) and (47) unaltered. Since the relaxation of the two 
ingredients is primarily due to impurities, rather than to their 
mutual interaction, the presence of such an effect is, however, not 
to be expected and has actually not been observed. 
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Eqs. (56) and (58), respectively, and consists, in 
fact, only of the contributions to these operators which 
are due to the primed ingredient, since the correspond- 
ing contributions, due to the unprimed ingredient, are 
separately contained in Eq. (29). The other part repre- 
sents the time average of the operator C7 of Eq. (57) 
and may thus be written in the form 
a=b+b'+<. (62) 

The first term, 
b= a (jl PT te AL ote HT], 


i<k 


(63) 


on the right side of this equation arises from the dipole 
coupling between nuclei of the unprimed ingredient and 
is identical with the form (27) of A, used in the preced- 
ing section. The second term 6’ represents the corre- 
sponding contribution from the primed ingredient and 
is obtained by replacing the indices 7 and k in Eq. (63) 
by j’ and k’, respectively. The third term, 


c= Cie TL Te, 


ik’ 


(64) 


arises from the dipole coupling between nuclei of the 
primed and unprimed ingredient; for the purposes of 
this paper, it is the most important one, since it trans- 
mits the effect of the rf field upon the former to the 
observed resonance of the latter. 

The results of Van Vleck, derived in the absence of a 
second rf field H». with frequency w2 refer to a special 
case of the more general situation, considered here. 
Indeed, one has in this case h2’=0 and Ap=A2/” ac- 
cording to Eq. (61). The operator 7’ can be readily 
seen to commute with the operator a of Eq. (62), since 
the specific form of 6’ and ¢ results from the process of 
taking the time average and thus from the very omission 
of those terms which do not commute with J”. Since 
I” also commutes with J’, it follows that the operator 
I(t) of Eq. (48) and, hence, the generating function 
(47) are here totally unaffected by the additional term 
Ag in Eq. (60) so that A may be replaced by a. In 
particular, this substitution in the expression (51) for 
the second moment will be indicated by writing 


(Ar)w=(A1)(a), (65) 


and Van Vleck’s result?® can then be verified and re- 
stated in the form 


(Ax*)(a) = (A) (6) + (Ax) (6), 


with the corresponding significance of the symbols (0) 
and (c), i.e., that the first and second term on the right 
side of this equation are obtained by substituting in 
Eq. (51) for A the operators b and c, given by Eqs. (63) 
and (64), respectively. 

Contrary to the case, considered by Van Vleck, the 
presence of an rf field with frequency w» requires that 
one uses for the calculation of the moments the full 


(66) 


26 See reference 3, Eq. (28). 
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operator A of Eq. (60), including the part Ao. Applying 
the same symbolism as in Eq. (65) this leads to the 
expression 


(A1?)w= (A1*)(A) 


for the second moment. However, it is seen from Eq. 
(61) that Ao contains only spin operators of the primed 
ingredient so that it commutes with the operators /! 
and J~ of the unprimed ingredient and does not, 
therefore, contribute to the expression (51) for the 
second moment. One obtains thus 


(Ay’)(A)= (Ar) (a), 


i.e., the effect of the rf field with frequency w2 upon the 
primed ingredient does not alter the second moment of 
the absorption line due to the unprimed ingredient. 

This conclusion appears, at first sight, to be in con- 
tradiction with the observed narrowing reported in the 
following paper and qualitatively explained at the be- 
ginning of this section. It has to be remembered, how- 
ever, that the expression (51) or (67) refers to the second 
moment of the total absorption line, including the side- 
bands which have to be expected. The observed 
narrowing, on the other hand, refers only to the center 
line and one is thus led to the conclusion that the 
amount by which the second moment of this line is 
reduced, must be exactly compensated by the contribu- 
tion from the sidebands. This conclusion is not in- 
validated but, on the contrary, supported by the fact 
that the intensity of the sidebands becomes very small 
for very large values of the modulation frequency f of 
Eq. (53). Indeed, since this frequency measures also 
the separation of the sidebands from the center line, 
it is necessary that their intensity is inversely propor- 
tional to f? in order to obtain a finite compensation 
even in the limit of very large values of f. Accepting 
the existence of sidebands, it is evidently possible, in 
this limit, to obtain their intensity, relative to the 
center line, from the decrease of the second moment 
of the latter or vice versa. Separate information about 
either of the two would then require the consideration 
of the fourth moment which is indeed affected by the 
presence of the rf field with frequency w. 

It appears preferable, instead, to discuss the absorp- 
tion in its complete dependence upon the frequency ; 
and thus not only to demonstrate more rigorously the 
existence of a center line and two sidebands for large 
values of f but also to derive formulas for the shape and 
the relative intensities of these individual lines. The 
discussion will be based upon the expression (47) of 
the generating function ¢(¢); for the present purposes, 
it is advantageous to rewrite it by means of the Eq. (48) 
in the form, 


(67) 


g(t) =Tr(l()I™), (68) 


where /1(¢) satisfies the differential equation (49) with 
the initial condition (50), and with A now being defined 
by Eq. (60). In order to examine the modifications due 
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to the presence of the term Ao in Eq. (60), a new 
quantity 
Is'(t)=ST(t)S 


will be introduced through the transformation operator 


S=Soe-Aot, (70) 


(69) 


So shall have the property, in common with Ao, to be 
independent of the time and to operate only upon the 
spin vectors of the primed ingredient, so that both 
commute with /'. As a consequence, Eq. (68) is there- 
fore equivalent to 


¢(t)=TrU/s'()I-), (71) 


where, in view of the Eqs. (49), (50), and (60), the 
operator Js'(¢) has to satisfy the differential equation 


dIs'(t) ‘dt=i[as, Ts'(t) ], (72) 
with the initial condition, 


73 (0)=f) (73) 
and with 


as=SaS, (74) 


While the transformation by means of the operator So 
leaves the spin vectors of the unprimed ingredient 
unaltered, it shall be further demanded to represent a 
rotation of the spin vectors of the primed ingredient 
by a suitable angle @ around the y axis. The trans- 
formed components of the spin vector /, are then 
given by 

Sole So =1,2 cosd—T, sind, 

Sole pS oe t= 1, sind+T 2 cosd, 


Sol er-ySo?=Tkey, 


(75) 


and the same relations hold for the components of the 
total spin vector of the primed ingredient.”’ The angle 6 
will be determined so as to satisfy the equations 


sind =y'H» f cosé = —A,/f, 
with 
f=C(y'H2)P? +42 }}. 


In view of the significance of A, from the second equal- 
ity (59), the value of cos@ is identical with that of the 
reduction factor r of Eq. (54) and the Eq. (77) agrees 
with the Eq. (53) for the modulation frequency, intro- 
duced in the qualitative discussion at the beginning of 
this section. 

With the particular choice of the angle 6, expressed 
by the Eq. (76) and with the identity 


he (I-41) =y' Hal 7’, 
it follows from the application of the relations (75) to 
the total spin vector of the primed ingredient, that 


SpA Sot=— fi”. (78) 

27 Explicitly, the choice of the operators So can be expressed 
in the form So=exp(i6/,’), with the notation chosen in accordance 
with the analogous operator, given by Eq. (2.30) of II. 
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In order to evaluate the operator as of Eq. (74), the 
relation (78) will first be used to rewrite Eq. (70) in 
the form 


S=exp(ifl’l)So. (79) 


As a next step, let 


Sa@Si=E,0", (80) 


with the significance that a” contains all those linear 
and biquadratic terms /,* and Jj* I,’ for which 
A=n and \+r=n, respectively, and for n=0 also 
those terms which contain only spin vectors of the un- 
primed ingredient. Since the original time averaging, 
which led to the operator a of Eq. (62), results in the 
very omission of all terms with 0, it is seen that the 
appearance of such terms in the sum of Eq. (80) 
requires a finite value of sin@ and thus, according to 
Eq. (76), the presence of the field H2 of frequency w». 
Because of the relation 


exp(ifl) Ty exp(—ifI") =e'T, A, 


derived in the same manner as the relation (17) for the 
unprimed ingredient, one has then 


exp(ifI)a" exp(—ifIt) =e™ a", 


and hence, with the form (79) for S from Eqs. (74) 
and (80), 


ads=DL nea". (81) 


The explicit form of the operators a” is obtained by 
applying the transformation formulas (75) to the spin 
operators of the primed ingredient. They occur in the 
terms 6’ and c on the right side of Eq. (62) while the 
term 6 is unaffected by this transformation. With the 
same significance of the upper index » for these terms 
as that used in Eq. (80), one has thus 


a*=5"+b'"+c", 
with 
a=b+b+0, 
at! = /+14 c+! 


49 
’ 


(82) 
a*#*=b 


and with all operators a” vanishing for which || >2. 
Going from the component notation of the transforma- 
tion (75) back to that with upper indices, it is seen from 
Eq. (64) that 


= (So Cjx/T Ty) cos =c cosd, (83) 
ik’ 


(84) 


cH — (YF c5yT 97 -*) sind /2. 
ik’ 


The evaluation of the contributions, due to 0’, in the 
formulas (82) is likewise straightforward but their 
explicit form is not needed for the purposes of this paper. 

When inserted into the differential equation (72), the 
alternating terms in the expression (81) for as can be 
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expected to average out the more effectively, the higher 
the frequency /, so that the constant term a° will be- 
come of dominant importance. It is therefore advisable 
to perform a further transformation by writing 


Ts!(t)=exp(ia°t)U (t) exp(—ia°). (85) 


The transformed operator U(t) is then seen, from Eqs. 
(72), (73), and (81), to satisfy the equation 


y 


dU 
—=i E [ar(),U}e™, 
dt nO 


(86) 


with the initial condition 


U(O)=2, (87) 


and with the notation 


a"(t)=exp(—ia%)a" exp(ia"). (88) 
The insertion of the form (85) for the operator /s'(¢) 
leads further from the Eq. (71) for the generating 
function to 


¢(t)=Tr(exp(ia%)U(t) exp(—ia%)I~). — (89) 
Just as /*(t) and Js'(t), U(t) is function of the spin 
operators, pertaining to the primed as well as to the 
unprimed ingredient. To characterize its dependence 
upon the former, one may write 


U=> 2 U", 
where the significance of the upper index m is analogous 
to that of the index , introduced in Eq. (80). Thus, 
expanding U into a sum of terms which contain products 
of the spin operators /;”, the part U™ contains all those 
products for which the sum of the upper indices ) is 
equal to m and U*®, in particular, contains also all the 
terms in the expansion which are independent of the 
spin operators of the primed ingredient. It can be veri- 
fied that this property is maintained in the operator 
exp(ia°t)U™ exp(—ia%t) which appears in the trace of 
Eq. (89) upon insertion of the expression (90) for U 
and that only the term arising from U° gives a non- 
vanishing contribution to the trace** so that 


g(t) =Tr(exp(ia%)U°(t) exp(—ia%)I~). 


(90) 


(91) 


While it is prohibitively difficult to find an explicit 
solution of the Eq. (86) the problem is very greatly 
simplified if the frequency f is assumed to be large 
compared to the effective magnitude |a| of the oper- 


28 The foregoing statements are most easily verified by consider- 
ing the operator U in a representation in which J” is diagonal 
with eigenvalues m’. As an equivalent definition of U™, it can 
then be stated that its matrix elements (1|U™|2) between two 
states 1 and 2 of the spin system are different from zero only if 
m2’ —m,'=m; it suffices then to note that the matrix elements 
of a° satisfy in this representation the selection rule m2’—m,'’=0 
and that the trace of an operator contains only the diagonal 
elements which likewise satisfy this selection rule. 
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ators a". Physically, this assumption implies that the 
expected sidebands of the absorption are displaced from 
the center line by an amount which is large compared 
to the width of either, i.e., that they are well separated 
from each other. 

The discussion of this case is facilitated by restating 
the Eqs. (86) and (87) as a set of coupled differential 
equations for the operators U™ in the form 


au™ } 
—=i 5 [an(),U™ Je 
dt n¥*0 


(92) 


with the initial condition” 


U™(0)=DSno. (93) 


Starting with the approximate solution U"™=TJ'dno, 
one obtains further successive approximations in inverse 
powers of f by substituting the result of the previous 
approximation on the right side of Eq. (92) and in- 
tegrating. The operators U™ appear in this manner as a 
series of the form 


U=) U,,mei™st, 


where the coefficients U,,” are slowly varying operators 
in the sense that their relative rate of variation is of 
the order of a magnitude |a| and thus small compared 
to the frequency /. Retaining only the contribution of 
lowest order in | a| / f to those coefficients, one finds from 
the first approximation for m#0 


1 
U™(t)=—{[a(t),T Jeih'—[La"I')}, (94) 
mf 


and from the second approximation for m=0,"° 


1 
UV ()=P+> Cape” le Pye. (95) 


nx) ( 


Inserting the expression Eq. (95) for U°(¢) in (91) one 


finds 
eM=Ln on(te™', (96) 


go(t)=Tr(exp(ia%)I' exp(—ia%)I~), 


with 
(97) 


2° The fact that the sum of the upper indices on the right side of 
Eq. (92) must be equal to the upper index on the left side is again 
most easily shown by means of the selection rules, mentioned in 
reference 28. The initial condition (93) follows from the fact that 
I’ commutes with J’ and satisfies therefore the selection rule 
ms’ —m,'=0. 

%® The operator U™(t) of Eq. (94) satisfies the initial condi- 
tion (93) by vanishing for =0 but the additional requirement 
U°(0)=I" is not rigorously satisfied for the operator U°(t) of 
Eq. (95). This is due to the fact that the operator /' represents 
the coefficient U,® only in zero-order with omission of second- 
order terms of relative order of magnitude |a|*/f* which, if 
retained, would merely lead to minor corrections in the center 
line. Although the remaining coefficients U,° in the sum on the 
right side of Eq. (95) are likewise of this order of magnitude, 
they have been retained, since their presence accounts for the 
very existence of the sidebands. 
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and, using further Eq. (88) together with the fact that 
the trace of a product of operators does not change by a 
cyclical permutation of their order 


1 
gam Telexp(iet) LP "Jexp(—ia%)[a",I]) (98) 
nf )° 


for n¥0, Of the four values +1, +2 of »+0 for which 
the operators a” are not identically zero, there remain 
nonvanishing values of the functions (98) only for 
n= +1. Indeed, the operators b’** of Eq. (82) commute 
with /+!, since b’ contains only spin operators of the 
primed ingredient, and one has therefore g,2=0. For 
the same reason, only the operators c*! contribute to 
¢41 and one may therefore rewrite Eq. (96) in the form 


o()= golf) + ¢i(He"'+ gide“, (99) 


with go(¢) given by Eq. (97) and with 


1 
¢41(t)=— Tr(exp(ia%)[1',c¥] exp(—ia%)[c#!,J-)). 
f? 
(100) 
The existence of a center line and two sidebands, 
displaced by the frequency +f, is a direct consequence 


of the expression (99) for g(t). Indeed, inserting it into 
the formula (41) for the susceptibility, one obtains 


x” (A1) = x0" (Ar) +1" (Art f)+x-1"(Ai— f), (101) 


where the three functions x,/’(m= —1,0,1) are obtained 
from the Fourier transform of the corresponding func- 
tions ¢, in the same manner in which x” in Eq. (41) 
is obtained from ¢g. Each of the functions on the right 
side of Eq. (101) assumes therefore appreciable values 
only within an interval of its argument of the order of 
the dipolar energy, divided by #. This means that xo”, 
xi’ and x_;” represent a line located in the vicinity of 
the value 0, — f, and f of A;, respectively, and that one 
deals thus, indeed, with a center line and two sidebands. 

In order to investigate the effect of the rf field H- 
upon the center line, it is best to examine the behavior 
of the part xo” of the susceptibility through that of its 
Fourier transform, determined by the function go(¢) of 
Eq. (97). This function can also be characterized as the 
result of replacing A in Eq. (47) by the operator a’. 
The same replacement by the operator @ was pointed 
out before to lead to the case of the absorption line in 
the absence of the field H2 so that the center line differs 
from this case merely by the fact that the role of the 
operator a is taken over by a’. 

Conversely, one can verify that the equality a=a 
results as a special case of the preceding treatment and 
represents the situation, considered by Van Vleck in the 
sense that the sidebands disappear and that the center 
line becomes identical with the absorption line for 
H.=0. Indeed, this situation corresponds to the choice 
6=0 of the angle @ which appears in the transformation 
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equations (75). The operators b’° and c° are then equal 
to b’ and ¢, respectively, and c*! vanishes according to 
Eq. (84); therefore, the generating functions ¢4:(¢), 
given by Eq. (100), vanish likewise so that the side- 
bands are absent. Although the condition H:=0 is, 
rigorously, sufficient for the special case, considered 
here, it is formally necessary to impose an additional 
condition on A, because of the approximations, made 
in the preceding treatment. Since this treatment is 
valid only if f>> a], it requires for H.=0, according 
to Eq. (77), that |A:|>>|a|. In order that one indeed 
obtains the case @2=0 for vanishing values of H2, Eqs. 
(76) demand therefore as a formal condition that 
—A.>>/|a|. On the other hand, this case can also be 
obtained for finite values of H2, provided that one has 
not only |A2|>>!a| but also | A»|>>|-y’H.|. Physically, 
this means that even a finite rf field H, becomes in- 
effective if its frequency we is sufficiently removed from 
the resonance frequency wo’ of the primed ingredient.*! 

Another special case of interest is that where the 
resonance condition w2=wo' is exactly fulfilled so that 
A.=0. In order to ensure the validity of the preceding 
treatment it is necessary, in this case, that the field H» 
is sufficiently strong to satisfy the condition y’H.>>| a}. 
According to the defining Eq. (76), the angle @ has here 
the value 2/2; the operator c® of Eq. (83) vanishes 
therefore and one obtains from Eq. (82) a°=b+6”. 
Since the operator 6”, just as b’, acts only upon the 
spin vectors of the primed ingredients, it commutes 
both with } and with /' and can therefore be omitted 
upon insertion of the above expression for a° in Eq. 
(97). The generating function ¢go(f) is therefore obtained 
by replacing A in Eq. (47) by the operator b which 
originates from the unprimed ingredient alone. One 
thus confirms the conclusion, reached in the qualitative 
discussion at the beginning of this section, that under 
these conditions of optimal line narrowing the center 
line is totally unaffected by the presence of the primed 
ingredient and identical with the absorption line which 
would have to be expected if the nuclei of the primed 
ingredients had a vanishing magnetic moment. The 
circumstance that this is actually not so is in this case 
manifested by the existence of the sidebands. For 
sinf=1, they reach, in fact, their maximum intensity 
and are displaced from the center line by the amount 
f= +7'H>. 

With yH.'>|a|, the condition of validity of the 
preceding treatment is satisfied for all values of Ao. 


3! Strictly speaking, the conditions | A2|>>|y’H2| leads, accord- 
ing to Eq. (76) either to the choice @=0 or 0=7, depending upon 
whether Az is negative or positive. The difference between the 
two choices is, however, only of formal nature since the rotation 
of all the spin vectors of the primed ingredient by 180 degrees 
does not alter the physical situation. In fact, the preceding treat- 
ment could have been equally well carried out by taking the 
square root in Eq. (77) with the negative sign. Together with the 
sign of f, that of sin@ and cos@ in Eq. (76) would thus have been 
inverted with a resulting change in the definition of @ by 180 
degrees. The only other consequence of the opposite sign of f 
would have consisted in an interchange of the sidebands. 
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By letting this quantity vary from large negative to 
large positive values, one covers the whole range of the 
angle @ from 0 to x and all the corresponding interme- 
diate modifications of the center line by the rf field H». 
Except for the two special cases which were discussed 
above, the effect of these modifications upon the de 
tailed line shape cannot be described in simple terms. 
On the other hand, it requires only a minor change in 
Eq. (66), restating the result of Van Vleck, to arrive 
at a simple expression for the second moment of the 
center line. Since b’° commutes with J' and J-', it is 
seen that the only change upon replacing in Eq. (51) 
A by the operator a° of Eq. (82) consists in the fact that 
c has to be replaced by the operator c® of Eq. (83), i.e., 
that c has to be multiplied with cos#@. This factor ap- 
pears quadratically in the replacement of the part 
(A;*)(c) of Eq. (66) by (Ay’)(c°) so that the second 
moment of the center line is given by 


(A,*)(a°) = (A;?) (6) + (Ay’)(c) cos*8, (102) 
with 


cos’@ = A.?/[ (7’H2)?+A;? ], (103) 


according to Eqs. (76) and (77). The expression (102) 
for the second moment represents the simplest quanti- 
tative measure for the narrowing of the center line by 
the rf field H» and has, indeed, been used in the follow- 
ing paper [ Eq. (1) ] to experimentally verify the con- 
clusions of the theory, presented here.® 

Turning now to the sidebands, it is possible by the 
arguments, presented above, to obtain the sum of their 
intensities, relative to the center line, from the expres- 
sion (102) for the second moment of this line and from 
that of the total absorption, given in Eq. (66). In view 
of their definition 


ias=( f Xa"(as)das ) if ( f x4"(as)das), 


and the significance of the generating functions (97) 
and (100), the relative intensities of the two sidebands 
can also be derived from the values of these functions 
for ‘=0 in the form 


iz1= ¢41(0)/¢o(0). (104) 


Since 
¢go(0)= Tr(fT-), 


and 


1 
¢41(0) = Pp Tr((c Fc"), 


they are seen to be closely related to the expression 


32 Instead of the notation of Eq. (102), characterizing the vari- 
ous parts by the operators from which they are obtained, that of 
Eq. (1) of the following paper points to their physical origin. 
Thus, the second moment of the center line is written as ((A;?)ay)o, 
and instead of (A,*)(b) and (A,*)(c) the symbols (A,*)na_na and 
(A;*)wa_r are used. Further, since the primed ingredient consists 
here of the nuclei of fluorine, the deviation from resonance of these 
nuclei is denoted by Ar instead of As and their gyromagnetic 
ration by yr instead of +’. 


BLOCH 


(A;*)(c), obtained by replacing A by c in Eq. (51). 
In fact, comparing the Eqs. (64) and (84), it is seen 
that, besides the factor —sin@/2, c*' differs from c 
merely by the replacement of the spin operator /,-° by 
I, *", Noting further that the definition of these spin 
operators leads to the equalities 


Tr(Le Te) = Te(T pT!) = 2 Tr(1 pT), 


one obtains therefore 
1 
AaO=¢_,%= 7 sin’é Tr([c,J' [7—,c)), 


and from Eq. (104), in view of the significance of 
(A,*)(c), for the relative intensities of the sidebands 


i,= 11 = (1/2f?)(A,’)(c) sin*é. (105) 

In calculating the contribution of the sidebands to 
the second moment of the total absorption by the 
unprimed ingredient, one has to consider that they 
extend only over a relatively small region in the 
vicinity of the value A,=+/. One commits, therefore, 
an error of higher order in |a|/f by computing this 
contribution of each sideband as the product of f? with 
its relative intensity. Adding the expression (A,’)(a°) 
for the second moment of the center line, one thus ob- 
tains the second moment of the total absorption in the 
form 


(Ax?) w= (Ax) (a°)-+ f(s +i 1); (106) 
and with the Eqs. (102), (105), and (66) one has 
therefore 


(Ay?) w= (Ay?) (6) + (A?’) (c) cos’O 
+(A1?)(c) sin?@= (A;*)(a), 


as a check on the fact that the second moment of the 
total absorption is unaffected by the presence of the 
rf field with frequency ws. 

In analogy to the discussion in the preceding section, 
it is also possible to show that the sidebands are sym- 
metrically distributed around the values +f of A, 
and to obtain their even moments around this frequency 
from the corresponding derivatives at the time ‘=0 of 
the generating functions (100). In particular, for the 
second moment of the sideband centered around A,=f 
one obtains in analogy to Eq. (45) for s=2 


((Ai—f)?) w= es g—1° (0)/¢_1(0) 
or, from Eq. (100), 
((Ai—f)?) w= Tr((L',¢],a° JLo", ]))/ 
Trea), 


and a similar expression, obtained by replacing c! by 
c~ and vice versa, for the sideband, centered around 
A,=—f. The computational effort, required for their 
evaluation, is comparable to that of the fourth moment, 


(107) 


(108) 
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given by Van Vleck*; in fact, there exists a similar, 
although not nearly so simple relationship between the 
two as that between the intensity of the sidebands and 
Van Vleck’s form of the second moment. 

It would be of interest to verify experimentally not 
only the narrowing of the center line but also the exist- 
ence of the sidebands. The fact that this has not been 
possible so far is due to the relatively small intensity 
of the sidebands. In order to permit their individual 


33 See reference 3, Eq. (29). 
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observation, it is necessary that the sidebands are well 
separated from the center line and the condition of 
validity | f|>>|a| of the theory, presented here, ex- 
presses this very circumstance. With (A;’)(c) of the 
order of magnitude |a|?, it follows from Eq. (105) that 
the intensity of well separated sidebands is necessarily 
small, compared to that of the center line, even in the 
most favorable case where sin’@=1. Nevertheless, the 
observation may become possible if larger signal-to- 
noise ratios can be achieved. 
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Double Nuclear Magnetic Resonance and the Dipole Interaction in Solids* 
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The nuclear magnetic dipole interactions in a polycrystalline sample of sodium fluoride have been in- 
vestigated using an extension of the magnetic resonance technique. The resonance absorption of Na® was 
observed with a variable-frequency spectrometer in a fixed external magnetic field, and the mean square 
width of the line shape computed. 

This width has two main sources: (a) the interaction of Na* nuclei with other Na® nuclei through the 
dipole fields of the magnetic moments, and (b) the interaction of Na® nuclei with neighboring F’ nuclei by 
the same mechanism. The application of a strong rf field satisfying the resonance condition for F® nuclei 
in the same external field caused rapid transitions between the fluorine Zeeman energy levels, and thus 
altered the average field produced at the position of sodium nuclei by the nuclear magnetic moments of 
fluorine. By varying the strength of this rf field and also by varying the deviation from precise resonance 
of the F"® spins, one could selectively alter the contributions of this source of line broadening. 

The available rf field was not sufficiently intense to eliminate entirely the broadening caused by source 
(b). However, the detailed behavior of this contribution to the width as a function of the deviation from 
resonance agrees well with a theory of Bloch for the case of the rf field strong compared to the line widths 


involved. 


I. INTRODUCTION 


HE line widths characteristic of nuclear magnetic 
resonance absorption in solids are commonly of 
the order of kilocycles/second, owing to the magnetic 
dipole interaction between nuclei localized in the 
crystal lattice. In general, the rigorous calculation of 
the line shape itself is prohibitively difficult because of 
the extremely large number of spins to be considered 
in a crystal of practical size. Recently Lowe and 
Norberg have made some progress in developing such 
a theory.' Van Vleck, however, has given a procedure’ 
for calculating the moments of the line shape, and the 
second moment, in particular, is a measure of the mean 
* This work was supported in part by the joint program of the 
Office of Naval Research and the U. S. Atomic Energy Commis- 
sion. The paper is based on a thesis submitted by L. R. Sarles in 
partial fulfillment of the requirements for the degree of Doctor of 
Philosophy in Physics at Stanford University. 
+ Present address: Department of Physics, University | of 
California, Berkeley, California. 
t Present address: Department of Physics, Cornell University, 
Ithaca, New York. 
11. J. Lowe and R. E. Norberg, Phys. Rev. 107, 46 (1957). 
2 J. H. Van Vleck, Phys. Rev. 74, 1168 (1948). 


square line width. In a crystal containing two magnetic 
ingredients, A and B, the second moment of the 
resonance line of A will have contributions from both 
the A-A and the A-B magnetic dipole interactions. 

The present work concerns itself with a method of 
altering this natural line shape by applying a perturba- 
tion which affects the A-B dipolar coupling. The 
accompanying paper by Bloch’ presents a theoretical 
treatment of the experiment. 

The concept of “averaging out” local fields in 
nuclear resonance experiments is not new. An early 
example is the explanation by Bloembergen, Purcell, 
and Pound‘ of the narrow lines observed in liquid 
samples. By virtue of the rapid molecular tumbling 
motions, nuclei are caused to sample many different 
local fields in a time short compared to that in which 
they would otherwise have lost phase coherence. As a 
result their instantaneous precession frequencies differ 
less from the mean than would be the case with no 
motion, and narrowing of the resonance line is observed. 


’ F. Bloch, preceding paper, Phys. Rev. 111, 841 (1958). 
4 Bloembergen, Purcell, and Pound, Phys. Rev. 73, 679 (1948). 





854 


Another example is the use of macroscopic motion of 
the sample to average out magnetic field inhomo- 
geneities.* Instead, however, of providing physical 
motion of the nuclei in question, an alternative pro- 
cedure is to cause the local fields themselves to vary 
rapidly by perturbing the sources of these fields.* The 
double resonance experiments of Bloom and Shoolery,’ 
Anderson,§ and Herzog and Hahn’ are examples of 
this approach. 

In the present experiment, the 100% abundant 
isotopes, Na*® and F, in NaF are chosen as nuclei A 
and B respectively. Thus the F nuclei produce the 
local fields we wish to average out. A strong resonant 
perturbation is applied in the form of an oscillating rf 
magnetic field of amplitude 2H: and (angular) fre- 
quency w2=2mrv2 near the Larmor frequency wo’ of 
these nuclei, causing rapid transitions between the 
Zeeman levels. When this resonance perturbation 
exceeds the F-F dipole interaction, the local fields 
produced by the F dipoles then fluctuate at a fre- 
quency ‘y’H»/2z, where 7’ is the gyromagnetic ratio of 
the F® nuclei. If this frequency can be made appreciably 
greater than the Na-F interaction frequency itself, the 
averaging may be expected to become effective. A 
more quantitative expression of this restriction is con- 
sidered in reference 3. The nuclear resonance of the 
Na*™ nuclei is simultaneously observed by exploring 
the region about their Larmor frequency wo in the 
same external magnetic field H» with a weak rf magnetic 
field of amplitude 2H, and frequency w;=2rv;. The 
second moment, (A;°)w=((w:—wo)”) a = 4*((Av1)”)w, of 
the observed Na™ resonance is then determined as a 
function of the strong rf field H»2 and of the deviation 
from resonance A>=w2—w» of the F’ nuclei. 

As already mentioned, the second moment is express- 
ible as 


(L(Av)* |wactotal vy = (L (Av)?  wo- Na) at (L (Av)? Jna- F) Av 


and the last term is the only portion of the total that 
can be altered with this technique. The desirability of 
as large an effect as possible led to the particular 
choice of sample. Using Van Vleck’s formulas, one 
computes ((Av)*)«=9.66 (kc/sec)*® for the total Na* 
second moment, with ({ (Av)? }wa—na)w=1.89 (kc/sec)? 
and ({(Av)* }we—r)w=7.77 (kc/sec)*. Thus the Na-F 
interaction is about 80% of the total. Neglected in this 
calculation are possible contributions to line broadening 
from the interaction of the nuclear electric quadrupole 
moment of Na” with electric field gradients produced 
by deviations from the ideally face-centered cubic 
symmetry of the NaF crystal structure. Experimental 
results justify this assumption. The present experiment 


94, 496 (1954); W. A. Anderson and 


5F. Bloch, Phys. Rev. 
J. T. Arnold, Phys. Rev. 94, 498 (1954). 

SF, Bloch, Phys. Rev. 102, 104 (1956), Sec. 7. 

7A. L. Bloom and J. N. Shoolery, Phys. ook 97, 1261 (1955). 

8 W. A. Anderson, Phys. Rev. 102, 151 (19. 

° B. Herzog and E. L. Hahn, Phys. Rev. 103, 148 (1956). 
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has dealt with powdered NaF only. Single crystals 
were not readily available ; moreover, the demonstration 
of the effect did not require analysis of the dependence 
of the second moment upon the angle between crystal 
axes and the external magnetic field Ho. 

It should be emphasized that not only is it necessary 
to satisfy the condition (y’H2/2r) 2>>([( (Av)? |wa—F) ws 
as suggested before, but one must further require 
(y'H2/2mr)?>>(L(Av)* ]rctotaty aw. That is, the rf field 
must also be intense enough to ‘cover’ the entire 
fluorine resonance line width, in order that all F" nuclei 
experience the coherent perturbation. A comparison of 
these conditions in the case of NaF reveals that the 
second is the more stringent: ({ (Av)* ]wa—r)w=7.77 
(kc/sec)?, whereas ({ (Av)! * Jr totat)) wy = 99.21 (ke/sec)?. 
The maximum rf field used in the experiment was 
H2=6.0 gauss; therefore, with the known gyromagnetic 
ratio 7’ of F, (7’H2/2r)?=576 (kc Thus the 
first inequality above is amply satisfied, whereas the 
second is not. We shall see that the experimental result 
of this failure to provide a sufficiently large rf field is 
to prevent the complete attainment of the averaging 
process. A further comparison of the above condition 
with that for saturation of the fluorine resonance will 
be enlightening. This latter condition may be expressed 
as (y'H2)*T,T—1, where 7; and 7» are respectively 
the thermal and phase-memory relaxation times of the 
fluorine nuclei. When these times were measured for 
the NaF sample used, the values obtained were 7\=1 
sec and 7,.2X10~-* sec. Thus an rf field of approxi- 
mately 10 milligauss is sufficient for saturating the 
resonance, but as seen above, this is entirely insufficient 
for the purpose of coherently perturbing all F nuclei. 


sec)’. 


II. APPARATUS AND SAMPLE PREPARATION 


Figure 1 shows a block diagram of the apparatus 
employed in the experiment. 

The external polarizing magnetic field, Ho, about 
4250 gauss, was provided by a regulated low-current 
electromagnet. This field was homogeneous over the 
2-cm* sample volume to approximately 3 parts in 10°. 

A Pound-Knight type spectrometer” with some 
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Fic. 1. Block diagram of apparatus. 
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minor modifications was used to monitor the Na™ 
resonance line shape near 4.8 Mc/sec. A potentiometer- 
type chart recorder following a “lock-in” detector 
displayed the derivative of the absorption line shape. 

Power at the resonant frequency of the F" nuclei 
was provided by a conventional ‘‘master oscillator- 
power amplifier’ capable of supplying 100 watts at 
17 Mc/sec. This corresponded to a rotating component 
of the rf magnetic field of 8 gauss. The rf power was 
link-coupled to a low-impedance transmission line and 
matched to the transmitting coil with a capacitive 
divider, part of which resonated the coil. Voltages of 
the order of 1000 volts were developed across this 
resonant element, which was contained in the same 
shield box or ‘“‘head”’ as the Pound-Knight coil. There- 
fore, it became important to decouple these two coils 
to prevent pickup of the high voltage and subsequent 
blocking of the Pound-Knight oscillator-detector. This 
was accomplished in part, of course, by the circumstance 
of two different operating frequencies, but more 
thoroughly by an orthogonal mounting of the coils and 
the placing of a 17-Mc/sec rejection filter between the 
Pound-Knight oscillator tube and its coil. The use of 
ceramic and Teflon coil forms and the introduction of 
forced air cooling were necessary owing to the tempera- 
ture rise associated with the power dissipation in the 
“head” and sample. 

The measurement, to about 5%, of the strong rf 
magnetic field was accomplished with a carefully 
calibrated nonresonant pickup coil and rf voltmeter. 
A graphical plot of the proportionality between this 
pickup voltage and the voltage across the resonant 
circuit was used to determine the rf field once the 
sample was inserted and this volume no longer was 
accessible to the pickup coil. This proportionality was 
rechecked several times during the course of the 
experiment. 

The sample was prepared by compressing approxi- 
mately 5 grams of reagent-grade powdered sodium 
fluoride in a steel cylinder. Nearly 50 000 lb/in.? was 
transmitted through a steel piston to the powder, and 
the resulting “‘slug’’ of material was } inch in diameter, 
} inch long, and chalky in appearance, and its density 
was about 2.0 g/cm*. Strains in the sample resulting 
from this preparation procedure will contribute an 
undesirable effect to the magnetic resonance. Such 
strains lead to a departure from the cubic symmetry 
ideally associated with the small crystallites comprising 
the powder. 

The resulting electric field gradients are not the same 
throughout the sample, and therefore yield a range of 
interactions with the Na” electric quadrupole moments 
To first order, the Na® (J =$) resonance line is divided 
into an unshifted line at the Na* Larmor frequency 
and a set of flanking lines spread over a large frequency 
range determined by the range of quadrupole inter- 
actions. The central component contains 0.4 of the 
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original intensity, the remaining 0.6 being lost in the 
unresolvable side lines. The result is a worsening of the 
signal-to-noise ratio and also the introduction of a 
further complication. Van Vleck’s expression for the 
second moment of the line shape has to be modified" 
because of the unequal spacing of the energy levels 
brought about by the quadrupole interaction. 

In an effort to circumvent this difficulty, an attempt 
was made to anneal out strains in the sample. The slug 
was heated to about 800°C (mp 990°C) on a sheet of 
platinum and held there for several hours. It was then 
cooled at about 3°C/min to room temperature. The 
process was accompanied by a 25% decrease in volume, 
increasing the density to 2.5 g/cm*, within 90% of the 
single crystal value. In addition, the appearance of 
small crystallites, of dimensions perhaps 1 mm, were 
noted on the surface. The effectiveness of the procedure 
was demonstrated by observing that the intensity of 
the Na™ resonance after annealing was approximately 
2.3 times greater than before. This is to be compared 
with the factor 2.5 expected if the difference in intensity 
of the resonance before and after annealing were 
attributable entirely to the complete gathering-in of 
the side lines into the central resonance. 


Ill. EXPERIMENTAL PROCEDURE AND RESULTS 


The commonly used technique of varying the large 
laboratory field Ho for the purpose of sweeping through 
the resonance signal could not conveniently be used in 
this experiment. It was essential to preserve the 
simultaneous condition of resonance for both nuclear 
species. Thus the use of a field sweep for monitoring 
the Na™* resonance would have necessitated a syn- 
chronous sweep of the frequency applied to the F” 
nuclei, with the attendant problems of ganging and 
padding several variable capacitors. 

One to the maintenance of the 
resonance conditions was made, however. The sinusoidal 
modulation of the magnetic field had the inevitable 
consequence of varying the exact position of the F¥ 
resonance condition, since w2=w r was kept fixed during 
a run. Ideally, then, one would prefer to substitute 
frequency modulation of the Pound-Knight oscillator. 
However, great difficulty with the inevitable small 
attendant amplitude modulation ensues, since it be- 
haves as a pseudonuclear signal. For this reason, the 
field modulation technique was retained. This effect 
was minimized by using the smallest modulation 
amplitude that led to an acceptable signal-to-noise 
ratio for the Na* signal. A peak-to-peak modulation 
amplitude of 1.5 gauss was employed. This corresponded 
to 6 kc/sec for the F nuclei, and since the F® resonance 
had a full width at half-maximum height of about 20 
kc/sec, the effect mentioned was indeed kept small, the 
variation occurring entirely within the F™ line width. 
Thus the monitoring of the Na* resonance line shape 
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Fic. 2. Schematic definition of experimental procedure. 


was accomplished by slowly varying the frequency of 
the Pound-Knight oscillator through the region of 
resonance and well on either side to provide a reference 
base line. Frequency markers were inserted on the 
chart by manual operation of a switch which supplied 
a pulse of voltage to the recorder input. 

Measurements of the Na* thermal relaxation time 
in the NaF sample were made and yielded a value of 
about 5 sec for 7;. Such a large value dictates the use 
of a very small rf field H,; to prevent saturation and 
the use of a very slow frequency sweep to ensure 
sufficient time for readjustment of the equilibrium. 
Therefore, the level of oscillation was maintained at 
30 millivolts across the resonant circuit, corresponding 
to an rf field of 2 milligauss; and a frequency sweep 
rate of about 500 cycles per second per minute was 
used. With an output time constant of 25 sec and the 
above-mentione| parameters, a signal-to-noise ratio of 
about 25 to 1 was obtained. 

The modulation period, about 0.01 sec, is clearly 
much greater than 7). It is, however, much shorter 
than 7,, and one may properly consider effects such 
as Halbach has calculated.” In the present situation, 
where one is constrained to use very small values of H,, 
the possible distortion of the recorded absorption could 
not exceed 2%, an unobservable effect. 

The procedure is represented schematically in Fig. 2. 
In the first set of runs (I) the quantity A,.=Ar was 
fixed at zero. This condition was determined by adjust- 
ing the ratio of wr to wna to the value 3.55655, as 
computed from Walchli’s tables."* This ratio was not 
a priori the precise one to use for the solid NaF sample, 
since the possible existence of small chemical shifts 
could not be excluded. These might alter the ratio by 
a maximum amount of the order of +0.00050. It will 
be seen, however, that an experimental justification 
exists for the assumption that these shifts are very small 

The Na” resonance was then recorded several times 
for each of six different amplitudes of H2, and the 
second moments (A,;*)=42°((Av)?), computed in a 


2K. Halbach, Helv. Phys. Acta 27, 259 (1954). 
3H. E. Walchli, Oak Ridge National Laboratory Report 
ORNL-1469 (unpublished). 
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manner to be described. As discussed in the accompany- 
ing paper,’ the total second moment is an invariant 
under the conditions of the experiment. The reason 
that an apparent change is observed to take place is the 
result of the limitation placed upon measurement by 
the signal-to-noise ratio in combination with the de- 
tailed behavior of the change in the line shape that 
occurs. Bloch shows’ that this change consists of the 
pushing out from the central line of two symmetrically 
placed sidebands as the amplitude of H» is increased 
from zero. As H» increases, the sidebands move further 
out and their intensity decreases very rapidly; so 
rapidly, in fact, that by the time they could have been 
resolved from the center line, they are already “lost” 
in the noise. Thus, for a time, while they are still 
within the line width of the central line, the measure- 
ment of the second moment includes their contribution 
and (A,’), is constant. As soon, however, as they are 
lost in the noise, the cutoff which must be made in the 
mechanical computation of (A,"),, excludes them from 
contributing. As a result the measured second moment 
of the remaining central line is observed to decrease, 
the difference between that value and the single 
resonance value being carried away by the sidebands. 
The theory referred to above’ is valid only for suffi- 
ciently large values of H». Therefore, the manner in 
which (A,*)4 decreases in these runs will not be de- 
scribed by such a theory. 

In the second set of runs (II), H» was set at the 
largest convenient value so that some comparison with 
the theory could be made. For reasons of stability this 
value was limited to H2.=6.0 gauss. This value was 
sufficiently large to insure that the sideband position 
was held well outside of the wx, sweep range. The 
quantity A,s=Ar=y'Ho—w.=yrH o—wr was then ad- 
justed to eight different values and several measure- 
ments of (A;*)4, were made under each of these condi- 
tions. The variation in Ar was accomplished by shifting 
Ho by the desired amount, wr always remaining fixed. 
Thus, the position of the Na* resonance was also 
shifted a small amount, but the range of sweep of wna 
was adjusted to take this into consideration. Equations 
(102) and (103) of the preceding paper then predict 
that the variation of the second moment with the 
parameter Ary should be described by a modified Van 
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Fic. 3. First derivative of Na absorption under single-resonance 
conditions, H2=0 (dashed line); and under double-resonance 
conditions, H2=4.5 gauss (solid line). Ay=0. Modulation equaled 
1.5 gauss, peak-to-peak. 
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Vleck equation 


(Ay 0") by = ( (Ay")Na Na) \ (Ay”)Na—F) av cos’6, (1) 
where 
cos’@ = (Ar)*[ (yrH2)*+ (Ar)? }. 


In the region about Ary=0, both positive and negative 
values of Ay were chosen. The essential symmetry in 
(A:’)w that was observed, independent of the sign of 
Ar, lent confidence to the earlier-mentioned assumption 
of negligible chemical shifts. That is, the frequency 
ratio initially chosen seemed indeed to be correct for 
the NaF sample used. This ratio could not have been 
more accurately chosen in advance unless apparatus 
had been available with which the F" resonant fre- 
quency could have been measured for the same value 
of Hy as the Na® frequency. After a discussion of the 
technique used to evaluate (A,"), the results of these 
runs will be examined in detail. 

Figure 3 is a replotting of recorder chart tracings of 
two derivative curves for the purposes of illustration 
only. The signal-to-noise ratio has been accidentally 
improved by the selection of only a limited number of 
points in the replotting. The total length of signal, 
plus baseline included in those specimens actually 
_measured, was twice that depicted in Fig. 2. The 
calculation of (A;*),4 was not made from the derivative 
curve data, as has been suggested," but rather from the 
integrated line shape. The reason for this procedure 
was twofold. First, it was of interest to examine the 
intensity of the resonance under various conditions of 
the experiment. This required that the derivative 
curve be point-wise numerically integrated so that the 
resonance line shape could be plotted. Then this 
resulting curve had to be integrated to determine the 
intensity. Second, a correction had to be point-wise 
incorporated into the numerical computation of (A;*)s 
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Fic. 4. Run No. I. Na resonance absorption curves obtained by 
integrating experimental derivative curves. The second rf field 
oscillates with a frequency equal to the F precessional frequency, 
i.e., Ar=0. 
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Fic. 5. Run No. II. Na resonance absorption curves obtained 
by integrating experimental derivative curves. The second rf field 
is kept fixed in magnitude, i.e., 12=6 gauss. 


to eliminate the distortion of the derivative curve by 
the long output time constant. This correction would 
have involved the slope of the recorded derivative 
curve if it had been used directly in computing (A;’)w. 
If the integrated line shape is used to compute (A,’)w, 
however, the correction involves only the value of the 
ordinate of the recorded curve, and a considerable 
simplification in the handling of the data results. The 
major problem involved in the processing of the data 
arose from small displacements of the base line during 
a run, which the long time constant and the inherent 
inertia in the recorder prevented from complete self- 
averaging. Upon integration, this led to resonance 
curves that did not return to the initially chosen base 
line. The asymmetry made them unsuited to a measure- 
ment of (A,’)w, until a revised base line was drawn 
through the tails of the curve to give a best‘ fit, as 
determined by eye and a flexible ruler. This method, 
while not excluding the possibility of some subjective 
bias, was the only consistent and reasonably simple 
one available. 

It is apparent from Fig. 3 that the reduction of the 
second moment under conditions of double irradiation 
does not manifest itself in a marked decrease in width 
between peaks of the derivative curve. The most 
striking characteristics of the recorded curves are loss 
of intensity in the wings and the improvement of the 
signal-to-noise ratio by virtue of an increased peak 
derivative amplitude. The latter results from an 
increased slope at the inflection point of the integrated 
line shape. 

From the value of (A;’),, thus determined, was sub- 
tracted the correction term arising from the use of a 
finite modulation amplitude.'® For a modulation ampli- 
tude of 1.5 gauss peak-to-peak, this correction amounted 
to 0.18 (kc/sec)?. 

Figures 4 and 5 represent some of the integrated line 


18 E. R. Andrew, Phys. Rev. 91, 425 (1953). 
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Fic. 6. Measured second moment of the Na resonance vs the 
amplitude of the second rf field for Run No. I. 


shapes of runs I and II respectively. The original 
integrating process provides some smoothing of the 
data, since finite intervals must be used in the process. 
In addition, in the preparation of the sample curves 
for the figures, some further smoothing results from the 
choice of points for plotting. Except for slight differences 
in normalization, the curve of largest peak amplitude 
in Fig. 4 represents the same experimental situation as 
the curve of the largest peak amplitude in Fig. 5. The 
curve of least peak amplitude in Fig. 4 represents the 
single-resonance data. Except in the extreme tails, it is 
fitted very closely by a Gaussian line shape. The double- 
resonance curves all have greatly reduced intensity in 
the wings, thus providing the reduction in second 
moment observed quantitatively. These double-reso- 
nance line shapes deviate markedly from a Gaussian 
function. All curves have the same total intensity 
within the accuracy of measurement possible, about 
10%, and no trend in these measurements was observ- 
able. Thus, no nuclear Overhauser effect was observed. 

Reference should be made to a possible resonance 
frequency shift!® of the double-resonance lines. Because 
the two frequencies differed by a ratio appreciably 
greater than unity, and since the rf fields were of the 
oscillating and not rotating type, the expected shift 
would be no more than 0.8 cycle/second. The center 
cross-over point of a noisy, 5-kc/sec-wide derivative 
curve could clearly not be located to an accuracy 
approaching the above value. 

Figure 6 summarizes the data from the series I runs. The 
single-resonance data lie about 0.4 (kc/sec)? above the 
Van Vleck value. This may be caused by two conditions. 
The annealing process may have been insufficient to 
gather the quadrupole side lines completely into the 
central line. Residual intensity in the wings from this 
source would enhance the single-resonance second 
moment. Also the known inhomogeneity in Ho will add 
to the line width. If a simple type of additive depend- 
ence can be assumed for the functions involved, the 
value of this spread in field over the sample is easily 
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shown to contribute very nearly the observed enhance- 
ment. The theory* shows that the satellites are well 
separated only if y’H» is large compared to the line 
width. This condition is not met for H.=0.75 gauss, 
and therefore all the intensity is still contained in the 
center main line. Thus, the second moment in Fig. 6 
shows no deviation from the single-resonance value, 
since all components of the resonance are included in 
the measurement. For H.=1.5 gauss, however, an 
appreciable fraction of the sideband is outside of the 
center line and lost in the noise. It thus is prohibited 
from contributing to (A,’), by reason of the computa- 
tional technique previously described. The degree of 
inadequacy of the maximum rf used is evident in the 
same drawing, since in the limit of very large values of 
H», one expects to approach asymptotically the dashed 
line representing the like-neighbor interaction. While 
this limit is evidently not reached, its approach is 
clearly indicated by the plot of Fig. 6. 

The best indication of the accuracy involved is the 
spread in the data themselves. Each point represents 
an independent resonance recording, but at least two 
and usually four runs were made sequentially to 
preserve closely the experimental conditions. This met 
with only limited success, since the time required for a 
single run was in excess of 70 minutes. The solid curve 
through the experimental points is illustrative only. 
and has no simple theoretical significance. 

Figure 7 summarizes the data from the series II runs. 
The single-resonance runs are again shown for com- 
parison. The lower points at Ar/2r=0 correspond 
exactly to the extreme right-hand points in Fig. 6. 
Measurements at Ar/2x=--10 kc/sec and — 20 kc/sec 
were also made. As mentioned earlier, they were 
situated nearly as mirror reflections in the Y axis of 
the points shown in the figure for the corresponding 
positive values of Ar/2r. At Ar/2r=240 kc/sec, the 
conditions were essentially again those of single 
resonance, since the frequency ratio then deviated by 
an amount equivalent to about ten line widths from 
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Fic. 7. Measured second moment of the Na resonance vs the 
deviation of the oscillation frequency of the second rf field from 
the F precessional frequency for Run No. II. 
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that required for simultaneous resonance. There is an 
apparent tendency for these points to lie even some- 
what higher than the single-resonance points obtained 
for H.=0. However, the decreased stability resulting 
from operating at an elevated temperature causes a 
greater spread in the data. Thus it is probably un- 
warranted to attach much significance to this difference. 
The solid curve has been calculated from Eq. (1). To 
improve the fit with the data, the observed excess of 
0.42 (kc/sec)? in the second moment of the single 
resonance line has been added. The agreement is 
satisfying in the region beyond Ar/2r=20 kc/sec. The 
discrepancy near the ordinate axis, i.e., for small values 
of Ar, is not unexpected, since H2 alone was insufficient 
to satisfy completely the conditions of the theory.’ 
The theoretical curve in Fig. 7 is therefore unreliable 
in this region. 

Further study in this field may profitably deal with 
the use of single-crystal samples and the added informa- 
tion that comes from analysis of the dependence of the 
second moment on the angle between the crystal axes 
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and Hp. It is also of interest to compare 7; of the 
type-A spin system in the single- and double-resonance 
cases in a crystal containing two magnetic ingredients, 
A and B. When spin diffusion’ is the predominant 
thermal relaxation mechanism for the A spin system, 
then the averaging out of local fields by the simultan- 
eous double resonance of the B system could be expected 
to increase the spin diffusion rate of the A spin system. 
A resulting shortening of the 7; of the A system would 
then occur. Experiments of the latter type are being 
carried out in this laboratory for the case of a single 
crystal of LiF where the longer thermal] relaxation 
time of Li’ simplifies the experimental details. 
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Effects of two-particle interactions in deformed nuclei are considered. The deformed nucleus is assumed 
to be replaced by a set of particles in a cylindrically symmetric harmonic oscillator potential, while the two- 
particle interaction is assumed to be of 5-function type. Fairly extensive calculations are performed in di 
agonalizing the interaction energies which exist between particles lying in degenerate levels in the above- 
mentioned potential. The characteristic energies and the explicit form of the eigenfunctions are tabulated. 
In particular it is noticed that the seniority number is a good quantum number for this sort of interaction. 
Several important features of the results are discussed, including the matrix elements of the E2 transitions. 


1. INTRODUCTION 


HE unified model of the nucleus developed by 

Bohr, Mottelson,' and others’ is known to be 

quite powerful in explaining many low-energy nuclear 

phenomena. The basic idea underlying this model is 

explained in detail in the literature, especially in Chap. 
V of reference 3. 

The success of this model was most remarkable for 
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rotational motions in that the concept of a stable de- 
formation resulted directly in the rotational spectra. 
The low-lying levels of nuclei away from closed shells 
can be qualitatively interpreted in this way. 

More quantitative investigations taking into account 
the single-particle motions in such deformed nuclei 
were performed by Nilsson, Moszkowski,® and Gott- 
fried,® and their results have been found to explain 
quite well a number of experimental data.’ 

The problem concerning the moment of inertia is more 
involved, because here the correlation of the particle 
motions is relevant. It has been investigated theoreti- 


‘S. G. Nilsson, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 29, No. 16 (1955). 
p °S. A. Moszkowski, Phys. Rev. 99, 803 (1955). 
°K. Gottfried, Phys. Rev. 103, 1017 (1956). 
(1983) R. Mottelson and S. G. Nilsson, Phys. Rev. 99, 1615 
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cally by Bohr and Mottelson® by extending the method 
proposed by Inglis.* The essential result obtained there 
is that the moment of inertia takes on the rigid-body 
values so long as nonclosed shell configurations are 
considered and no interparticle interactions are as- 
sumed, but smaller values, which agree with the 
experimental trend, can be obtained if one further 
considers the residual short-range two-particle inter- 
actions between the constituent particles. 

There have been reported a number of attempts, 
aimed at clarifying the nature of the interparticle 
interactions and the behavior of the constituent par- 
ticles in nuclear matter, which intended to derive the 
collective motions from first principles, but none of the 
work so far published seems to be satisfactory." 
Recently, however, an interesting approach to this 
problem was proposed by Elliott." He considers the 
unitary-unimodular group which is spanned by the 
single-particle eigenfunctions of a spherically sym- 
metric harmonic oscillator potential belonging to a 
main oscillator quantum number NV. This contains U; 
(the three dimensional unitary-unimodular group) as 
a subgroup. This U; clearly contains R; (the three- 
dimensional rotational group) as a subgroup. Then by 
using the general discussion given by Jahn,” it is 
possible to show that if the two-particle interaction 
can be described as a sum of the Casimir operators of 
U; and R;, the eigenenergies of this interaction corre- 
sponding to the eigenstates which belong to each quan- 
tum number specifying an irreducible representation of 
U; have the /(/+1)-structure characteristic of the 
rotational spectra. 

It is further found that a long-range two-particle in- 
teraction of the quadratic type, >>; 50; 777? Von* (6:,¢:) 
X Yom(9;,¢;), satisfies the above-mentioned require- 
ment. This fact is interpreted to mean that in a highly 
deformed nucleus a force of this type exists, in addition 
to the self-consistent central potential, which can also 
be considered to give a self-consistent potential for the 
particle motions. A fact which supports this interpretation 
is that the moments of inertia calculated for the above- 
mentioned eigenstates have rigid-body values.” 
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factors which depend separately on the variables of the two inter- 
acting particles. Elliott’s force satisfies this requirement and 
thus the reason why such rotational spectra appear for this 
particular kind of force is explained in a more clear cut way. 
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Investigations of the collective vibrational motions 
will also be of interest in clarifying the particle aspects 
in nuclear matter. Many experimental data have been 
compiled on the Goldhaber-Weneser vibrational mo- 
tion, which occurs in even-even nuclei close to closed- 
shell configurations. A qualitative discussion of the 
vibrational motions around the nonspherical equilib- 
rium shape is given in Chap. V of reference 3, but at 
present the experimental data are still scarce.!® Also 
very little theoretical investigation has been done in 
deriving such motions from the particle motions and in 
calculating the properties of such vibrational states. 

One of the aims of the present paper is to take a step 
forward in these problems. For this purpose we take a 
simplified model of particles in interaction to see what 
regularities may arise. The model is a set of particles 
contained in a cylindrically symmetric harmonic oscil- 
lator potential, just the same as was used by Bohr and 
Mottelson.*:!6 

In the spherically symmetric shell model, agreement 
was not necessarily good between the experiments and 
the elaborate calculations diagonalizing the two- 
particle interactions in (/)" and (7)" configurations, !:!7-18 
and thus the importance of the degeneracy of states 
and the consequent configurational interaction was 
invoked.!® This configurational interaction will increase 
the correlation in the many-particle motions, and it 
will be important also in nonspherical nuclei especially 
accounting for vibrational motion. 

In our model, in spite of the reduced symmetry com- 
pared to the three-dimensional case, there still remains 
some degeneracy and the two-particle interactions may 
cause collective vibrational motions. If the deformation 
becomes large, some single-particle states with different 
N come closer together and the correlation will further 
be increased. 

For the two-particle interaction we assume a contact 
force, which greatly simplifies the calculation. The 


4G. Scharff-Goldhaber and J. Weneser, Phys. Rev. 98, 212 
(1955). 

46 Such data are, however, being accumulated rather rapidly. 
See: O. Nathan and M. A. Waggoner, Nuclear Phys. 2, 548 
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Nathan, Nielson, and Sheline, Nuclear Phys. 4, 313 (1953); 
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of California Radiation Laboratory Report UCRL 3928, 1957 
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16 As is seen in the following, all the low-lying states in even- 
number particle configurations are spin-singlet and have vanishing 
matrix elements for the (@-I) interaction. Triplet spin states lie 
fairly high and thus in these cases the neglect of the (@-1) inter- 
action is not a poor approximation. The same argument may apply 
also to the Elliott model (reference 11). 

17H. A. Jahn and H. van Wieringen, Proc. Roy. Soc. (London) 
A209, 502 (1952). 

18 B. H. Flowers, Proc. Roy. Soc. (London) A212, 248 (1952); 
A. R. Edmonds and B. H. Flowers, Proc. Roy. Soc. (London) 
A214, 515 (1952); A215, 120 (1952); B. H. Flowers, Proc. Roy. 
Soc. (London) A215, 398 (1952). 

19 See, e.g., J. P. Elliott and B. H. Flowers, Proc. Roy. Soc. 
(London) A229, 526 (1955): H. Horie and A. Arima, Progr. 
Theoret. Phys. Japan 11, 509 (1954); Phys. Rev. 99, 778 (1955). 
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choice of such an interaction probably has some justi- 
fication in the present problem since, as mentioned 
above, it appears that the long-range part of the force 
is mainly responsible for the spheroidal field. The 
residual forces may thus be of rather short range. 

The main body of this paper is concerned with the 
diagonalization of the interactions between particles 
within each degenerate level. For this purpose the 
technique used in the calculation of the spectra of 
atoms”! and the spherical shell model':!7\!8 is exten- 
sively used. Thus in Sec. 2, the single-particle wave 
functions in our potential are explicitly given, and in 
Sec. 3 the general form of the matrix elements between 
two-particle states is presented. Here is given also the 
general idea of specifying the many-particle states by 
the introduction of quantum numbers which are related 
to the irreducible representations of the symmetric 
group. For the classification of the many-particle states, 
the unitary and the rotational groups play an important 
role, and this point is discussed in Sec. 4. The diagonal- 
ization of the two-particle interactions is performed in 
Sec. 5 and Sec. 6, for two-particle configurations and 
higher configurations, respectively. The calculation in 
these two sections deals, however, only with the spatial 
part of the wave function, and in Sec. 7 the spin part 
is also taken into account. There the expressions for the 
total wave functions are given and the relations between 
states of m-particle and the n-hole configurations are 
also discussed. Within the framework of the results 
obtained in these sections, several interesting features 
are found, and these are discussed in Sec. 8. 


2. CONSTRUCTION OF SINGLE-PARTICLE 
WAVE FUNCTIONS 
As is stated in the introduction, we consider a set of 
particles which are contained in a cylindrically sym- 
metric harmonic oscillator potential, with the z axis as 
a symmetry axis. Therefore the Hamiltonian is 


H=Hot+Hint, (1) 


where 
Ao=>d; Ay; 
Hy =— (/2M)A;+3M[w,?(«2+y2) +072" J, 
Hin= ~ Vij. 
i<j 

In (1a), wp and w, specify the strength of the restor- 
ing force of the harmonic oscillator potential, and we 
take them just as was taken in Nilsson’s paper‘; i.e., 
we introduce a single parameter of deformation 4, 

@ p?= wo? (1+ 38), w2=we?(1— $6). (2) 


Here, because of the assumed constancy of the volume 
of the nucleus, wo is related to 6 by 


wo= Gof 1— $6°— (16/27) F-"6, (3) 


% G. Racah, Phys. Rev. 63, 367 (1943); referred to as RIII. 
2G, Racah, “Group Theory and Spectroscopy” (hectographed 
lecture notes), Princeton, 1951 (unpublished). 


(1a) 


(1b) 
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and finally ap is given by 
hig~41A-t Mev. (4) 


To obtain the wave function for the single particle, 
which is the eigenfunction of Ho of (1a), it is convenient 
to transform from the Cartesian coordinate system, 
(x,v,z), into a cylindrical coordinate system, (1,¢,2), 
and if we measure the length of r and z in the units of 
(h/Mw,)' and (h/Mw,)}, respectively, the function is 
given in the following form: 


Unpmnz (r, ¢,2) = Rnym (r)®,, ( ¢)Zn,(2), (5) 


where 
Rnym(r) =[2(4n,+4m) !(3n,—4m) |}? 
np (—)8O-imD yd exp(—r*/2) 
re (5a) 
b=|m| (3b—4m) !(3b+3m) !(3n,—}0)! 


Bn (v) = (2r)-teime, 








(5b) 


Zn,(2)=[2"n,!\/m }-4Hn,(z) exp(—2?/2). (Sc) 
In (5), mp, m, and n, are all integers, m has the same 
parity as m», and |m|<n,. Also the summation param- 
eter b which appears in (5a) has the same parity as 
n», and this fact is emphasized by a prime on the sum- 
mation symbol. It is worthwhile to mention that the 
phase factor is taken so that Rnp, -m= Rnpm. 

The eigenvalue of Ho, corresponding to the eigen- 
function (5) is given by 


Enymn,=hw,(mp+1)+hw.(n,+}). (6) 


Since, so long as the deformation parameter 6 is differ- 
ent from zero, w, is not equal to w., (6) means that a 
level which was 3;.v-:Cy-fold degenerate (V=n,+n,) is 
now split up into V+1 separate levels for 60. 

One more important fact in (6) is that Enpmn, is 
independent of m, and this means that a level with a 
given value of 2, and n, is (w,+1)-fold degenerate, a 
result which is easily seen from the condition about 
the possible values for m. 

The appearance of this degeneracy is the reason why 
the whole calculation of the diagonalization of the 
energy matrices for two-particle interactions is divided 
into two parts, the first part being concerned with the 
diagonalization of the interaction between particles 
which lie in the same level, which we henceforth call a 
shell, and the second part being concerned with that for 
the interaction between particles lying in different 
shells. 


3. MATRIX ELEMENT OF THE TWO-PARTICLE INTER- 
ACTION AND THE GENERAL PROPERTIES OF 
WAVE FUNCTIONS FOR MANY-PARTICLE 
CONFIGURATIONS 


Throughout this paper the interaction is limited to a 
contact one. Therefore the V;; introduced in (1b) is 
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written explicitly in the following form: 
V 5;= 006 (x;—2%5;)6(ys—;)6(2;—2;) 
= veri '6(r;—15)6(gi— 95)6(2:—2;). (7) 


Here 1» has the dimensions of energy times volume. As 
the wave function is already expressed in the cylindrical 
coordinate system, the second version of (7) will be 
used in the following. Further, it is easier to use the 
form of the interaction in which the variables for length 
appear as dimensionless quantities, and in accord with 
the units taken in the preceding section we shall 
rewrite (7) as 


V ¢;=20(Mw,/h)(Mw,/h)' 
Xri-6(r;—15)6(Gi— 95)8(zi—2,), (8) 


where now f;, 2;, etc. are considered to be dimensionless. 

Next we consider the matrix elements of V 1. between 

two two-particle wave functions, , and $2, defined by 
?; = Unymn, (11, 91,21) l Tn y'm'ne' (Po, 2,2), 


(9) 


?,= Un p’’m''nz""(f1, 1,21) l In ylt*m!*'ng!"" (Po, 2,22). 
The matrix element is 


(®1| Vi2| #2) 
= f Ungar ety Ung'n'nc (ra ent) 


Vo 
x—i(r1— r2)6(gi-— 2)6( 1— 22) 
Tr) 


x OD ng!m!'nz!" (11, 91,21) Ung!'m'"'ng!"" (Po, 2,22) 


X ryreodr dred vd godz dz, (10) 


where 

Vo=(Mw,/h)(Mw,/h)'. (10a) 
Because each function Unymn.(r,¢,2) is factored into 
three factors which depend on 1, ¢, and z separately, 
(10) can be rewritten in the following form: 


(®,| Vi2|®2) 


‘ Vo f Royn® (1) Rny'm™*(r)Rny’’m’(r) 


X Ray’ (1) rd rb mim’, mann f Zn) 


XZn,’*(z)Zn,/"(2)Zn,"""(z)dz. (11) 

Equation (11) is the most general form of the two- 
particle interaction. In the main part of this paper, 
however, only interactions between particles which lie 
in the same shell are considered; and in such cases, 
in any matrix elements which we are interested in, it is 
possible to put 2»=,)'=np"=ny'",n,=n, =n," =n". 
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Further, because of the fact that Rnpm(r) and Zn,(z) are 
real functions, (11) is reduced to the following simple 
form: 


(®1| Vie| 2) 


= Vo { Regn (r) Rnpm’(r) Rngm’(r) Rngm’"(r)rdr 


is (ase f [Zne(2) ds, (12) 


So far we have not taken into account either spin 
variables or the Pauli principle. In any set of similar 
Fermi particles, if one specifies, on the one hand, the 
spatial part of the wave function #([A ](r)) (which is 
normalized) by a partition number [A] of the sym- 
metric group and the Yamanouchi symbol (r), and, on 
the other hand, specifies the spin wave function 
W(X ](¥)) (which is again normalized) by the partition 
number [X ] and the Yamanouchi symbol (#), which are, 
respectively, adjoint to [\] and (r), and constructs the 
bilinear form 


v= (mo o(D](n WA] (7), (13) 


then this wave function is normalized and is antisym- 
metric for exchange of any two of the constituent 
particles. In. (13), 2; is the degree of the irreducible 
representation of the symmetric group specified by [A], 
and the summation is over all possible Yamanouchi 
symbols appropriate for [A ], the number of possible (r) 
certainly being equal to mj). 

The spin part of the wave function, i.e. ¥([X](#)) in 
(13), has already been calculated for the spherically 
symmetric, atomic and/or nuclear shell model by 
Racah” and Jahn”? and can be used here without 
any change. Especially in Jahn’s paper it is presented so 
as to be able to take into account also the 7 spin. 
However, to make the matter as simple as possible, 
and as the later application of the results of this paper 
will be concentrated on heavy nuclei, we treat the 
protons and neutrons separately, and the consideration 
is limited to the o spin. 

As is stated in the preceding section, a shell with the 
radial quantum number equal to 7, has an (n»+1)-fold 
degeneracy for the spatial part of the degrees of freedom. 
If also the spin degrees of freedom are taken into account 
the number of free particle states in this shell is 2(m)+1). 
Therefore, what we should do in the following is to 
construct sets of wave functions which are ‘agonal with 
respect to the interaction (7) or (8) for « ch value of 
n, and for all the configurations up to the 2(”,+1)th. 
However, as will be seen in Sec. 4 and Sec. 7, there is a 
one-to-one correspondence between the eigenfunctions 

2 The Yamanouchi symbol designates the components of a 


vector of dimension mj}, which spans an irreducible representa- 
tion of the symmetric group. 
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for the configuration with » particles and those with 
n holes in the same shell, so actually it is only necessary 
to construct the wave functions up to the (m,+1)th 
configuration. 

A final remark will be in order. As is seen from the 
preceding discussions, the degeneracy has nothing to 
do with the factor Zn,(z) of (5). As, further, in the two- 
particle interaction the part depending on the variable 
z can be factored from the others, it is easy to see that 
the diagonalization procedure is always the same for a 
fixed value of », irrespective of the value of n,. It is 


only necessary to pay attention to the fact that the: - 


eigenvalues obtained by neglecting the part depending 
on z should be multiplied, at the end of the calculation, 
by a common factor which is different only for different 
values of 2,. Therefore in the following few sections we 
will completely forget about the z part of the wave 
function, as well as that of the matrix element. In 
other words, the eigenvalue which we denote by e¢ in the 
following are always measured in units of 


Vo f ” EZ na(2) Js. 


4. ENUMERATION OF THE POSSIBLE SPATIAL 
STATES ARISING FROM (n,)"-CONFIGURATION 


The (,+1) functions tnpm(r), m=ny, np—2,°°-, 
—MNy+2, —My, in a shell with the radial quantum 
number #,, can be considered as the components of a basis 
vector which spans a unitary group Un,+1 of dimension 
n,+1. The spatial functions for similar particles in 
the same shell span a representation which may be 
reduced into irreducible representations of Uny+1. 
These representations are characterized by the parti- 
tion of 2 into n,+1 integral parts: 


m=XrtAot: ++ +Anpt 
with 


M>A2> +++ >Anpt1, (14) 


and this set of numbers A;, Ao, «++, Anp+1 is called the 
partition and is denoted by [A ]:[A ]=[Au, Ag, «++, Anp +1]. 
It is the same as the [A] which was used in the pre- 
ceding section in specifying the irreducible representa- 
tions of the symmetric group, and this double function 
of [\] is well known.” 

The dimension of the irreducible representation of 
Unp+1 which is specified by [A] is given by 


No = D(hy,ho,- : ‘hing +1)/D(ny, Np— 1, ae 1, 0), (15) 
where 4;=\,;+n—1i, and 
npt+l 
D(hi,ho,- ++ inp +1) = II (h;—hy). 


i<j 


(16) 


The numerical values of V.) are listed in Table I. 
As is mentioned in the preceding section, the spatial 


8H, Weyl, The Classical Groups (Princeton University Press, 
Princeton, 1946). 
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TABLE I. Dimensions of the unitary groups Unp+1. 
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part of the wave function must be combined with a 
spin wave function with adjoint symmetry, in order to 
make the whole wave function totally antisymmetric. 
On the other hand, the spin has two degrees of freedom, 
so only those representations with A1:<2 need be 
considered. 

In this table the value of NV; are given only up to 
(n,)"** configurations, because by the well-known rule 


[Ay, da, aed Anp+1 | 

=[Ai—Anpt1, Ao—Anp +1, +++, Anp—Anpt+1] (17) 
the structure of the »-hole configuration is essentially 
the same as that of the n-particle configuration. Further 
in this table the values of V ,; for 2,=4 and 5 are given 
only for configurations for which the actual construction 
of wave functions is performed in the succeeding 
sections. 

We now turn to the calculation of the possible number 
of states with a definite value of A=} ,~:" m;, for a 
definite configuration (#,)" and for a definite partition 
[\]. For this purpose the so-called chain calculation 
method demonstrated by Jahn” can be applied with a 
slight modification. As the method is explained in 
detail in Jahn’s paper, we shall give here only the 
results, which are summarized in Table II. 

In Table II only the number of states with A>0 are 
listed, because, due to the symmetry of the whole 
system against the reflection with respect to the x—y 
plane, there is always a state with A<0, corresponding 
to each state with A>0. 

In this table, states are classified by, in addition to 
[A] and A, one more quantum number (¢)= (01, o2, +++), 
which is written in the fourth column. This is the 
quantum number which specifies the irreducible repre- 
sentations of the rotation group Rn,+1 of dimension 
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TaBLE II. A structure of the (m,)* configurations. 








a 





0) 
(2) 
(1) 

(10) 
(21) 
(10) 
(00) 
(20) 
(11) 
(10) 
(21) 
(10) 
(00) 
(20) 
(22) 
[211] (20) 
(11) 


[1111] (0) 
[1] 


— 


_ 


— 
heed heed aa 


nw 
KFAMUS PRE UF AO OORF PARP DOR SOW WU Who 


tb 
a) 
one 


(10) 
[2] (00) 
(11) 
(10) 
bs (10) 
2] (00) 
20) 


(20) 
pit] 
[21 

(21) 

( 
[11] (11) 








n,+1, which leave invariant the following bilinear form 


(18) 


np 
aig Ungmng*Unymng. 
Sa 


np 


This group is clearly a subgroup of Un,+1 and contains 
R2, because it leaves invariant the two-particle states 
with A=0. 

In the case of the spherically symmetric shell model 
there is found a general proof that () is a good quan- 
tum number so long as we take very short-range 
interactions. In our case we could not find any general 
proof corresponding to that found in the spherically 
symmetric case, and so it is not clear from the beginning 
whether (c) is also a good quantum number or not. 
In the course of our calculation which will be shown in 
the succeeding sections, however, it is found that (c) 
is a completely good quantum number so long as we 
take the contact interaction and it is also found that the 
use of this quantum number very much simplifies our 
calculation. This is the reason why (c¢) is already written 
down in Table II. 

In the fifth column of Table II is written the value 
of N (), i.e., the dimension of the irreducible representa- 
tion of Rn»+1 which belongs to the quantum number 
(c), and the sum of each row (including those of A <0) 
should coincide with this quantity; this fact is used 
in checking the result of the chain calculation. 

The general expression of NV.) for the n-dimensional 
rotation group is given (defining /,=o,+p—1), for 
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n=2k, by 
N (ey (Rox) = 2*[(2k—2) !-- +4121] 


k 
xX II 2-12); 4x0 
p<g=l 


=21[(2k—2) !---4 12! — 


k 
X IT @P-1); h=0, 


p<q=l 


and for n=2k+1 by 


N ey) (Rees1) =[(2k—- 1) !.--3!1 1] - 
(19b) 


II (lp—1,) (lp+1,+1)}. 


p<q=l 


k 
XII (2/,4+-1){ 


Finally, it will hardly be necessary to note that there 
should be a relation 


Nm=Leo Ve, 


the sum being over all possible irreducible representa- 
tion of Rn»+1, specified by (a), which are included in an 
irreducible representation of Un,+1, specified by [)]. 
The reduction rule of [\] into (c) can be found in, e.g., 
Littlewood’s book.* 


(20) 


5. TWO-PARTICLE CONFIGURATIONS 


For a two-particle configuration there are two sets 
of states, one of them having the partition number [2 ] 
for the spatial part of the wave function, and the other 
having [11 ] for it. In other words, there are symmetric 
and antisymmetric spatial states. 

First we consider the symmetric states, and as an 
example obtain the eigenstates for n»,=4 and A=0. 
In this case there are five possible values of m, namely 
m=4, 2,0, —2 and —4, and it is clear that the states 
with A=0 can be constructed as linear combinations of 
(m;,m2), with my+-m,=0, (m,,m2) being the abbrevia- 
tion of R4m;(r1)R4mo(r2)(27) exp(imigit+imege). As 
only symmetric states are considered, the function 
(m,,m2) in the linear combination should appear in 
combination with (m2,m;) in the form (3)~4((m,mz) 
+ (m2,m,)). The states concerned are therefore linear 
combinations of ($)~#((4,—4)+ (—4,4)), (3)~4((2,—2) 
+(—2,2)), and (0,0) (which are clearly normalized 
and orthogonal to each other), and this means that by 
starting with these three functions a three-by-three 
secular equation is obtained, the solution of which 
gives us the desired eigenenergies. It would be worth- 
while to mention that this number three just coincides 
with the number of possible states with (”,=4)’, 
[A ]=[2], A=0, listed in Table II, as it should. 

It is not so difficult to solve this secular equation. 

*D. E. Littlewood, The Theory of Group Character (Oxford 
University Press, Oxford, 1950). 
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Fic. 1. Level schemes for 
(my)? configurations. Note 
added in proof:—n,in the 
bottom of the figure should 
read Mp. 
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It will, however, be interesting to note that among 
these three eigenstates one may belong to the quantum 
number (0)= (00) of Rs, as is seen from Table II, if (c) 
is indeed a good quantum number. If this is the case, 
it will also be very natural to guess that this state will 
have the form 


(4)4((4, —4) + (—4,4)+ (2, —2)+ (—2,2)+(0,0)) (21) 


because this is a scalar function in Rs. 

It turns out that this is the case, and in this way an 
eigenvalue can easily be obtained. Then the other two 
can also easily be obtained, and the whole problem is 
solved. 

Although this example is a rather trivial case, this 
fact may allow one to believe that (c) is indeed a good 
quantum number and will help in treating the higher 
configurations. 

For other states with A0, in the (n,=4)? configura- 
tion with [A ]=[2], the highest dimension of the secular 
equation which can appear is two, as is seen from Table 
II, and so there occurs no difficulty. For (n,=5)*, 
[\ ]=[2] and A=0, completely the same argument as is 
used in the (7,=4)?, [\]=[2] and A=0 case is applied, 
and only for A= 2 do we actually have to solve a three- 
by-three secular equation. For lower values of ”», the 
calculation is trivially easy. 

As for the antisymmetric states, we again take the 
(n»=4)? configuration with [A]=[11] and A=0, as 
an example. In this case the (two) eigenfunctions should 
be linear combinations of (3)!((4,—4)—(—4,4)) and 
(3)((2,—2)—(—2,2)). It is seen, however, that so 
long as a contact interaction is assumed, the matrix 
elements of the energy operator for these states are 
always equal to zero and in turn this means that any 
linear combination of the a ove-mentioned two func- 
tions can be eigenfunctions.» the following these two 
functions are taken as th eigenfunctions themselves, 
and similar conventions are used also for other , values. 
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The level scheme for two-particle configurations for 
n,=1, ---, 5 is shown in Fig. 1. For each level of these 
figures the corresponding value of A is attached. Since 
in the case [A ]=[2] the possible spin state is singlet, 
this value of A can be considered, at the same time, to 
be equal to 2, 2 being the magnetic quantum number 
of the whole system including spin. On the other hand, 
the possible spin states for [\ ]=[11 ] are triplet and so, 
for each value of A, 2 can take three values: Q=A, 
A+1. Therefore the levels with «=O are actually three 
times more highly degenerate than is seen from Table 
II. They are not explicitly written in this figure. 

It will be somewhat interesting to note that ali the 
states which appear in the (”,)* configuration are repro- 
duced in the (w,+1)?, (w,+2)*, ---, configurations,” 
and so in Fig. 1 the value of the eigenenergies ¢ are 
written explicitly only for new appearing states. It 
will also be interesting to note that the order of ap- 
pearance of A is always 0, 2, 4, 6, ---; 0, 2, 4, ---; 
0, 2, ---, and the spacings of these levels become smaller 
and smaller as we go up to higher levels, which is similar 
to the situation in the spherical shell model. 

The explicit forms of eigenfunctions for (#,)? con- 
figurations are given in Table III,”* in terms of the 
table of cfp (coefficient of fractional parentage). This 


35 Tt was noticed by Dr. B. Mottelson and Dr. B. Bayman that 
these energies can be expressed in the following“analytic form: 


nat (2-1\ thant (27-1 
E,A= II (~— I (= 
m\aJ m \ 7H 


2i-1 
(readin =1 when i-0) 


2 


where m means that the level concerned is the mth one which 
appeared, among states with a definite value of A. 

76 In this Table III and in Table IV which is given below only 
wave functions which have A>0 are explicitly given. Wave func- 
tions for which A<0 can be obtained from those with A>0, 
simply by replacing the m values of all the constituent particles 

y —m. 
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Taste III. Coefficients of fractional parentage for the eigenfunctions of the (,)* configurations. ¢ is the eigenenergy. 





(a) (b) 


\ op 4 (a 1] 
OX. 0 « ap 1 lp 


(230 1 1 (2] 2 1 
Oo (1/2) (1/2)9 


(11]0 (1/2)! —(1/2)% 








(2)! \@» 
are (3), 3 


[2] (2) 4 / [2] (20) 6 1 
(2) 2. (1/2) =(1/2)8 (20) 4 (1/2)9 
(0) 0a. (1/3)! (1/3)4 (20) 2a1 (3/10) —(2/5) (3/10)4 
(2) Oa: (1/6) —(2/3)$ / (20) 2a2 (1/5)* (3/5) (1/5)9 
(00) 0a: 1/2 1/2 1/2 
(20) Oaz 1/2 —1/2 -1/2 








c17) 2 = (4/2) ~—(1/2)4 
(1) 0 (1/2) 
(11) (11) 4 (1/2) —(1/2)8 
(11) 2 = (1/2)8 — (1/2) 
(11) Oa. (1/2)4 ~(1/2)9 
(11) Oaa (1/2) —(1/2)4 





(f) 

‘ ; [1] 
wr 4 ‘ or 5 ‘ 
[2] (20) 8 1 35/128 [2] (20) 10 1 63/256 

(20) 6 (/2)% (1/2) 5/16 (20) 8 (1/2)4 (1/2)4 35/128 
(20) 4a, (2/7) = 3/7)*_— (2/79 3/8 (20) 6a. + (5/18)4 2/3 (5/18)4 5/16 
(20) 42 (3/14) —(4/7)# = (8/14) 5/32 (20) 62 (2/9) —(5/9)#  (2/9)8 35/256 
(20) 2a, (1/5)! = (8/10)# += (3/10) (1/5)? 1/2 (20) don (5/28) +—(9/28)* —(9/28)# (5/28) 3/8 
(20) 2a2 (3/10) —(1/5)# —(1/5)# (8/10) 3/16 (20) 42 (9/28) ~=— (5/28)# += (6/28) = (9/28) 5/32 
(00) 00: (1/58 (/st (1/5 c/s (1/5yt 1 (20) 2a. (1/7) (8/35)* —(9/35)# = (8/35)# = (1/7) 1/2 
(20) 0x2 (2/7 —(1/14)? —(2/7? -C1/14t 2/7 1/4 (20) 2a2 (1/3) —(1/30)# (4/15) —(1/30)# —(1/3)4 3/16 
(20) 0as (1/70) —(8/35)* (18/35) —(8/35)# (1/70)t 9/64 (20) 2a, (1/42) +—(5/21)# —(10/21) —(5/21)# —(1/42)4 15/128 
(00) Oo (1/6) (1/6)* = (1/6)4 (1/6) = (1/6) = aoyh 
(20) Ow2 (25/84) —(1/84)* —(4/21)* —(4/21)# —(1/84)) (25/84) = 1/4 
(20) Oas (1/28) —(9/28)# (1/7) (1/7)! +—(9/28)t (1/28) 








(i) 6 = (1/2) +—(1/2)4 
(11) 4 =(1/2)4 —(1/2) 
(11) 2e1 (1/2) —(1/2) 
(11) eve cy2) ~—(1/2)4 (11) (41) 8 = =(1/2) = — (1/2) 
(11) 0a: (1/2) —(1/2) (11) 6 (1/2) —(1/2) 
(11) Oa (1/2) —(1/2) (11) 4a1 (1/2) —(1/2) 
(11) dere (1/2) +—(1/2)4 
(11) 201 (1/2)4 ~(1/2) 
(11) 22 (1/2) —(1/2) 
(11) Ocr (1/2) —(1/2) 
(11) Ocre (1/2) —(1/2)4 
(11) Oas (1/2 = —(1/2)4 


=~ 
= 


oeoeooco co cs co S&S 











cfp ((np)'m; nym2}(n»)*[A ](o)Aa;) is defined by obtained as a sum of terms, each term being obtained 

as a product of (i) the cfp which is listed in the par- 

$((ny)*LA ](o)Aai) ticular row; (ii) the radial wave function of the first 

; : article with m=, Rnym(r;) (which are listed in the 

==, ((14p)!ams; gama }(my)°Ld ](o) Aas) 2a row of the table ); (iii) that of the second particle 

™ which has m=m,=A— my, Rnymo(re); and (iv) appro- 

X Rngma (1s) Rngma(r) (2) bm maa priate angle factors. There are several states sceadiis 

Xexp(imigitimeg:). (22) with the same values of [A] and A, and they are 

distinguished by introducing a new quantum number 

Namely an eigenfunction for a (n,)* configuration with a; (i=1, 2, ---). This kind of new quantum number is 

some definite values of [A], («) and A, which are listed denoted by 4; and ¥; for (n»)* and (n,)‘ configurations, 
in the first three columns of the respective tables,can be _ respectively. 





TWO-PARTICLE 


6. EIGENSTATES FOR HIGHER CONFIGURATIONS 


In constructing the eigenfunctions for higher con- 
figurations, the most appropriate way will be to specify 
the components of a function, which transform among 
each other according to an irreducible representation of 
the symmetric group, by the Yamanouchi symbol and 
to use the nature of the Yamanouchi standard repre- 
sentation. As a detailed explanation on these is already 
given elsewhere,” here we shall show only how to 
apply this method to our present problem, by taking 
a few typical examples. 

As the first example we consider the case of the 
(n,=3)* configuration, with [A ]=[21] and A=3. As 
N{21)= 2, the basis vector which spans their reducible 
representation is a two-component vector and its compo- 
nentsare, respectively, characterized by the Yamanouchi 
symbols (211) and (121). For ¢,((211)) the possible 
parents in the tape configuration are those which 
belong to [A]=[2] and (r)=(11), with A’=m,+m, 
which satisfy |A’—3|<3, and we easily see that they 
are $(6)[=9((3)?, [2], A=6)], ¢(4), ¢(2a1), $(2a2), 
(0a;), and @(Oa2). Therefore ¢:((211)) will have the 
form 


$1((211))=ag(6)u(—3)+bp(4)u(—1) 
+p (2a;)u(1)+de (2a2)u(1) 
+ ep (Oa1)4(3)+ fo(Oa2)u(3), (23) 


where we abbreviate R3m(r3) (2x)! exp(im¢gs) by u(m) 
and where a, 6, c, d, e, and f are, at present, unknown 
coefficients. 

On the other hand, we know that the Yamanouchi 
standard representation for [21 ] is given by 


—} 33 
Pu=( , i 
WS 4 
0 
Pu=( ) 
0 —-1 


and from (24a) we see that 
3V3qp0( (121)) = 361((211)) + P2sp1((211)), 


and thus an explicit form for ¢2((121)) is obtained, with 
still unknown coefficients a, , --- f. Because of (24b), 
however, it is also known that ¢2((121)) should be 
antisymmetric against exchange of the first and the 
second particles and thus a number of linear relations 
among these coefficients is given. It is easily found that 
among those relations three are independent, and so 
among six unknown coefficients three are independent. 
Therefore, by solving, e.g., for a, b, and ¢ in terms of 
d, e, and f, (23) can be rewritten as 


$1((211))=dL— ($)'o( bh )§b (2a1)+¢(2a2) 


+e[—9(6)— (3 ape Oa) ] 
+f- > (4)'6(4)+(Oae) J, 


(24a) 


(24b) 


(25) 
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where $(A’) u(m) is further abbreviated as #(A’), and it 
is clear that each expression which appears in paren- 
theses now has the correct transformation property 
specified by the Yamanouchi symbol (211). The fact 
that (25) is expressed with three unknown coefficients 
shows that there should be three independent states in 
this configuration, with quantum numbers [A ]=[21 ] 
and A=3, as we already know from Table II. 

The expressions in parentheses in (25) are neither 
normalized nor orthogonal to each other and we must 
apply Schmidt’s procedure, so as to get new linear 
combinations which satisfy these conditions. In doing 
this we ensure that, among the three new expres- 
sions thus obtained, only one should contain the func- 
tion ¢(0a;). The functions which are obtained in this 
way are 


= (2)'p(6) — (4)46(4) — (2) 46 (Oae), 
= 4(2)16(6)+4(4)'6(4)+ (4)'6(2a; 


) 
— 4V26(2a2)—3(2)'(Oae), (26) 


¢3= 3V26(6)+ $6(4)+ (1/15) 'p(2e1) 
+43 (%)*p (2er2) +3 (3) 4 (Oara) — ($) 4 (Oars). 


As these three expressions are now normalized and 
orthogonal to each other, we can start from them to 
construct the following secular equation” : 


|(3/10)—e — 3/380 0 
| —3/80 (11/20)—e 
| 0 0 


The fact that in (27) all the matrix elements (i| 3) 
and (3\i’) (i=1,2) are zero is noteworthy, because 
this means that the ¢; defined in (26) which contains 
¢(Oa;) is not mixed into other states, or in other words, 
among the three eigenstates only one contains ¢(0a) as 
a parent. As was explained in the preceding section this 
state is considered to belong to the quantum number 
(00) of Ry, and because of the branching rule 


(00) X (10) = (10), (28) 


¢(Oa;) could be a parent only for a state with (a) = (10), 
so long as (a) is a good quantum number. On the other 
hand, as is seen from Table II, there should appear only 
one such state, the other two belonging to the quantum 
number (¢)=(21), and the above result may be con- 
sidered to give another example which shows that (c) 
is a good quantum number. 

This result is important also from the fact that the 
secular equation which would have been three-by-three 
is essentially reduced to two-by-two, which makes the 
calculation of orthogonalization quite easy. 

A similar procedure can be applied to many other 
cases and in this way all the eigenfunctions and eigen- 


27In (27) actually the matrix elements (¢;| Hint| ¢;) are calcu- 
lated for the normalized total wave function ¥((3)°[21]JA=3) 
= (4)' Zi? divi [see Eq. (13)], and Hint is taken to be equal 
to 2i<jn13 Vi;, We note that the matrix elements related to 
¢2((121)) are always zero for a contact interaction. 
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energies for (w,=2)*, (mp=3)*, (nm »=3)*, and (m,=4)* configurations are calculated, and they are listed, 
respectively, in Tables IV a, b, c, and d,”* by using the cfp ((7,)""[\’](o’)A‘a’; np, A—A’} (np) "DA ](o) Aa) 


which is defined by 
OC(ms)*TDAI(o)Aa)= | he 


A’ ](e’)A‘a’ 


The level schemes for (w,=2)*, (np=3)*, and (m,»=3)' 
configurations are given in Fig. 2(a), (b), and (c), 
respectively. 

In Table IV as well as in Table III the quantum 
number (c) is already written down explicitly, and we 
can see easily how this (¢) plays its role. For example 
in Table IVb, among four states with [\]=[21] and 
A=1, only one has ¢(0a;) as a parent and is thought 
to belong to (¢)=(10), the other three being con- 
sidered to belong to (a)= (21). 

Anothe1 interesting example is the case with (”,=3)*, 
[\]=[22] and A=0, which is given in Table IVc. 
According to Table II, there should be four states with 
these quantum numbers and among them two should 
have (o)=(22), one (¢)=(20), and one (¢)=(00). 
Because of the branching-rule of Ra, 


(10) X (10) = (00)+ (20), 


21, 23 


° Co} o 





2-0 
amen Pa 1/845 718 
—_=2— We 


22 ! V2 &) 1/2 
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= te 
7/8 
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~- 4 We 
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= 
9/8 
2 19/16 
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$ W/e8 


+ 
zt 3/2 
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(nge3)* 
(c) 


Fic. 2. Level schemes for (n»=2)*, (n,=3)* and (n,=3)* con- 
figurations. In Fig. 2(c) the A values in (7j belong to fxJ=[211] 
and [1111]. 


28 For the (n,=4)* configuration only states which belong to 
(«) = (10) are listed, because these states are easily separated from 
other states with (c)=(21) by applying the above-mentioned 
procedure, and obtained without solving secular equations. 


((np)""[\' ](o’)A’a’ ; ny, A— 


A’ }(n,)"[X](o)Aa)o((np)" D0" ](0’)A'a’) 


X Rnp,A—a'(rn)(2r)~4 explLi(A—A’) gn]. (29) 


the states in the (~,=3)* configuration with (¢) = (10) 
can only be parents for states with ()= (00) and (20), 
and this fact is clearly seen in Table IVc. In the course 
of calculation of the eigenvalues, the secular equation 
which could have been four-by-four was in fact re- 
duced to a direct product of two two-by-two secular 
equations, by properly taking account of this property 
of Rg. 

In closing this section we shall show a calculation 
which makes certain the identification of all the obtained 
eigenstates with respect to the quantum number (ce). 
As is illustrated above, the nature of Rn,+1 is very 
extensively used and makes the calculation very easy. 
Its application is, however, so far not more than guess 
work and, although each obtained eigenstate is identi- 
fied as belonging to a particular irreducible representa- 
tion of Rn,+1 specified by the quantum number (¢), 
there is still no guarantee for justifying this identifica- 
tion. This identification can, however, be done if one 
calculates the eigenvalue of the Casimir operator of 
Rnp+1 directly for each state and compares the value 
with that obtained by a more general and abstract 
method. 

If we take the »,=3 case as an example and apply 
the method shown by Racah,” the infinitesimal opera- 
tors for R, can be written as 


H,=X;,-1, H2= X3,-3, E,=X;,,3, E_4=X_1,-2, 


E,=X,,_3, E_.=X_;,3, (30) 


where 


Xin m= Lil tm Od/dx_m! — md /dx_m}, (31) 


and x» ” is the abbreviation of Rgm(r;) (24) exp(img,). 
As the eigenfunction concerned is a multilinear form of 
Xm‘’s, each term of (31) is a sum of products of an 
annihilation and a creation operator for these x, "’’s. 
Thus the meaning of the operators (30) as applied to 
the eigenfunctions will be clear. 

The Casimir operator for Ry is now constructed from 
the operators (30) as”! 


(32) 


2 
G(R.) = —(g*HHj;+  EaE_a). 
o=—2 


Here g‘’ is obtained from the relation 
g*a.=a', (33a) 
and a; and a‘ are defined by 


(HiEaJ=a;Eq and [Eq,E_a]=a‘H;. (33b) 
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TABLE V. Coefficients of fractional parentage for spin wave func- 
tions. [\]' here means a representation which is adjoint to [A]. 


(iit er 


(2}¢ 'r 


1 


(21) °° 


1 


(11i}t «r 


1 1 


1 





As the meaning of the operation of H; and E on the 
eigenfunctions is known, the meaning of the operation 
of the Casimir operator (32) is also clear, and the calcu- 
lation of its eigenvalue is only a matter of algebra. 
Explicit forms of the Casimir operators for general 
Rnp+1 are also given in reference 21 and the calcula- 
tions of their eigenvalues are similarly performed. 

The eigenvalues of G(Rn,+1) can be calculated in a 
more abstract way, in other words without knowing the 
explicit form of eigenfunctions, and the method is also 
given in reference 21. The results are given by 


G(R3(o1))=o1(01+1), 
G(R4(61,02))=01(01+2)+0-’, 
G(Rs(01,02))=01(01+3)+02(02+1), 

G(Re6(01,02,03))=01(01+ 4) +02(o2+2)+o%. 


The calculation of the eigenvalues of G(Rn,+1) is 
performed for all the states listed in Tables III and IV, 
and by comparing the results with the values listed in 
(34), the quantum numbers (c) attached to those states 
are assured to have their right meaning. 

After thus proving the utility of the quantum number 
(o), it will be interesting to look into the above-obtained 
results in more detail. Firstly, we observe that in any 
(n»)* configuration the ground state has (¢)= (10) 
for (1) ], and is (w,+1)-fold degenerate. The A values 
appearing there are just the same as the m values which 
are allowed for the single-particle states corresponding 
to each my. Thus the above degeneracy may be related 
to the degeneracy of the single-particle states. This 
will suggest that the eigenfunctions corresponding to 
these states may be constructed by first making a 


[\’)S’M'mej 


Vi((4) "(0 (FoF na - -Fi)SMs)= (3) DV’]s’; 


X,,(m,) being the spin wave function for the nth particle 
with magnetic quantum number equal to m,—has 
already been obtained, e.g., by Jahn and Wieringen,"’ 
and the parts which are needed in our calculation are 
reproduced in our Table V. 
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product of (i) the two-particle wave function with 
(c) = (00), i.e., 6(Oa;) of Table III, constructed from the 
first and the second particle; (ii) the single-particle 
wave function of the third particle with m=A; and 
(iii) the singlet spin function of the first and the second 
particles and the spin function of the third particle, and 
secondly by appropriately antisymmetrizing the product 
and finally normalizing it. 

An elementary calculation shows that this is indeed 
the case and this result may allow us to call the sum 
of the numbers in (c), i.e., o:+02+---, the “seniority 
number,” just as it was in spherically symmetric case. 

Secondly we observe that the states which appear in 
the (w,=3)*? configuration all reappear in the level 
structure of the (7,=3)‘ configuration with the same 
level scheme and in addition they are the lowest states 
among other states. Therefore it will be possible to 
construct, e.g., the ground state wave function, which 
has A=0 and seniority zero, by making a product of 
two seniority-zero two-particle wave functions together 
with appropriate spin functions and antisymmetrizing 
and normalizing. The other wave functions with senior- 
ity two may also be obtained by replacing in the ground 
state function a factor with seniority zero by an ap- 


TABLE VI. Dimensions of the irreducible representations of the 
symmetric group specified by the partition number [\]. 


[2] 


1 


[21] 


(1) 


(11) 


(111] [22] [201] [1111] 


? 


1 2 1 2 3 1 


propriate factor with seniority two. These premises are 
all found to be true. 

By extending these results it may be possible to ob- 
tain the eigenfunctions for higher configurations fairly 
easily, so long as we are interested only in the lowest 
states which appear in each configuration. 


7. TOTAL COEFFICIENT OF FRACTIONAL PARENTAGE 
AND HOLE CONFIGURATIONS 


In (13) it was explained how to construct the total 
wave function from the spatial and the spin parts of 
the wave function, while the spatial part of the cfp is 
defined in (29). Therefore if we also define the spin 
part of the cfp, we shall be able to define the total cfp. 
This spin part of the cfp ((3)""[\’]S’; 3}(4)"[X\ 5). 
which is defined by 


3 1(3)"LA}S)(S’M s'3m,| SM s) 


X03)" NJ (Fna- + 71)S’Ms')Xn(m,), (35) 


Thus, starting with (13) and using (29) and (35), 
we can get the following formula for the total wave 
function”: 





* Ungm(fn-¢n) is an abbreviation for Rnpm(r,) (2x)~+ exp (imgn). 
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n[r] 
V((n,)"[A ](o)AaSM s)= (mp3)74 > ow; 
i=l 
= (nj) ((n,)" DV J(o’)A‘a’ 5 2p, A—A’ (np) "1A ] (0) A) 
x ((3)" [0 S’; 34) "TAJS)(S’M s’4m, | SM 5);((np)"1V' ] (rn + 171) A’a’) 
XV (4) ODN] Fn + Fi) S’Mg’)U ny, -A' (ny On)Xn(™Ms) 
=F (mpy/mp)*((np)" DV ](0’)A‘a’ ; tp, A—A’ (ny). ](o) Aa) 
1’) 


x ((4)" "10S"; 44) "(A JS) (S’M 5’3m,| SM's) (nay)? 
n(n’) 


XS b)C(mp)" LN Vrnae + rd A'a’ (3) LK] (Fea: + Fx) SM 5’) 


y= 


XU np,A —A' (ny On)Xn(mM,) 


=> (npry/npy)*((np)" DV ](o)A‘a’ 5 ny, A— A’ } (np) "DA ](o) Aa) 
[\’] 
« ((4)" £08’; 44) "(XK S)(S'M 5/4, | SM s)¥((n,)" 1’ JA’ S'M 5’) 
X[Unp.A ~A'(1n,On)Xn(m,) ]. (36) 


In the last version of (36) the factor before the last is the totally antisymmetric wave function for (7—1) particles, 
the spatial part of which is specified by the partition number [)’], and if we define ((m»)*"[\’ ](o’)A’a’S’; mp, 
A—A’](n,)"[A\ ](o)AaS) by 
((n,)" DV’ ](o’)A‘a’S’; ny, A—A’} (ny) "LA ](o) Aa) 

= (mp) /Mpy)*((mp) "LV ](o’)A‘’ 5 ny, A—A’ (np) "LA ](o) Ae) (3) "0S"; $3) "2 JS), (37) 


then (36) is further rewritten as 


V((n,)"DA ](o)AaSM s)= > ((np)" DV’ ](o’)A‘a’S’ ; np, A— A’ (ny) "LA ] (a) AaS)(S’M s'4m,| SM) 


XV ( (2p) DV’ ](o)A'a'S’M 3 )U ny, 4-4" (172, On) Xn (Ms), 


and (37) is the required total cfp. 

In making the table for total cfp’s, we notice, how- 
ever, that in our case the spin cfp is always +1, as is 
seen from Table V, and so the total cfp is always 
+ (y")/n))! times the spatial part of the cfp. As the 
value of ,,; is tabulated in Table VI, it is easy to 
calculate the total cfp from the spatial part of it, and 
we will not tabulate the former anew. 

After thus obtaining the total cfp, we will next turn 
to the construction of the wave functions for the hole 





(38) 


configurations. We notice that this can be done by 
finding relations between the total cfp which relates the 
wave function of the -hole configuration to that of 
the (w+1)-hole configuration, and the corresponding 
total cfp which relates the wave function of the -par- 
ticle configuration to that of the (”—1)-particle con- 
figuration. The method which was demonstrated for 
atomic spectra by Racah in RIII is again applied here 
with a slight change and here only the result is shown. 
The relation is 


((n,)?"*74—"[—\"](o’)A‘a’S’ ; ny, A— A’ }(y)?***2-"[) J (c) Aa) 


(n+1)(25’+1) 


4 
ing rae | (—)S+88'+"+4((n,)"[\ ](a)AaS ; np, —A+A’](25)"H DV’ ](o’)A’a’S’). (39) 


B ee 2—n)(2S-+1) 


For future purposes it will be useful to give the explicit form of (39) for the cases with n=0 and n=1. They are 


n=O: ((n,)?"* (1 JA’}; mp, 
n=1: 


[— 
Lamy +1 


—A’}(ny)?"*"[0 ]00) = (np +1)-4, 
((mp)2"*[N"](o")A'a’S’; My, A— A’ }(n,)*** 401 JA) 


(40a) 


3 
(—)*8’((mp)!A4; ny, —AEA’}(p)"[A"](0)A'a’S').  (40b) 
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According to the definition of the cfp, (i.e., the orthonormality of the resulting eigenfunctions), it is clear that 


there is a relation 


2 ((2p)"[A](o)aS{(mp)"[\'](0’)A‘a'S’ ; my, A—A’) 


[A’} (@")A’a’S’ 


X ((mp)"1[\'](0") A'S’; 129, A— A! (0p) "D0" ](o"”)Ner"”S) = Baxa’B px} 0"718 (6) (0"”. 


(41) 


There is, however, one more interesting relation which may be called the inverse relation to (41), and this can be 
obtained in a similar way as demonstrated in RIII. That is, 


DL  (2S+1)((mp)” "DV J(o')A'a’S"; np, A— A’ (ny) "1A ](o) AS) 


[A] (e)AaS 


x ((2p)"[A ](a)AaS [ (2) 110") A"a"S”"; Np, A —A") = (2S’+ 1) (2n,+3-— n)/ NB a «!3 1") 719") (a’")+ 


This relation is very powerful in checking the obtained 
results for the cfp, and all the values listed in Tables ITI 
and IV are tested by using this relation. 


8. REMARKS ON THE PROPERTIES OF THE 
RESULTS OBTAINED SO FAR 


The diagonalization of the two-particle interaction 
which has been performed so far in this paper is limited 
to those interactions which act between particles lying 
in a degenerate level. It will, however, still be of interest 
to consider the nature of the results which we have 
obtained in the preceding sections. 

First we consider the contribution to the binding 
energy of the two-particle interactions between particles 
which lie in a closed shell. If this closed shell belongs to 
the quantum number ”,=1,', say, the number of par- 
ticles in it is 2(m,'+1), and the only possible eigen- 
function for this configuration is the one with A=0 
and singlet spin state. This eigenfunction can be 
expanded into a series of products of a two-particle 
wave function and a corresponding two-hole wave 
function, and the expansion coefficients appearing here 
are products of a Clebsch-Gordan coefficient, for the 
vector coupling of the spin angular momenta, and the 
cfp, which is already given in (40b) explicitly. Therefore 
the calculation of the expectation value of the two- 
particle interaction in this closed shell is straight- 
forward, and after some short algebra one finds that it 
is nothing but a sum of eigenenergies of all the possible 
two-particle states. These energies are already tabulated 
in Table III, and their sum turns out to be equal to 
ny +1. 

As is noted in the end of Sec. 3, this energy is meas- 
ured in the unit of VoX /<..” [Zn.‘(z) }'dz. Since it is 
assumed that the deformation conserves the volume of 
the nucleus, the Vo and, consequently, the above-men- 
tioned unit is independent of the deformation. This fact 
means that the contribution of the two-particle inter- 
action to the binding energy is independent of the 
deformation. The same can be said about the inter- 
actions between closed shells, and therefore the closed 
shells contribute nothing in determining the value of 
the equilibrium deformation through the contact inter- 
action. 


(42) 





This conclusion is quite natural physically, and might 
have been obtained without this calculation. If the 
contribution did depend on the deformation, the differ- 
ence of its value from the corresponding value obtained 
for the undeformed limit, could be interpreted as the 
increase of the surface energy, because, due to the con- 
servation of the volume, the volume energy should be 
independent of the deformation. It is clear that the 
contact interactions do not contribute to the surface 
energy, and the above-mentioned independence of the 
expectation value on the deformation is simply a result 
of this fact. As we have assumed from the beginning a 
deformed potential, the idea corresponding to the 
usual surface energy is already taken into account 
phenomenologically, and the use of the contact inter- 
actions may be allowed as an approximation. It will, 
however, be of some interest to extend the calculation 
to the cases of finite-range interactions. 

The second comment in this section is concerned with 
the role of the closed shells in the calculation of the 
configuration interaction. For this purpose we consider 
a configuration (a) in which all the shells with the main 
oscillator quantum number V <3 are completely filled, 
and the shell (1,3) =(”,=1, m,=3) is doubly occupied. 
We consider another configuration (b) in which the 
closed shell configuration is the same as in (a), and one 
nucleon still occupies the shell (1,3), but the other is 
excited to the shell (3,1) with the excitation energy 
equal to 2h(wp—w:). (We assume a prolate deformation.) 

We consider only states with A=0 and further assume 
that the two nucleons outside the closed shells lie in the 
lowest eigenstates, with respect to the two-particle 
interaction among the states, which are possible for the 
configurations (a) and (b). Thus the wave functions 
for these two particles are given by 


Ya= ($)8(U 13 U 13+ Ui-13U 13)So 
and 


Vo= 2{ (UirsP U3 + U8 Us) + ((1)2(2))}, 


for (a) and (b), respectively, So being the singlet spin 
wave function, and ((1)=(2)) indicating the preceding 
term with the superscripts (1) and (2) interchanged. 
If the effect of particles which lie in the closed shells 
is completely neglected, the secular equation which 
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determines the mixture of these two configurations due to the two-particle interaction is given by 


Vo(2r)-4(147/256) — 
Vo(3/m)*(3/256) 


V0(3/m)4(3/256) 


=0. (43) 


Vo(2m)-#(176/512)+2% (wp—ws)—€ 


The effect of the particles in the closed shells can be calculated by using the value of the cfp, given in (40a), 


and the secular equation (43) is now changed into 
Vo(2r)-*(988/256) —e 
— Vo(3/m)4(12/256) 


To obtain the magnitude of the mixture of these two 
configurations it is necessary to know the strength of 
Vo, (10a), relative to the oscillator frequency haw. No 
detailed numerical calculation will be given here, but it 
is possible to conclude that the effect of the particles 
in closed shells is important, as the matrix element 
(especially the nondiagonal elements) in (43) are 
affected drastically by the nucleons in the closed shells 
as is seen in (44). 

Finally we shall calculate the matrix elements of the £2 
(electric quadrupole) moments ; V 2m= do m1" 77V 2m(6;, ¢:) 
between states which belong to each (»)" configura- 
tion. As this is a single-particle operator which is sym- 
metric with respect to the # constituent nucleons, and 
further as the eigenfunctions are all antisymmetrized, 
the matrix elements of Y2,, can be written as 7 times the 
matrix elements of 7?V2m(@n,¢n). This fact means that 
the nonvanishing matrix elements appear only for 
states for which the first through the (z—1)th nucleons 
are in the same states. We also note that, as we are 
considering nucleons which lie in a degenerate shell, 
the z part of each single-particle wave function is the 
same for all the » particles. 

First we consider the operator 


72V 20(Ony Pn) = (5/16m)*(22,2—2,?—y,7) 


and note that r,?=«,’+y," has the eigenvaiue ”,+1, 
for the states Rnym(r,), (Sa), irrespective of the value 
of m, while the eigenvalue of z,? for the state Zn.(z), 
(5c), is given by (#,+ 4). As is explained in the earlier 
sections, every eigenfunction is written as a sum of 
products of the wave function of the mth particle and 
that of the first through the (#—1)th particles, with the 
cfp as the expansion coefficients. As they are normalized 
and orthogonal to each other, it is clear that the ex- 
pectation value of the above operator Y 2 is equal to 
(5/169) [ (2n.+1) (h/w.M)—(2p+1)(h/w,M)] for all 
the eigenstates considered, while the nondiagonal 
matrix elements between these states are all equal 
to zero. 

It is evident that all the matrix elements of the 


% Tn the spherically symmetric shell model, such contributions 
from the closed-shell configuration occurs only when a particle is 
excited by two units of #0. In our case, however, these can also 
occur within a major shell if the change of m, (and consequently 
that of ,) is an even number. 


— Vo(3/m)#(12/256) 
Vo(2m)-#(547/512)-+2h (wp—ws) —€ 


=0. (44) 


operator Vosi= FD; (15/89)! (x,4iy,)2;, between any 
states considered here are equal to zero, because the 
parity of the magnetic quantum numbers of all these 
states are the same, while this operator changes the 
value of A by +1. It is also clear that the diagonal 
matrix elements of the operator Vo,2= >>; (15/327)! 
X (#;tiv;)? are equal to zero because this operator does 
not conserve the magnetic quantum number. However, 
its nondiagonal matrix elements between states for 
which the values of A differ by +2 can have nonvanish- 
ing values, and the calculation of such nondiagonal 
matrix elements is performed for all the possible pairs 
of states. It is, however, more interesting to compare 
the transition matrix elements between the ground 
A=0 state and the first excited A=2 states for each 
(n,)?" configuration. The results are: 0.50 for (7»=1)*; 
1.63 for (#)=2)*; 2.24 for (n,=3)?; 2.58 for (n,=3)!; 
2.83 for (w»=4)?; 3.46 for (#,=4)*; 3.41 for (2,=5)* 
and 4.16 for (#,=5)*. These values are given in absolute 
values of the matrix elements by taking as the unit the 
matrix element of Yo,2 between the m=0 and m=2 
states in n,=2 shell, the latter being considered as 
representing the single-particle unit. In calculating 
these matrix elements for (7,=4)* and (”,=5)* con- 
figurations, the wave functions derived in the way 
described in the end of Sec. 6 are utilized. 

It is noteworthy that the values listed here show a 
regular increase with the number » of participating 
nucleons for each value of the quantum number 1». 
The transition probability of £2 transitions due to the 
vibrational excitation is considered to be several times 
bigger than the corresponding single-particle values and 
the values given above will satisfy these requirements, 
and the wave functions obtained here may be considered 
to describe at least partly the nature of the y vibration.* 
It is also worthwhile to mention that the matrix ele- 
ments of Yo,2 between the ground A=0 state and the 
A=2 states other than the lowest vanish* for all the 
configurations calculated so far, and this means that 
the oscillator strength is concentrated between the 
ground state and the lowest A=2 state. 

In spite of these facts our results are not yet satis- 
factory. For example, as meritioned above, there is no 


3t Note that this is not necessarily due to the seniority selec- 
tion rule. 
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nondiagonal matrix element of V2 and this means that 
there can occur no 8 vibrations. As is mentioned in the 
introduction, the configuration mixing between nearly 
degenerate levels is important for the occurrence of 
any collective motions. The difficulty of the 6 vibration 
among others may be solved in this way. Such considera- 
tions will, however, be made on another occasion. 
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The velocities of both fission fragments from the spontaneous fission of Cf?® have been measured simul- 
taneously with the pulse-height spectrum produced by the fission gamma rays in a large NaI(TI) crystal. 
The average total kinetic energy before neutron emission is found to be 181.9 Mev with a full width at half- 
maximum of 17.5 Mev at the most probable mass ratio 1.33. The width has been corrected for neutron 
recoil and the average total kinetic energy for the effect of the angular dispersion of the fragments by 
neutrons. The yield of gamma rays shows a pronounced dip in the region where one of the fragments is near 
the doubly magic nucleus Sn!®™. There is a suggestion that the average gamma-ray energy is higher in this 
region. The correlation in number of gamma rays with total kinetic energy is very small and can be repre- 


sented by 
1 dN, 


a ne —0.0029_» ovll +0.0007 Mey~!, 


(Ny) dEr 


INTRODUCTION 


HE earliest detailed accurate studies of fission 

kinetics were made by Brunton and Hanna! and 
Brunton and Thompson,’ using double back-to-back 
ionization chambers and multiple-channel pulse-height 
analyzers. Because of the uncertainties in energy cali- 
bration and energy dispersion, many experimenters 
have been led to use time-of-flight techniques,** which 
have fundamentally much greater accuracy but much 
lower efficiency because of the small solid angles which 
must be used. In principle the fragment velocity may be 
measured more and more accurately by increasing the 
flight path, but, in fact, the precision of the velocity 
measurements is limited to about three percent by the 
spread introduced by the recoil of the departing 
neutrons unless the neutron angle and energy are 
simultaneously measured. 


APPARATUS 


A full description of the apparatus is being published 
separately.® Briefly, the apparatus (see Fig. 1) records 
on punched tape the flight times of both fission frag- 
ments over two similar 182.5-cm flight paths and the 
pulse height produced by gamma rays coincident with 
the fission event in a 4-in. diameter by 4-in. thick 
NaI(TI) crystal mounted at 90° to the drift tube axis 
and with its front face 10cm from the source. The 
apparatus functions as a three-dimensional analyzer 
of up to 100-channel capacity in each dimension. After 
transferring the information to punched cards, all sub- 
sequent data-processing was done on the Chalk River 


1D. C. Brunton and G. C. Hanna, Can. J. Research A28, 190 
(1950). 

2D. C. Brunton and W. B. Thompson, Can. J. Research, 28A, 
498 (1950). 

3H. W. Schmitt and R. B. Leachman, Phys. Rev. 102, 183 
(1956). 

‘W. E. Stein, Phys. Rev. 108, 94 (1957), and private 
communication. 

5 W. E. Stein and S. L. Whetstone, Phys. Rev. 110, 476 (1958). 

6 J. S. Fraser and J. C. D. Milton, Nuclear Instr. 2, 275 (1958). 


Datatron. The size of the memory in this computer 
(4000 words) forced us to restrict the range of the 
analyzer to 60 channels in each dimension so that sorts 
could be made by taking two variables at a time. 

The zero-time signal was obtained by collecting and 
accelerating the electrons ejected by one of the frag- 
ments from a thin foil mounted close to the source. 
This technique was first suggested by Stein and Leach- 
man.’ In this experiment the foil consisted of 8 ug/cm? 
VYNS* onto which had been evaporated 8 ug/cm? of 
gold. The foil was mounted at 45° to the drift tube axis 
so that a fragment lost about 1 Mev in traversing it. 

The foil used as the source backing was made 
identical to the start foil; it was mounted at 90° to the 
beam axis. A weightless source of Cf** giving 3104 
fissions per minute was deposited on the backing by 
room temperature sublimation. This procedure is made 
possible by the intense local heating produced by a 
fission fragment. A few thousand californium atoms 
may be evaporated for every fragment whose path 
intersects the surface.? We are very much indebted to 
Dr. S. G. Thompson and Dr. T. Sikkeland of the Uni- 
versity of California Radiation Laboratory for preparing 
this excellent source and allowing us to make use of 
their Cf?*. 

The fragments were detected at the end of the flight 
path by two identical 4-in. diameter thin plastic 
phosphors. Each subtended a solid angle of 1.94 10~ 
of 4m at the source. 

A pulse in the gamma detector was not required to 
initiate recording, but when a triple coincidence 
occurred between the start and two stop pulses a gate 
was opened in the gamma channel. This channel was 
set to record the pulse-height range 0.2 to 1.4 Mev in 


7W. E. Stein and R. B. Leachman, Rev. Sci. Instr. 27, 1049 
(1956). 

8 A vinyl chloride-acetate polymer obtainable from Canadian 
Resins and Chemicals Limited, Montreal, Canada. 

9B. V. Ershler and F. S. Lapteva, Atomnaya Energiya 1, No. 4, 
63 (1956) (translation: J. Nuclear Energy 4, 471 (1957) ]. 
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59 channels with all pulse heights larger than 1.4 Mev 
going into a 60th channel. The fragment timing 
channels covered the range 107 to 236 10~* sec with a 
channel width of 2.1 10~® sec. 


RCA 6342 
PHOTOMULTIPLIER 


CALIBRATION AND CORRECTIONS 


The zero of the time scale was found by measuring 
the position in time of the light- and heavy-fragment 
peaks as a function of the distance from the source to 
the appropriate detector and extrapolating to zero 
distance. A detailed description of the calibration pro- 
cedure is given elsewhere.* For the purpose of this 
paper it is sufficient to say that the source was oriented 
in the apparatus so that one of the fragments passed 
through both foils, the other passed through neither. 
The correction for source and start foil losses was then 
made by adjusting the time scale for the group of 
fragments which had traversed the foils so that the 
most probable light- and heavy-fragment velocities 
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Fic. 2(a). Time-interval contour plot for heavy fragment to the 
south. The number on each contour represents the actual number 
of events in a box 2.1 mysec on edge. (b) Time-interval contour 
plot for heavy fragment to the ok. 
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SPONTANEOUS FISSION FRAGMENT 


were the same as those for the group which had not 
traversed either foil. The correction amounted to 2.5 
Mev per fragment. The calculated loss from the known 
foil thicknesses was 1.8-+0.3 Mev. 

This procedure assumes that the source itself has no 
thickness, which is certainly true, and that the califor- 
nium atoms have not penetrated appreciably into the 
backing, which is probably correct. 


FRAGMENT VELOCITY MEASUREMENTS 


About 85 500 events were recorded at 5.5 counts 
per minute. Of these, 21 300 had gamma pulses greater 
than 200 kev. 

The fragment-fragment correlation data are shown 
in Figs. 2(a) and 2(b), representing the results from 
the two sides of the apparatus (referred to as north and 
south). Because of the slightly differing calibrations of 
the two sides it is not convenient at this stage to com- 
bine the data. The figures are time-interval contour 
plots similar to those commonly employed,'? except 
that the altitude represents the probability of obtaining 
an event in the interval At, Aty rather than AE; AEy as 
in the ionization chamber work. On the time-interval 
plot as compared to the energy-interval one, the peak 
is shifted one to two Mev higher in total kinetic 
energy Er and the high-Er side of the mountain is 
steeper. 

The small irregularities in the contours are not 
significant. They result from the first-order difference 
method used by the computer in finding the contour 
intersections. However, the bump at the low-mass-ratio 
end of the ridge is thought to be significant and is 
probably due to the influence of the doubly magic 50 
proton—82 neutron core on the probability of formation 
of the primary fission fragments. A mass splitting of 
132-120 would occur at mass ratio 1.10. 

This feature may be seen, perhaps more clearly, in 
the prompt mass yields (Fig. 3). The mass resolution 
in this experiment is shown in Table I. The spread in 
mass due to neutron emission, AM,, is derived in 
Appendix A. The spread due to time resolution, AM;, is 
calculated for the most probable mode at the indicated 
mass ratio using A‘=3.5 musec, and is assumed to add 
in quadrature with the neutron recoil spread. Since 
the neutron spread is so large there is no point in in- 
creasing the fragment flight path beyond 182 cm, unless 
the directions and energies of the neutrons are simul- 
taneously measured. Doubling the flight path results in 
only a 22% improvement in mass resolution while 
cutting the counting rate to }. 

As observed in the yields of the lower mass number 
fissionable nuclides U**, U%, and Pu®*, the position 
of the heavy-fragment peak remains constant while 
the change in mass is taken care of by a shift of the 
light peak. In Cf? there is a tendency for the heavy 
peak to move slightly toward higher masses. 

Although the statistical accuracy of the chemical 
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TABLE I. Mass resolution, AM, full width at half-maximum in 
mass units. AM, is the contribution of neutron recoil and AM, 
the contribution of time spread (see text). 








AM: 4M 


1.0 1.98 2.10 2.89 
1.3 1.94 2.05 2.82 
1.5 : 1.98 2.74 


R=Mzu/M1i AMn 














data” is poor the agreement is quite good. As would be 
expected with a mass resolution of three units our 
peaks appear to be somewhat broader. 

In Fig. 4, we show several features as functions of the 
mass ratio. The most probable prompt mass ratio is 
1.33. The prompt total kinetic energy averaged over 
all modes is 181.9+5.0 Mev, after making a correction 
of —0.8+0.4 Mev for the change in detection efficiency 
with the number of neutrons emitted (see Appendix B). 
In finding the average total kinetic energy, 1100 events 
with energies less than 140 or greater than 225 Mev 
were rejected. These spurious background events 
amounted to about 4 count per cell. To find proper 
averages in the presence of such a small background 
it is not necessary to subtract out the background, but 
only to do the averaging between limits which are 
symmetrically placed about the distribution, provided 
the distribution is itself sufficiently symmetric. 

We may calculate the average total excitation energy 
if we know the total energy released, i.e., if we know 
the masses of the prompt fragments. Using the mass 
formula of Cameron," we have calculated the values 
of the maximum energy release shown by the set of 
points in Fig. 4(c). The average energy available will 
be somewhat smaller and may even be considerably 
smaller if the most probable charge splitting differs 
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Fic. 3. Prompt mass yields (open circles and solid curve) com- 
pared with the radiochemical data (solid circles) of Glendenin 
and Steinberg.” The dotted line is the resultant yield curve as- 
suming two neutrons emitted from each fragment. 


10 L. E. Glendenin and E. P. Steinberg, J. Inorg. Nuclear Chem. 
1, 45 (1955). 

11 A, G. W. Cameron, Chalk River Laboratory Report CRP-690 
(unpublished) and Can. J. Phys. 35, 1021 (1957). 





C. D. MILTON AND J. S. FRASER 





both the fragments. The odd-even variations in energy 
release are contained within the shaded band. If the 
most probable charge division coincides with the 
maximum energy release, or nearly coincides as in the 
equal chain length hypothesis, then Fig. 4(d) represents 
the actual total excitation energy. If, in addition, the 
spread in charge is two units as in the fission of U™*,” 
then the spread in energy release due to fluctuations in 
charge splitting is small, roughly two Mev." If, however, 
the most probable charge division is shifted appreciably 
from the maximum to a steep region of the energy 
release curve, the width may be considerably greater ; 
e.g., if the shift is 1.5 charge units, the width would be. 
approximately 10 Mev instead of 2 Mev. 

Assuming that the most probable charge division 
occurs at the maximum energy release, so that the 
spread in charge has a small contribution to the spread 
in total kinetic energies, it is a simple matter to derive 
distributions in total excitation energies, for each mass 
ratio, from the kinetic energy distributions given in 
Fig. 5, by making use of Fig. 4(c). The width of the total 
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Fic. 4(a). Mass-ratio distribution for Cf. In this and many a “ a 
of the succeeding curves the experimental data appear doubled. ; obs corr. 
In this case all events were sorted into mass-ratio intervals (Mev) (Mev) 
AR=0.05 spaced 0.025 apart. This procedure improves the a — “ae 
smoothing. (b) Average total kinetic energy, (Ex), as a function : a 24.0 219 
of mass ratio. (c) Maximum prompt energy release using the ar ; 4.0 18 
masses given by the formula of Cameron." (d) Upper limit for the : ; 17 192 
average total excitation energy of both fragments. : 7 197 16.9 

r. 20.3 17.6 
appreciably from the one which would give the maxi- : . oe: a 
mum energy release. The difference between Figs. 4(c) 23.0 206 
and 4(b), plotted in Fig. 4(d), should then be regarded J v 23.0 20.5 
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TABLE II. Widths of total kinetic energy distribution. 





excitation energy distributions is found to be greatest 
at R=1.10 and 1.55 and least at 1.30. These widths 
must be corrected for the neutron recoil and time 
resolution which together contribute a spread AE/E 
=5.76% (see Appendix A) at the most probable mass 
ratio. This spread varies slightly with mass ratio 
because of the dependence of (v) on E. In calculating 
the correction, a value of (v) appropriate to the average 
total kinetic energy at the mass ratio was used. Such a 
procedure is not quite correct because the resolution 
function varies considerably over each of the curves. 
Although this variation partially accounts for the 
asymmetry of the curves, its effect on the width correc- 
tion is small. In Table II we list the full widths at half- 
maximum as measured from Fig. 5 with the corrected 
widths. The observed widths are thought to be good to 
+1 Mev. 

Ls 2" PS LETS 
readies: aos bone apalieaaas 2A. E. Pappas, Proceedings of the International Conference on 


E.(Mev) —~> the Peaceful Uses of Atomic Energy, Geneva, 1955 (United Nations, 
poeere New York, 1956), Vol. 7, p. 19. 





Fic. 5. Total kinetic-energy distribution as a 8 Proceedings of Fission Symposium at Chalk River, Chalk 
function of mass ratio. River Laboratory Report CRP-642-A (unpublished), p. 209. 
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GAMMA-RAY MEASUREMENTS 


The over-all gamma pulse-height spectrum is shown 
in Fig. 6. The spectrum was arbitrarily cut off at 200 kev 
(channel 5). Gamma-ray spectra were obtained for 
18 mass-ratio intervals between 1.0 and 1.9, but no 
significant difference or trend could be discerned by eye. 
We have therefore made use of statistical considera- 
tions. A chi-squared test'* was applied by comparing 
the 18 sample spectra with a population given by the 
observed average spectrum. The values of x? for each 
individual sample lie close to the expected values 
(Fig. 7) but the over-all value of x? for all 18 samples" 
is found to be very large, In fact the probability of 
finding a larger x? than the observed one is 0.01%. On 
the other hand, a similar x? test performed for the 
gamma spectra associated with 20 intervals in Er gave 
a x’ almost equal to the expected value, i.e., the prob- 
ability of getting a x’ larger than the observed one was 
50%. We conclude then that the gamma spectrum does 
not vary significantly with Er but does vary with R. 
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Fic. 6. Cf*® fission gamma-ray pulse-height spectrum in a 4-in. 
diameter by 4-in. thick NaI(TI) crystal. 


We next consider the gamma yield as a function of 
mass ratio. The yield is here defined as the number of 
gamma rays producing pulse heights in the crystal 
greater than 200 kev. In Fig. 8(b) a very pronounced 
decrease in the yield is observed at R=1.1. This is just 
the region where the heavy fragments have a small 
number of nucleons outside of the doubly magic core 
of 50 protons and 82 neutrons. Muehlhause’® has ob- 
served that the neutron-capture gamma-ray multi- 
plicity is low for a closed-shell nucleus. 

The larger level spacings in fragments near closed 
shells should result in higher gamma-ray energies. The 
average height of all pulses lying between 200 and 1400 
kev [Fig. 8(c)] suggests that the gamma rays are 
slightly more energetic near R= 1.1. 

The 50-neutron shell nuclei would be reached by a 


4 R. S. Burington and D. C. May, Handbook of Probability and 
Statistics (Handbook Publishers, Inc., Sandusky, 1953), p. 181. 
°C, O. Muehlhause, Phys. Rev. 79, 277 (1950). 
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Fic. 7. Chi-squared test applied to gamma pulse-height spectra, 


mass splitting of 1.86. Again there is a suggestion that 
the gamma yield is low and the average pulse height 
high, although there are very few events in this region. 
A similar treatment in terms of the total kinetic 
energy, Er, showed that the yield of gamma rays 
decreased as Er increased (Fig. 9). The decrease is, 
however, not nearly so striking as the decrease in the 
number of neutrons with increasing Er found by 
Hicks et al.°® The uncorrected experimental value is 


1 dN, 
—— ——=-—0,.0033 Mev. 
(NV,) dEr 
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Fic. 8. (a) Mass-ratio distribution. (b) Yield of gamma-ray 
pulse heights greater than 200 kev in the 4-in. crystal. (c) Average 
height of all pulses in the range 200 to 1400 kev. 


( ee Ise, Pyle, Choppin, and Harvey, Phys. Rev. 105, 1507 
1957). 
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Fic. 9. (a) Distribution of total kinetic energies. [See note in 
caption of Fig. 4(a).] (b) Yield of gamma-ray pulse heights 
greater than 200 kev. The crosses represent one set of “extra” 
points and the dotted line is a least-squares fit to them. (c) 
Average height of all pulses in the range 200 to 1400 kev. 


A small correction must be applied for the effect of 
neutrons on the Nal detector. The effective cross section 
for production of pulses greater than 200 kev by fission 
neutrons has been estimated to be <1 barn, using the 
inelastic neutron cross sections of Cranberg ef al.” 
Using the value d(v)/dE,= —0.08 selected as a reason- 
able value from Hicks et al.,!° and, taking into account 
that on the average there are four neutrons and nine 
gamma rays,!® and that the solid angle for neutrons 
is less than half that for gamma rays at 90° to the 
fragment direction, we find that 


| 1 dN, 
(Ny) dEr 


<0.0004 Mev. 


neutron 
The corrected variation in gamma-ray yield is thus 


1 dN, 


—0.0029+ 0.0005_0. 00067? 0 Mev“, 


(Ny) dEr 


where the first error is statistical and the second the 
uncertainty in the correction. There seems to be no 
significant trend in the average gamma pulse height as 
a function of Er. 


17 Cranberg, Day, Rosen, Taschek, and Walt, in Progress in 
Nuclear Energy (McGraw-Hill Book Company, Inc., New York, 
1956), Vol. I, p. 157. 

18 Smith, Fields, and Friedman, Phys. Rev. 104, 699 (1956). 
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The experimental value for the rate of change of the 
gamma-ray yield with Er may be compared with the 
value dE,/dEy=—0.0167 deduced by Leachman and 
Kazek” through the relation 


0.0167 


1 dN, 1 


dE, 
(N,)dEr (E,) dEp 4 


assuming that the average photon energy is constant 
[see Fig. 9(c)]. Leachman and Kazek deduced their 
value from an evaporation calculation made to fit the 
observed neutron multiplicities. The prediction of the 
model that the amount of energy going into gamma 
emission is very nearly constant is experimentally 
verified. 


—0.0042 Mev-, 


SINGLE-FRAGMENT VELOCITY AND 
ENERGY DISTRIBUTIONS 


In many types of experiments it is feasible to measure 
only the single-fragment energy distributions. The 
single-fragment time-of-flight spectrum is obtained 
directly in this experiment and the energy distribution 
is easily derived. It is clear from Figs. 10 and 11 that 
the light and heavy fragment groups are more clearly 
separated in the time-of-flight representation. The 
difference is inherent in the shape and orientation of the 
probability of splitting P(¢,,t2). The way in which this 
effect arises may be seen by referring to Fig. 2. Slices 
taken along the lines of constant mass ratio separate 
the light and heavy groups best; slices along lines of 
constant time-of-flight are almost as good, while slices 
along the lines of constant kinetic energy are quite poor. 
(These lines are not shown on the diagram; they 
intersect the line R=1 at about 60° and 120°.) For in- 
stance, a fragment with 92 Mev has an appreciable 
probability of being either a light fragment associated 
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Fic. 10. (a) Single-fragment time-of-flight spectrum. (b) Gamma 
ray yield as a function of single-fragment time of flight. 


A B. Leachman and C. S. Kazek, Jr., Phys. Rev. 105, 1511 
(1957). 
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with low total kinetic energy or a heavy fragment 
associated with high total kinetic energy. The valley 
between light- and heavy-fragment peaks is therefore 
deeper in the time-of-flight plot than in the kinetic- 
energy plot. As a consequence, the gamma-ray yields 
show more structure as a function of time of flight 
than of energy, because the single time of flight is 
selecting a narrower region of Er. 

The most probable light- and heavy-fragment 
energies are found to be 104.7+1 and 79.8+1 Mev, 
respectively. 


DISCUSSION 


The observed width of the kinetic energy distribution 
at the most probable mass ratio is 17.5+1.0 Mev. This 
value is significantly larger than the 13.4+2.7 Mev 
found by Stein‘ for the thermal-neutron fission of U™*®. 
Both values are consistent with those required in a 
description by the evaporation model of the emission of 
neutrons from excited fission fragments.”?*! The larger 
spread in kinetic energy (and therefore, presumably, in 
excitation energy) is reflected in the fact that the vari- 
ance of the prompt neutron number distribution is 
larger in Cf?® (1.54-+-0.04) than in U**> (1.22+0.04) 74 
Calculations on neutron and gamma emission from 
fission fragments using the evaporation model are being 
carried out and will be submitted for publication 
shortly. 

It appears that some shell effects are exhibited in the 
prompt-fission-fragment energy distributions. In par- 
ticular, magic-number nuclei seem to give fewer gamma 
rays with perhaps slightly greater average energy. 
There also appears to be a slight influence on the mass 
yield. In contrast to the case of neutron emission, the 
variation in number and energy of the gamma rays 
with total kinetic energy is very small. The order of 
magnitude and sign of the change is correctly pre- 
dicted by neutron evaporation calculations, which 
nevertheless give values of the'total energy going into 
gamma rays which are too low by a factor of two.'*-! 

The time-of-flight technique as a method of defining 
prompt masses and energies of fission fragments has 
been pushed nearly to its limit. In order to reduce the 
uncertainty introduced by the prompt-neutron recoil, 
it is necessary to add further complications such as 
magnetic separators or simultaneous measurement of 
neutron velocities and angles of emission, with a con- 
sequent reduction in counting rate. Currently available 
spontaneous-fission sources do not permit such a reduc- 
tion in counting rate, but thermal-neutron fission 
sources may make such experiments feasible. The 
present resolution was, however, sufficient to indicate 
for the first time some closed-shell effects in the prompt 
fragments. 


2” R. B. Leachman, Phys. Rev. 101, 1005 (1956). 
1 J. Terrell, Phys. Rev. 108, 783 (1957). 
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Fic. 11 (a) Single-fragment energy spectrum. [See note in cap- 
tion of Fig. 4(a).] (b) Gamma-ray yield as a function of single-frag- 
ment energy. 
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APPENDIX A. LONGITUDINAL COMPONENT 
NEUTRON RECOIL” 

We define M,, the fragment mass; M,, the neutron 
mass; 7, the neutron energy in the center-of-mass 
system ; 3, r minus the angle between the neutron and 
the fragment in the center-of-mass system; and V,, the 
fragment velocity. We assume that the angular dis- 
tribution of the neutrons (c.m. system) is given by 
1+A2P2(cos?) and that the energy spectrum (c.m. 
system) is™ 


¢(n) = (1/T*)ne-'7, 


where 7 is a constant to be determined and has the 
dimensions of energy. Then, since the neutron mo- 
mentum is small compared to that of the fragment, 
the longitudinal component of fragment momentum 
change is 


y= (2M xn) cose. 


It can then be shown that the distribution in these 
momentum changes, R(y), is given by 


(2M ,,T)§R(y) = (1—A 2/2) f(s) +A 2g(2), (1) 


The calculations in Appendices A and B are given in more 
detail, along with others on laboratory neutron spectra, in Chalk 
River Laboratory Report CRP-740 (unpublished). 

%3 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), p. 365 ff. 
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;. 12. The distribution R(y) in the longitudinal component y of 
fragment recoil momenta, for A2=+1, 0, —1. 


where 
z= (2M,7)—4y, 


f(s) =2 exp(—2*)+7'[4 —erf(v2z) J, 
g(z) =3mriz[ 5 —erf(v2z) ], 


t 
erft= (an) f exp(—2°/2)dx. 
0 


R(y) is illustrated in Fig. 12 for three values of A». We 
notice that on the average the fragment velocity is not 
changed by neutron emission. In this paper we will 
confine ourselves to the case A.=0, i.e., isotropic 
neutron emission. In this case the full width at half 
maximum 2% is 2.17 and the distribution is nearly 
Gaussian. It is now quite simple to relate changes in 
velocity to z: 


AV; y  (1+R)(M,T) 


V, M,V,;  (RMrEr)# 





(2) 


where Mz, is the mass of the fissioning nucleus, R is the 
mass ratio, and Er the total kinetic energy. For Cf” 
we get, for the relative full width at half-maximum, 


(AV;/V,)5=0.0203(»T)! (3) 


after vy neutrons have been emitted. The numerical 
constant applies to R= 1.33, but a range of 9.5% about 
this value includes 85% of all the fissions. 

The parameter T is determined by fitting the labora- 
tory neutron spectrum.” We have used the data of 
Smith, Fields, and Roberts.” It is not possible to fit the 
results with a single temperature, so we have made a 
least-squares fit to a, T;, and T2 using an energy spec- 


% Smith, Fields, and Roberts, Phys. Rev. 108, 411 (1957). 
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trum in the c.m. system: 


a 1l—a 
9 (9) =—ge- 1+ —$§ eT, 
T? T? 

This should be considered as an empirical expression 
for the c.m. spectrum. The procedure of fitting ¢(n) to 
the laboratory spectrum ensures that the final result is 
not sensitive to the analytic form assumed. The values 
are a=0.5504, T;=1.059 Mev, T.=0.3861 Mev. From 
this, Ter? is estimated to be 0.866 (Mev)!. From a plot 
of }° P,R,(y) we find, using the probabilities P(v) given 
by Hicks et al.,!® that vee?=1.80. The width calculated 
this way is a little narrower than would be obtained by 
putting (v) in Eq. (3). The final result is 


(AV;/V,)4=0.0314. 


In an identical manner, the velocity spread for the 
slow-neutron fission of U*** is calculated to be 


(AV;/Vs)4= 0.026. 


The mass resolution is then found through the 
relation 


and the total kinetic-energy spread by 


AE Av, od Avs 294 

auc 

E vy Ve Za 

Before leaving this section we observe that if A» were 

as large as +1, i.e., predominantly forward and back- 
ward emission of neutrons, the spread in total kinetic 
energy would be 10% for Cf?®. If we use the observed 
width of 20 Mev at R=1.33, only 7.5 Mev spread in 
Er would be left to give a spread in the fragment 
excitation energies. This is totally inadequate to give 
the known variation in the number of neutrons.*.!® 


APPENDIX B. DEFLECTION OF THE FRAGMENTS 
BY NEUTRON RECOIL 


After a flight path LZ, the deflection of the fragment 
in the plane of the detector from the point collinear 
with its partner fragment, which has not emitted a 
neutron, is 


1+R/ M, 


GT a. | 
Ri \MrEr 


} 
) In} sind, (4) 


where p is in the same units as L and p/L<1. We define 
a quantity x by 
p=.n? sind. 


For Cf?®, x=0.6718 for the flight path of 71.8 inches 
used in this experiment and is a very slowly varying 
function over the distribution of R and Er. We there- 
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fore assume that all the variation in p is due to 7 and #. 
(This assumption has been checked by a Monte Carlo 
calculation and found to introduce negligible error.”) 
With the same definitions as in Appendix A, it can 
be shown that the distribution in deflections is given by 


D(p)= (1+A2)2(p)— A ow(p), (5) 


p ¢”_— nie-!Tdn 
(= f remem 


927? J 2) .2 (n—p?/2)8 


3p © ng te-"/Tdn 
w(p)= <a. f as, 
2 x*T? J 2/,2 (n—p?/x*)! 


D(p) is shown in Fig. 13 for T=1 Mev. Although D(p) 
is a long way from being Gaussian, nevertheless, from 
an examination of the first four moments about the 
origin it has been shown that after vy neutrons have been 
emitted, the distribution is given very closely by 


D,(p)=v'D (v5), (6) 


where the second moment of the right side of Eq. (6) is 
identical with that of the true distribution and the first 
moment (the average) is 1.4% low for v=2. 

The efficiency of two finite-sized detectors separated 
by a distance 2Z was next calculated for a point source 
by using a Monte Carlo method and the distributions 
D,(p,) of Eq. (6). One of the detectors was assumed to 
have a radius 7, and the distribution in p, was calcu- 
lated in the plane of the other detector. The calculation 
has been made for Cf*** and U***. The results for CP* 
are shown in Fig. 14. 

Since the efficiency varies with v, the value of any 
quantity which is correlated with v must be corrected 
for the changing efficiency. Hicks ef al.'® have shown 
that there is almost no correlation between (v) and 
mass ratio, but that there is a strong correlation (v) 
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Fic. 13. The distribution in fragment deflection D(), where p is 
the angular deflection, for asymmetry coefficients A2= +1, 0, —1, 
and T=1 Mev. 
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Fic. 14. The efficiency as a function of v for four detector com- 
binations. In all cases the detectors are each 71.8 in. from the 
source. The number in parentheses is the weighted average 
fraction lost. 


with Er such that 
Xv)/dEr~ —0.08 Mev. 
Recently, Stein and Whetstone® have found 


0(v)/dEr=—0.143 Mev and d(v)/AR=—6.3. 


Under the assumptions that the efficiency € varies 
linearly with v and that v varies linearly with some 
observable quantity, x, it can be shown that the change 
change of the observed average from the true average 
is given by 


(x)obs— (x) =— — —, 
(e) Ov Ox 


where o,?=(«”)—(x)*. (e) and de/dv are found from the 
calculation already described ; ¢, is assumed to be given 
closely enough by the observed width of the total 
kinetic-energy distribution. 

With 0d(v)/dE7y=—0.140.05 and o=11 Mev, the 
correction to the average total kinetic energy is 


(Er)obs— (E) =0(0.8+0.4 Mev 


for the 4-in. detectors used in this experiment. If only a 
narrow band of energies is considered, d(v)/dR is large 
and the shift in the average value of the mass ratio is 


(R)obs—(R) = 0.007. 


This is small enough to be neglected. If a wide range of 
energies is considered, d(v)/dR is small> and the shift 
in R is correspondingly smaller. The over-all mass dis- 
tribution is therefore not affected by the variation in 
efficiency with v. 
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Formation cross sections of various U** fission products have been measured as a function of bombarding- 
particle energy, using protons (10-340 Mev) and deuterons (20-190 Mev). The reactions Al?"(p,3pn)Na™ 
and Al"(djap)Na™ were used as monitoring reactions to measure effective cyclotron beam intensity. 
Fission-product distribution curves and total fission cross sections have been measured. Above 50-Mev 
bombarding energy, the fission-product distribution is not symmetrical about a given mass number at a 


given bombardment energy. 





I. INTRODUCTION 


REVIOUS studies!” of the high-energy charged- 

particle fission of U*** did not include examination 

of the yields of masses greater than 140. Formation 

cross sections of several rare-earth nuclides (A = 140 to 

157), Y%, Y", Y%, Mo*, and Ba™® have been measured 

in the present work. Proton energies range from 10 to 
340 Mev; deuteron energies, from 20 to 190 Mev. 


II. EXPERIMENTAL TECHNIQUES 


Preparation of targets* and bombardment techniques! 
have been described previously by some of the authors. 
The cyclotron beam intensity was monitored using the 
reactions Al?’(p,3pn)Na™* (70 to 340 Mev) or Al’- 
(d,ap)Na™ (28 to 190 Mev) in aluminum foils surround- 
ing the targets, as described previously’; the published 
cross sections of Hicks, Stevenson, and Nervik® and of 
Batzel, Crane, and O’Kelly* were used. Beam intensities 
were measured by means of a Faraday cup when 
bombardments were made using 10- and 32-Mev 
protons and 20-Mev deuterons. 

Radiochemical determination of Mo” was performed 
in the manner described by Gunn ef al.,5 and the 
method of isolation and separation of rare earths and 
yttrium was performed in the manner described by 
Nervik.* The Ba™ was purified by repeated precipita- 
tion of the chloride from diethyl ether-hydrochloric 
acid mixtures and by scavenging with ferric and 
lanthanum hydroxides. 

Gamma and bremsstrahlung radiations from all 
nuclides measured, except Mo”, were counted by means 
of a NalI(TI) scintillation crystal, with the lower 
discriminator set at 20 kev and the upper discriminator 
set at 3 Mev. Sufficient beryllium (2 g/cm?) to stop all 
beta particles was interposed between the counting 
sample and crystal. The counting of the gamma and 
bremsstrahlung radiations by-passed the problem of 


*This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

1 Hicks, Stevenson, Gilbert, and Hutchin, Phys. Rev. 100, 1284 
(1955). 

2H. G. Hicks and R. S. Gilbert, Phys. Rev. 100, 1286 (1955). 

3 Hicks, Stevenson, and Nervik, Phys. Rev. 102, 1390 (1956). 

4 Batzel, Crane, and O’Kelly, Phys. Rev. 91, 939 (1953). 

5 Gunn, Hicks, Stevenson, and Levy, Phys. Rev. 107, 1642 
(1957). 

6 W. E. Nervik, J. Phys. Chem. 59, 690 (1955). 


beta scattering, for experiments have shown that 
under these conditions there is no significant variation 
of observed specific activity with mass thickness of 
sample. The counting efficiency of each nuclide was 
determined by relating the observed counting rate of 
a carrier-free sample in the scintillation crystal counters 
to that in a 4x-geometry beta counter. Several deter- 
minations were made for each species and the agree- 
ment between duplicate determinations was excellent. 

The nuclide Mo was counted with an end-window, 
continuous-flow methane proportional counter. The 
counting efficiency was determined indirectly by means 
of fission counting (described in reference 5) and the 
accepted thermal-neutron fission yield of Mo”, 6.10%.’ 
The formation cross sections are summarized in Figs. 1 
and 2 and Tables I and II. The agreement with previous 
data'?:§ is good. 


III. DISCUSSION OF RESULTS 


The data (Figs. 1 and 2 and Tables I and II) show 
features reported by previous authors.'*:*" As the 
bombarding energy increases, modes of fission that are 
extremely improbable in low-energy-induced fission 
become increasingly important. This results in an 
increase of fission yield for species formed by symmetric 
fission and for extremely asymmetric fission, as well 
as increased direct formation of species near or even 
on the light-mass side of the beta-stability region. 

In drawing smooth curves through the observed 
fission yield values, an interesting phenomenon was 
observed. Below 50-Mev proton or deuteron energy the 
curves are synmetrical in all respects. Above 50 Mev, 
however, they are very definitely not symmetrical. 
Reflection of the heavy rare-earth cross sections through 
the “apparent center of the fission yield curve” as 
estimated from higher-yield products gives points that 

7J. O. Blomeke, Oak Ridge National Laboratory Report 
ORNL-1783, November 2, 1955 (unpublished). 

8M. Lindner and R. N. Osborne, Phys. Rev. 94, 1323 (1954). 

9R. W. Spence and G. P. Ford, Annual Review of Nuclear 
Science (Annual Reviews, Inc., Stanford, 1953), Vol. 2, p. 399. 
1909) H. Goeckermann and I. Perlman, Phys. Rev. 76, 628 
uP, R. O'Connor and G. T. Seaborg, Phys. Rev. 74, 1189 
Oa Folger, Stevenson, and Seaborg, Phys. Rev. 98, 107 (1955). 
(986) M. Douthett and D. H. Templeton, Phys. Rev. 94, 128 
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TABLE I. Formation cross sections in millibarns for products of U8 fission with protons. 





Energy 
(Mev) 


Nuclide\, 7 100 








wa 
ya 
ys 
Mo” 
La!#« 
Ce" 
Ces 
Prise 
Ce™ 
Ndi 
Ndi? 
Sm! 
Eu!’s 
Eu'®? 


0.60 

0.12 . 4.6 
0.02 1.22 
0.02 0.90 





* Independent formation cross section. 
> Relative values, i.e., the counting efficiency is unknown. 


fall well below the observed values of the low-mass- 
number wing of the curve. On the other hand, reflection 
of the low-mass-number cross sections through the 
same “apparent center’’ mass A gives points that fall 
above the observed rare-earth values. The higher the 
energy of the bombarding particle, the more pro- 
nounced the effect. The cross sections of Cu® and Ni® 
with 340-Mev protons, for example, must be adjusted 
downward by at least an order of magnitude, or those 
of Eu'®* and Eu!’ adjusted upward by factors of from 
three to seven, in order to fall on a curve symmetric 
about a single A. Duplicate runs of Eu'®® and Eu!’ 
cross sections showed agreement within five percent, 
while the cross sections of Cu®’ and Ni® were from 
independent investigations.* The effect is certainly 
outside of experimental error. 

The phenomenon described above might conceivably 
come about if a major portion of the independent yields 
of the rare-earth nuclides arose from direct formation 


either as stable isotopes or on the neutron-deficient 
side of stability. If the primary fission products of 
mass 156, for instance, were distributed so that 75-80% 
of the mass yield lay in the region where Z>64 (Gd or 
higher), then the fission yield curves could be considered 
to be symmetric. This situation appeared unlikely, for 
only one neutron-deficient species (Nd'°) was detected 
in the entire rare-earth region. More conclusively, if 
the major portion of the yield of mass 156 lay in the 
region Z>64, then the direct-formation cross. section 
of Eu" should have been of magnitude comparable 
to or larger than that of Sm'®®. Measurement of the 
direct-formation cross section of Eu'®® showed that 
over 90% of the Eu'®* was formed from its Sm'** 
parent by beta decay. Thus, the fission yield distribu- 
tion above 50 Mev is not symmetrical. 

The fission cross sections shown in Figs. 3 and 4 and 
Table III were obtained by integration under the 
fission-yield curves. Also shown are the data of previous 


TABLE IT. Formation cross sections in millibarns for products of U™* fission with deuterons. 





NOSE. 
(Mev) 


Nuclide\, 











Ya 

yas part 
y* 19 
ys 24 
Mo” 55 
La!@s ne 
La™! 28 
Celia o 
Ce! 22 
Pri#4 oF 
Ce™ 20 
Ndi#b Bo 
Nd"? 11 
Sm" 2.5 
Eu! 0.60 
Eu!? 0.50 


2.8 
12 
50 
65 
92 
11 
53 

7.0 
35 

3.2 
29 

1 
20 

4.8 

1.6 

1.0 








® Independent formation cross section. 
b Relative values, i.e., the counting efficiency is unknown. 
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Fic. 1. Fission-product distributions of U** bombarded with protons of various energies. The symbol @ denotes present work ; ™§ denotes 
previous work by Hicks, Stevenson, Gilbert and Hutchin'?; @ denotes work by Lindner and Osborne’; and X denotes reflection points. 
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Fic. 2. Fission-product distributions of U®*.bombarded with deuterons of various energies. The symbol @ denotes present work; 
@ denotes previous work by Hicks, Stevenson, Gilbert, and Hutchin+?; a denotes work by Lindner and Osborne®; and X denotes 


reflection points. 
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Fic. 3. Fission cross section of U8 bombarded with 
protons of various energies. 


workers.'*!® The differences between the present work 
and that of reference 2 reflects the error of the as- 
sumption that the fission-product distribution is 
symmetrical. 

As the energy of the bombarding particles is increased 
above 30-40 Mev, the mean free path of the projectile 
in nuclear matter becomes comparable to the diameter 
of the target nucleus, rendering the nucleus partially 
transparent to high-energy nucleons.'’ The picture of, 
“compound nucleus” formation must be abandoned 
and collisions of the projectile with individual nucleons 
in the target nucleus must be considered. In each of 
the collisions, the energy transfer to the nucleus is a 
fraction of the projectile energy. The total energy 
transferred to the nucleus then depends on the number 
of collisions the projectile makes within the nucleus 
and may vary from the full energy of the projectile to 
a small fraction thereof. 
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Fic. 4. Fission cross section of U** bombarded with 
deuterons of various energies. 


4 J. A. Jungerman, Phys. Rev. 79, 632 (1950). 

18H. M. Steiner and J. A. Jungerman, Phys. Rev. 101, 807 
(1956). 

1G. N. Harding, Atomic Energy Research Establishment 
Report AERE/NR-1438, Harwell, Berkshire, England, June, 
1954 (unpublished). 

17 R. Serber, Phys. Rev. 72, 1114 (1947). 
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Monte Carlo calculations by Turkevich on the 
deposition of energy in the Bi® nucleus by protons 
appear in an article by Porile and Sugarman.'* The 
results show that the majority of the interactions 
deposit less than half the projectile energy at 286 and 
458 Mev. 

When the transfer of energy to the nucleus is small, 
comparatively few nucleons are evaporated either 
before or after fission and the sum of the comple- 
mentary-fragment mass numbers is close to 238. 
Similarly, when the energy transfer is large, the system 
evaporates many nucleons, predominately neutrons, 
and the sum of the complementary-fission-fragment 
mass numbers is much less than 238. The lower-energy 
fission events are characterized by a saddle in the 
central region (A~118) of the distribution curve 
symmetric about a given A, and by very steep sides in 
the low- and high-A regions. As the bombarding energy 
increases, the valley disappears and the low-A wing 
has a lower slope than the high-A wing. From the 
character of the fission yield distribution at higher 


TABLE IIT. U** fission cross sections, in barns. 


Deuterons 
Energy 


Protons 
Energy 


1.47 
1.47 


energies, one may infer that for ‘‘mono-energetic” 
high-energy fission the valley has all but disappeared 
and the axis of symmetry of the distribution has shifted 
toward lower A. The measured distribution is, of 
course, a mixture of both high- and low-energy events. 
The fission-yield distributions in Figs. 1 and 2 display 
apparent symmetry about a central mass number A in 
the region of A+20 at all energies. These products are 
major yields of both high- and low-energy fission. Thus, 
almost any combination of fission-yield distributions 
would tend to produce a slowly varying curve in this 
region. The products in apparent complementary 
positions with respect to the observed distribution are 
not necessarily complementary fragments of every 
individual fission process. The observed yields of these 
products are nearly the same; therefore, any dis- 
crepancies are small and tend to be averaged out. 
Those nuclides on the light-mass wing of the distribu- 
tion (A<75) are seen in appreciable yield only in 
high-energy-induced fission, in particular, Cu® and 


Ni®*, which are not seen in thermal-neutron or low- 


18N. T. Porile and N. Sugarman, Phys. Rev. 107, 1422 (1957). 
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energy charged-particle induced fission. At 340-Mev 
protons, the cross sections of masses 66 and 155 are 
equal. Therefore, the fissioning nucleus giving rise to 
A=66 must have had enough excitation energy to lose 
many nucleons either before or after scission. The sum 
of the fission-fragment masses must be not greater 
than 221, and probably at least two mass units less. 
On the other hand, those nuclides on the heavy-mass 
wing are seen in low-energy fission. The fission yield 
of Eu'®* varies but slightly (from 0.06 to 0.09%) over 
the entire energy range of charged particles used. The 
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slopes of all fission-product distributions in the region 
A> 150 (Figs. 1 and 2) are very nearly identical at all 
charged-particle energies used in this work. 
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Scattering of Protons in a Spin-Orbit Potential* 


G. W. Erickson AND W. B. CHESTON 
School of Physics, University of Minnesota, Minneapolis, Minnesota 
(Received March 31, 1958) 


An approximation method is described for treating spin-orbit potentials in the optical model. The method 
is essentially a perturbation expansion using exact scattering amplitudes for a central optical potential as 
the unperturbed scattering amplitudes. The method is compared to an exact calculation and its usefulness 
in the medium-energy region demonstrated. The effects of a spin-orbit term on the differential cross section 
and the spin polarization distribution are investigated as a function of the parameters involved in the 
medium-energy region. The polarization is shown to be approximately independent of the shape of the form 
factor of the spin-orbit term in this energy region. The reaction cross section is insensitive to the inclusion 


of a spin-orbit term of reasonable depth. 


INTRODUCTION 


Rp eangpeseaes analysis has been carried out in the 
last few years on the scattering of 10-95 Mev 
protons, using a central optical model potential.’ This 
analysis has been moderately successful in that it has 
been possible to obtain angular distributions of elas- 
tically scattered protons in reasonable agreement with 
the experimental data although variance of the pre- 
dicted angular distributions with the data at large 
angles and for light target nuclei is a persistent feature 
of the analysis. The central optical model has also been 
successful in understanding the total reaction cross 
section for medium-energy protons although the experi- 
mental data are quite meager.’ Neither for the elastic 
scattering cross sections nor for the reaction cross 
sections is it possible to obtain a unique set of optical 
model parameters (i.e., depths of the real and imaginary 

* Sponsored in part by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. The initial 
stages of the research were carried out under a grant from the 
General Research Fund of the Graduate School, University of 
Minnesota. A preliminary report of this work was presented at 
the 1957 Thanksgiving meeting of the American Physical Society 
[G. W. Erickson and W. B. Cheston, Bull. Am. Phys. Soc. Ser. 
IT, 2, 354 (1957) ]. 

1 Glassgold, Cheston, Stein, Schuldt, and Erickson, Phys. Rev. 
106, 1207 (1957); Melkanoff, Moszkowski, Nodvik, and Saxon, 
Phys. Rev. 101, 507 (1957); A. E. Glassgold and P. J. Kellogg, 
Phys. Rev. 107, 1372 (1957); see also other references included in 


the above papers. 
2? J. T. Gooding, Bull. Am. Phys. Soc. Ser. II, 2, 350 (1957). 


parts of the potential well, V and W; the falloff 
parameter, a; the “radius” parameter, R) which fit the 
experimental data. It has been conjectured by many 
authors that the disagreements with experiment and 
the ambiguity of the results of the optical model 
analysis using a central potential would be removed 
by the inclusion of spin-orbit terms in the potential. 
The inclusion of spin-orbit terms for bound states of 
protons in the nuclear shell model has, for the heavy 
elements, yielded real well depths in approximate 
agreement with those obtained by optical model 
analysis of scattered protons, but the falloff or surface 
thickness parameters so obtained are not in good 
agreement.’ The analysis of scattering of 300-Mev 
protons using a spin-orbit potential has been recently 
reported.* Although the experimental data relevant to 
the properties of a proton-nucleus spin-orbit potential 
for intermediate-energy protons are meager except for 
angular distributions of elastically scattered protons, 
it was decided to undertake an exploration of the effects 
produced by a spin-orbit potential. 

This study was intended to serve a variety of 
purposes. The examination of the effect of the spin- 
orbit potential on the features of the angular distri- 
bution of elastically scattered protons was undertaken 


3 Ross, Mark, and Lawson, Phys. Rev. 102, 1613 (1956). 
‘Bjorklund, Blandford, and Fernbach, Phys. Rev. 108, 795 
(1957). 
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to understand whether better agreement with the 
experimental data at large scattering angles and light 
target nuclei could be obtained. In addition, the 
features of the polarization of the elastically scattered 
protons as a function of the parameters of the optical 
model were to be explored. As was the case in the 
original studies with the central optical model, exact 
phase shifts were to be obtained using a program pre- 
pared for the Univac Scientific Computer (E.R.A. 
1103). However, during the preparation of a new code 
suitable for including spin-orbit potentials, an approxi- 
mation method for calculating the relevant phase shifts 
was developed. This communication includes a de- 
scription of this approximation method, the comparison 
of results obtained with the approximation and exact 
calculations, and the results of the approximation 
method as applied to a calculation of the angular dis- 
tribution of elastically scattered protons and the re- 
sultant proton polarization as a function of the optical 
model parameters. 


APPROXIMATION METHOD 


The interaction of a nonrelativistic proton with a 
nucleus will be represented by a phenomenological 
optical model potential of the form 


V (r,0)=Ve(r) + (V+iW) f(r) + (o+iw)h(r)e-L, (1) 


where Vc(r) is the electrostatic potential; V. and W 
are the real and imaginary parts of the central part of 
the optical model potential; » and w are the real and 


imaginary parts of the spin-orbit part of the potential; 
f(r) and h(r) are the form factors of the central and 
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Fic. 1. The polarization distribution for 14-Mev protons scat- 
tered from carbon. The parameters of the central part of the well 
are V=—50 Mev, W=-—8.5 Mev, R=2.845X10-" cm, 
a=0.5X10-" cm. The solid curve was calculated exactly with 
spin-orbit parameters >= — 1 Mev, w=0, and a Saxon form factor. 
The dotted curve is the result using the approximation method. 
The rms difference between the solid and dotted curves is approxi- 
mately 3%. The dashed curve is the polarization distribution 
calculated approximately with a Thomas spin-orbit form factor; 
the parameters for the Thomas spin-orbit well were chosen by 
requiring the polarization distribution to approximate in a least- 
squares manner that obtained with the Saxon spin-orbit form 
factor yielding »r~—310 Mev, wr~0. The root-mean-square 
difference in the dotted and dashed curves is approximately 8%. 
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spin-orbit parts of the potential (for the work reported 
here, the form factors for the real and imaginary parts 
of, for example, the central potential are chosen to be 
the same).® The elastic scattering amplitude for a 
proton in a potential of the form of Eq. (1) can be 
decomposed into two incoherent parts, the “non-spin- 
flip” amplitude f(@) and the “‘spin-flip” amplitude g(@), 
where 


£0) =D (2L+1){ (L+ 1)ay++Laz-} Pr(cosd), (2) 


d 
g(0)= —> 1 (2L+-1)—{a,+—a,-}—P 1 (cos8). (3) 


dé 


The potential of Eq. (1) has no off-diagonal elements in 
the (J, L, M,z) representation. The effective central 
potential seen by a proton in a state J/+=L+} is 


Vit=Ve(r)+(V+iW) f(r) +L(vt+iw)h(r), (4a) 


whereas a proton in a state J” =L—} sees an effective 
central potential of the form 


Vi-=Ve(r)+(V+iW) f(r) — (L+1)(v+iw)h(r). (4b) 


The superscripts to the a coefficients of Eqs. (2) and 
(3) refer to the two possible J states of a proton with 
orbital angular momentum LZ in an obvious manner. 
For an unpolarized beam of incident protons, the 
differential scattering cross section ¢(@) is given by 
(6) =| f(@)|?+|g()|?, (5) 
and the angular distribution of the spin polarization 
I1(6) is 
11(6) =i f*(0)g(6)—f()g*(6)]o(8), (6) 


where the polarization axis is defined by the vector 
KineXKscat. The derivations of Eqs. (5) and (6) are 
straightforward.® 

The a coefficients for the scattering amplitudes are 
explicitly functions of the depths of the real and 
imaginary parts of the central and spin-orbit parts of 
the optical model potential. The approximation method 
considered in the intermediate energy region consists 
in expanding the a coefficients in Maclaurin series in 


Z+=L(v+iw) or Z-=—(L+1)(v+iw): 


0 ae 1 
at=E.( ) ay| —(Zt)", 
oZt lztmo 2! 


oy" 1 
ef iel Yer. 
0Z- Zz = n! 

5 This form for the spin-orbit potential is somewhat unrealistic. 
For reasonable values W and w (say, —8 Mev and —1 Mev, 
respectively), the transmission coefficients for the J~ states for 
L>10 become negative. There is little guidance from nuclear 
dynamics as to how L dependence should be inserted into w to 
insure a realistic cutoff for w in order to obviate this difficulty. We 
are grateful to Dr. Charles E. Porter for discussions of this point. 

6 See, for example, H. Bethe and P. Morrison, Elementary 
Nuclear Theory (John Wiley and Sons, Inc., New York, 1956), 
second edition, Chap. XVII. 


(7a) 


(7b) 





SCATTERING OF PROTONS 
TABLE I. The root-mean-square values of quantities salient to 
the approximate calculation of I1(@) and «(@). The symbol 
x(0n)/f(On) (27. 
The other symbols employed are defined in the body of this 
communication. The case studied is 14-Mev protons on carbon 
with potential parameters V 50 Mev; W=—8.5 Mev; »=—1 
Mev; w=0, R=1.243 A!X 10" cm, a=0.5X10-" cm, h(r) = f(r). 


rms(x/xo) means [(1/n)Z,, 


& — (giz +2224) 


27¢2 


0.011 


&—8iz 


0.015. 


x af, 281 


rms (x/xo) 0.020 0.279 0.010 


where @z is the a coefficient for a proton moving in an 
equivalent central well. 

Such an expansion would become useful whenever, 
for example, |Z/(V+iW)| <1. Although values of 
and w for protons in the 10-95 Mev region are unknown, 
we shall show that reasonable values of v and w inferred 
from the bound state and 300-Mev analyses’ suggest 
the applicability of the above expansion in the medium- 
energy region. Considering the leading terms in the 
expansion in s=0+iw of g(@) and (6), we find 


f(0) = fo(O)+ fo(O)2?+:-- (8a) 


g(0)=gi:(O)s+g0()2+--- (8b) 
where 
f0(0) = f(0) | 2m0, 
0 
Yr ALL +1) ay) 


a 
o2* 


f2(0)= P;(cos@), 
00 
gi(6)=— (0), 
00 Os _ 
Ci | 
f(0) 
06 as" suid 


Thus, treating the spin-orbit part of the optical model 
potential as small compared to the central part, we see 
that the first order effect upon f(@) vanishes whereas 
the spin-flip scattering amplitude g(@) can be calculated. . 
to second order in z from a knowledge of /(@) for a 
family of central potentials whose depth parameters 
differ slightly from one another. 

The method outlined above has been applied to the 
scattering of 14-Mev protons from C and has been 
tested against an exact calculation.’ For this com- 
parison, the form factors for the central and spin-orbit 
parts of the nuclear potential were both chosen to be 
of the Eckart or Saxon form, namely: 


(9) 


1 1 
f(r) =h(n)= 1+exn( -®)) 
a J 


The parameters of the potential were chosen to be 
V=—50 Mev; W=-—8.5 Mev; v=—1 Mev; w=0; 
R=1.243A!X10-" cm; a=0.5X10-" cm. Since the 


7The authors are indebted to Professor A. E. Glassgold for 
providing them with the results of this exact calculation. 
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angular distribution of the spin polarization can be 
written in terms of g/f alone, i.e., 


I1(6) = (1+ | g/f\?)'2 Re(ig/f), (10) 


and the cross section, in this approximation, as 


o(6)=| f\?{\ fo/f|?+L2 Re(fo/f)*(f2/f) 
+ | g:/f|*]e+---}, 


the quantities of salient interest in the comparison were 
chosen to be the root-mean-square value of the follow- 
ing quantities: 27f2(0)/f(@), 2g:(0)/f(0@), 2°g2(8)/f(8), 
[g(@)—2¢1(0) ]/f(@), [g(@)—2¢1(0) —2*g2(0) |/ f(0), where 
f(@) and g(@) are the non-spin-flip and spin-flip ampli- 
tudes of the exact calculation. These rms values are 
listed in Table I. It is quite evident from these rms 
values that the approximation method yields results 
for this energy and in this region of parameter space 
which are exceedingly:elose to those of the exact 
calculation. This is exhibited more strikingly in Fig. 1, 
where the spin polarization distribution II(@) is calcu- 
lated with both the exact (solid curve) and the approxi- 
mate (dotted curve) methods; these two polarization 
distributions are experimentally indistinguishable. An- 
other comparison of the exact and approximate methods 
is shown in Fig. 2, where the exact and approximate 
spin-flip amplitudes are plotted in the complex plane. 
Although this plot is a more accurate comparison of the 
two methods, the physically measurable quantities 
such as the polarization distribution provide a more 


realistic comparison. 
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Fic. 2. The spin-flip amplitude in the complex plane for 14-Mev 
protons scattered from carbon. The well parameters and curve 
labeling is the same as for Fig. 1. Points on the curves of common 
scattering angle are connected 
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Fic. 3. The variation of the polarization distribution with w 
for fixed nonzero v. The case is 14-Mev protons on carbon; the 
central well parameters are those of Fig. 1. The Saxon form for 
the spin-orbit term is used; the spin-orbit well depths are in Mev. 


The polarization distribution up to third order in z 
can be written by using Eqs. (8) and (10): 


11(6)=2 Re{iz(g; fo) +i2* (ge fo)} 
—2 Re{i2(g, fo) | g12/ fo|* +i [gi fe fe—gs/fo]}. 


The leading spin-orbit correction f2, to {(@) does not 
appear until third order in z and is a small contribution 
to II compared to g; and go. If we keep terms up to 
order 2? in II(@) and make use of the relations of Eq. 
(8), we discover that: 


11(0) = 2% Im r— inf 
06 


where 
3 
2). 
Oz z=0 


If T is a real operator (i.e., w=0), then: 


T= exp 


é 
11(6) = —2r—¢, 
a0 


where ¢ is the phase of the non-spin-flip scattering 
amplitude, i.e., ¢=arctan(Im/f/Ref). 
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Fic. 4. The variation of the polarization distribution with » for 
fixed nonzero w. The case is 14-Mev protons on carhon; the 
central-well parameters are those of Fig. 1. The Saxon form for 
the spin-orbit term is used; the spin-orbit well depths are in Mev. 
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APPLICATION OF APPROXIMATION METHOD 


The approximation method described above was 
applied in several studies of the effect of a spin-orbit 
term on various features of elastic scattering phe- 
nomena. These studies were confined mostly to the 
14-Mev p-C case, where the method had been tested 
against an exact calculation. However, qualitatively 
the conclusions are expected to hold throughout the 
periodic table in the medium energy range. 

The radial form factor for the spin-orbit term in 
nuclear physics has little @ priori justification. It is 





POLARIZATION 


POLARIZATION 











20 40 6 8 100 120 140 160 180 


Con 


Fic. 5. The variation of the polarization distribution with w for 
v=0 (top curves) and with » for w=0 (bottom curves). Also 
included is the differential scattering cross section in ratio to 
Rutherford cross section. The well-depth parameters are in Mev 
and the length parameters in 10 cm. The case is 14-Mev protons 
on carbon. It is interesting to note the approximate relation when 
w=0, the polarization is zero whenever o/cr is at an extremum; 
this feature does not persist in the region where Coulomb effects 
dominate. 


conventional in shell-model and scattering calculations 
to use the so-called Thomas form®: 


‘ (— 21d 
r(r)=— —) rr 


8 The M in Eq. (11) refers to the nucleon mass. In the work of 
Bjorklund et al. (see reference 4), u, the pion mass, appears in 
place of 2M. The sign of /7(r) has been chosen as follows: with 
v <0, states of J* lie lower than states of J~. 


(11) 





SCATTERING OF PROTONS 
An attempt was made to ascertain in what sense the 
polarization distribution was sensitive to the functional 
form of h(r). Figure 1 exhibits the polarization predicted 
with two different choices of A(r), i.e., h(r)=f(r), a 
Saxon form, and h(r)=hr(r), the Thomas form. The 
polarization for 14-Mev protons on carbon was found 
to be essentially shape independent. This shape inde- 
pendence was exhibited in the following manner: the 
results with a Thomas form for /(r) using different 
values of (v,w) were required to approximate as well 
as possible in a least-squares sense over the entire 
angular range the results for a Saxon form for /(r) with 
v=—1 Mev and w=0. Figure 1 shows that the polari- 
zation is only sensitive to the form of h(r) in the forward 
direction. This demonstration of shape independence 
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Fic. 6. The lower set of curves are typical polarization distri- 
butions for 10-Mev protons on argon. The upper curve is the 
angular distribution in ratio to Rutherford calculated by 
Glassgold et al. (see reference 1) using a central potential. The 
spin-orbit well is of the Saxon form. All depth parameters are in 
Mev and length parameters in 10-" cm. 





60 


is shown also in Fig. 2 where the spin-flip amplitudes 
in the complex g plane are compared. The equivalence 
of the two forms may be expressed at 14 Mev as 


v7—~0.31 X 10% 05, (12) 


where v7 and vs are the depths of the real parts of the 
spin-orbit potential for Thomas and Saxon form factors, 
respectively. The results to be discussed below for 
vg=—1 Mev can be thought of as approximate results 
with vr=—300 Mev. A value of »s=—1 Mev corre- 
sponds, therefore, to a spin-orbit well approximately 
13 times /arger than that used by Bjorklund ef al.‘ in 
the analysis of the scattering of 300-Mev protons and is 
approximately 3-5 times smaller than that employed 
by Ross e¢ al.’ in shell-model calculations. It therefore 
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Fic. 7. The lower set of curves are typical polarization distri- 
butions for 10-Mev protons on tin. The upper curve is the angular 
distribution in ratio to Rutherford calculated by Glassgold 
et al. (see reference 1) using a central potential. The spin-orbit 
well is of the Saxon form. All depth parameters are in Mev and 
length parameters in 107 cm. 
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Fic. 8. The lower set of curves are typical polarization distri 
butions for 40-Mev protons on carbon. The upper curve is the 
angular distribution in ratio to Rutherford by A. E. Glassgold 
and P. J. Kellogg [Phys. Rev. 109, 1291 (1958) ] using a central 
potential. The spin-orbit well is of the Saxon form. All depth 
parameters are in Mev and length parameters in 10~ cm. 
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Fic. 9. The lower set of curves are typical polarization distri- 
butions for 40-Mev protons on lead. The upper curve is the 
angular distribution in ratio to Rutherford by A. E. Glassgold 
and P. J. Kellogg [Phys. Rev. 109, 1291 (1958) ] using a central 
potential. The spin-orbit well is of the Saxon form. All depth 
parameters are in Mev and length parameters in 10~% cm. 


seems a reasonable value for the energy range con- 
sidered here.’ 

Polarization calculations were performed to ascertain 
the dependence of II(@) upon v and w. In Figs. 3 and 4, 
II(@) is displayed for fixed 1s = —2 Mev and ws varied 
from 0 to —3 Mev (Fig. 3) and for fixed ws=—2 Mev 
and vs varied from 0 to —3 Mev (Fig. 4). It is quite 
evident, at least for proton energies of 10-20 Mev and 
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Fic. 10. The effect of changes in the imaginary part of the spin- 
orbit potential on the angular distribution of protons scattered 
from carbon at 14 Mev. The parameters of the central part of the 
well are those of Fig. 1. The form factor for the spin-orbit term 
is of the Saxon type; the well depths are in Mev. 


® Spin-orbit wells of the Thomas form with a depth of about 
— 600 Mev have been used in exact calculations at 40 Mev by the 
Livermore group. [F. Bjorklund (private communication to N. 
Hintz).] 
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Fic. 11. The effect of changes in the real part of the spin-orbit 
potential on the angular distribution of protons scattered from 
carbon at 14 Mev. The parameters of the central part of the well 
are those of Fig. 1. The form factor for the spin-orbit term is of 
the Saxon type; the well depths are in Mev. 


light target nuclei, that II(6) is sensitive to large changes 
in —v and —w. Figure 5 contains the results of similar 
calculations for sets of runs in which (v=0, w#0) and 
(w=0, 040). Figures 6-9 display the polarizations 
produced by various spin orbit wells for the following 
reactions: p-A and p-Sn at 10 Mev, and p-C and p-Pb 
at 40 Mev. 

Spin-orbit wells of moderate depth produce sizable 
polarizations in the medium-energy region. The polari- 
zation distribution varies rapidly with energy, however. 
As an empirical guide for ascertaining the regions of 
large polarization, it has been noted that polarizations 
are largest whenever the differential cross section (in 
ratio to the Rutherford cross section) has a point of 
inflection ; 11(@)=0 whenever this quantity has attained 
an extremum. (See Fig. 5.) We have been unable to 
construct an analytical proof of this empirical result. 

The spin-orbit terms in the optical-model potential 
should exhibit effects in the differential cross section. 
Since the spin-flip and non-spin-flip amplitudes are 
incoherent, inclusion of a spin-orbit potential should 
tend to fill in the minima in the differential cross section 
predicted on the basis of a central potential (non-spin- 
flip) alone. Examination of Figs. 10-12 bears out this 
contention. It is very probable, therefore, that those 
cases for which the central optical model does poorly 
(particularly the light elements), inclusion of the spin- 
orbit terms will remove these difficulties. Figure 13 
shows the best fit for a pure central potential for 14 
Mev ? on C obtained by Glassgold and Kellogg'; the 
features of Figs. 10-13 make it highly probable that 
this fit will be significantly improved when spin-orbit 
terms are included in a detailed analysis of the scattering 
data. The possible improvement provided by the spin- 
orbit potential for the light elements is not because the 
spin-orbit potential is a surface term, however, as has 
been previously conjectured since the large angle scat- 
tering amplitudes are insensitive to the shape of the 
spin-orbit terms (see Figs. 1 and 2). 

The reaction cross section does not depend strongly on 
the depth of the spin-orbit term. In the approximation 





SCATTERING OF PROTONS 
method sketched above, the spin-orbit term has an 
effect in second order on the reaction cross section. 
For the case of 14 Mev pf on C and a spin-orbit depth 
vg=—1 Mev, the calculated total reaction cross section 
was increased over the central well value by only 0.7%. 
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Fic. 12. The effect of the spin-orbit potential on the angular 
distribution of protons scattered from carbon at 14 Mev. The 
upper and lower sets of curves represent the differential cross 
section in ratio to that obtained with »=w=0. The middle curve 
is the differential cross section with »=w=0 in ratio to the Ruther- 
ford cross section. The effects of the incoherency between the spin- 
flip and non-spin-ftip amplitudes is clearly demonstrated. 
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Fic. 13. The best fit to the 14-Mev p-carbon data obtained by 
Glassgold and Kellogg (see reference 1) with a central optical 
model. Comparison with Fig. 12 displays the possibility that 
better fits will be obtained when spin-orbit effects are included in 
a detailed analysis of the data. 


However, a spin-orbit term may affect the reaction 
cross section more significantly in the following indirect 
manner; an entirely different best set of centra] parame- 
ters inferred from the analysis of the differential cross 
section may be obtained when the spin-orbit term is 
included. In particular, the depth of the imaginary 
part of the central well (W) may change drastically 
and as a consequence effect a large change in the 
predicted reaction cross section. 
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Gamma Rays from I** 
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Nuclear Spectroscopy Laboratories, Comisién Nacional de Energia Atémica, Buenos Aires, Argentina 
(Received February 10, 1958) 


The gamma radiation following the decay of I'** was studied by means of a single-channel analyzer. Four 
gamma rays of energies 0.445, 0.530, 0.740, and 0.975 Mev and relative intensities 100:9.3:0.9:1.8 were 
found. Three methods of preparing the source were employed in order to check the purity of the sample. 
Using published data together with our results, we propose a level sequence for Xe!*8, which is of vibra- 


tional type. 


I. INTRODUCTION 


HE I* nucleus disintegrates by AK capture and 

B- emission to two stable isobars, Te!”® and Xe!”S, 
respectively. A half-life of 24.99 min! was assigned to 
this disintegration. The A-capture branch is 6.3+0.7% 
of that of electron branch.? According to Mims and 
Halban,? the x-rays appearing in the disintegration of 
TS belong to the Te isotope. 

Wapstra ef al.’ observed two gamma rays of 0.445 
and 0.980 Mev, Germagnoli* one of 0.430 Mev. The 
8 and y radiations following the decay of I'** have 
been studied in detail by Benczer, Farrelly, Koerts, and 
Wu.’ They observed gamma rays of energies 0.455, 
0.540, 0.750, and 0.990 Mev. Gupta and Jha® have also 
studied the gamma-ray spectrum and observed 0.440- 
and 0.980-Mev gamma rays. 

We continued the investigation of I)** because, as 
Xe" is an even-even nucleus whose neutron number 
lies between 36 and 88, one of the vibrational bands 
according to Scharff-Goldhaber and Weneser’ and 
Wilets and Jean,* there should exist at approximately 
twice the energy of the first excited state, three levels 
with character 0+, 2+, and 4+. As the # transitions 
from I'*8 to the levels 0+ and 2+ of Xe” are allowed 
(as will be seen later on), it is logical to expect the 
obseryation of the levels 0+ and 2+ of the triplet. 
This is of particular interest because one does not 
know with certainty the position of the 0+ with respect 
to the 2+ and 4+ levels of the triplet. Recent theo- 
retical work of Raz’ indicates that the 0+ level lies 
higher in energy than the 2+ and 4+ levels and that 
the 2+ level is always below the 4+. There is only one 
example in which the three sublevels appear" (Cd""*) 
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and one in which the sequence 2+, 0+ was found! 
(Pd). In the latter case, the energy of the corre- 
sponding two levels is the same within the experi- 
mental errors. 


iI. EXPERIMENTAL 
(A) Source Preparation 


Different methods of preparing the source were 
employed in order to check the purity of the sample. 
I’ was prepared by bombarding ethyl iodide with 
slow. neutrons from the synchrocyclotron of this 
Institute, and the iodide separated by Szilard-Chalmers 
method. I'** was also prepared by bombarding re- 
sublimed iodide with slow neutrons. Finally, NaI was 
irradiated with slow neutrons and the iodine separated. 
A half-life determination for the total 8~ activity was 
performed with a_ scintillation’ spectrometer with 
anthracene in the three cases, and the same results were 
obtained. In Fig. 1 the decay curve of the 8~ activity is 
plotted. 


(B) Single Measurements 


For the measurements of energies and relative in- 
tensities of the gamma radiations, a single scintillation 
spectrometer with crystals of different sizes was used. 
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Fic. 1. Decay curve of the 6~ activity corresponding to I'8, 


2 —. E. Alburger and B. J. Toppel, Phys. Rev. 100, 1457 (1955). 
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Final measurements were made with a 2-in.X2-in. 
Nal(TI) crystal and a DuMont 6364 photomultiplier. 
Many observations at different source-to-crystal dis- 
tances were performed in order to estimate the sumup 
between the gamma rays. 

A typical gamma-ray spectrum of [8 after correction 
for decay is plotted in Fig. 2. In the insert is represented 
the spectrum for low energies. The following energies, 
in Mev, were established: 0.0275 (Te x-rays), 0.445 
+0.005, 0.530+0.005, 0.740+0.010, and 0.975+0.015. 

In order to reduce the pileup to a few percent between 
the 0.445-Mev gamma ray and its Compton back- 
ground and the sumup between the 0.445- and 0.530- 
Mev gamma rays, the source-to-crystal distance was 
fixed at 13 cm. The relative intensities of the gamma 
rays are listed in Table I. 


III. DISCUSSION 


It is possible to conclude from the series of measure- 
ments that there are four gamma rays following the 
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Fic. 2. Gamma-ray spectrum of [8 after correction for decay. 
In the insert is represented the spectrum for low energies. 


decay of I'S whose energies are, in Mev: 0.0275 (Te 
x-rays), 0.445+0.005, 0.530+0.005, 0.740+0.010, and 
0.975+0.015. 

The ground state of even-even nuclei always has the 
character 0+.*:"° The first excited state, with few excep- 
tions, has the character 2+.°"" The energy of the first 
excited level was plotted as a function of neutron 
number for a series of Te and Xe nuclei (Fig. 3). It 
appears reasonable to compare these energies, as the 
first excited states of all these nuclei have the character 
2+. This is not the case with the second excited states 
where the character is generally 2+ or 4+ and occasion- 
ally 0+ or odd?" 

From the results of Temmer and Heydenburg" and 
the plot of Fig. 3, we may assert that the 0.740-Mev 
gamma ray corresponds to the Te branch. According 
to that plot, the 0.445-Mev gamma ray is the corre- 


3G. M. Temmer and N. P. Heydenburg, Phys. Rev. 104, 967 
(1956). 
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TABLE I. Relative intensities of the gamma radiations. 


Relative 


Energy of the gamma f 
intensities 


radiation (Mev) 


0.445 100 

0.530 9.3 
0.740 0.9 
0.975 1.8 


sponding transition between the first and ground states 
of Xe, 

According to the energy and relative intensities of 
the B- radiations from I inferred by other authors,’ all 
the 8 transitions are allowed. As was stated before, 
the character of the ground and first excited levels of 
Xe!* are 0+ and 2+, respectively; consequently, the 
character of the ground state of I'?* should be 1+. This 
can be explained by the shell model: we can assign a 
configuration ds for protons and d; for neutrons. Then 
the character of the second excited level of Xe”* could 
be 0+, 1+, or 2+. 

In general the second excited levels (collective levels) 
of even-even nuclei have the character 2+ or 44.5" 
The character 1+ for the second excited state of even- 
even nuclei has not been observed. This was pointed 
out by Glaubman and Morinaga" who asserted that in 
even-even nuclei the low-lying odd-parity states have 
odd spin. With this assumption we can exclude the 
possibility 1+ for the second excited level of Xe!*. 
Owing to the fact that the energy of the 0.975-Mev 
gamma ray is 2.2 times that of the 0.445-Mev gamma 
ray and is the sum of 0.445 and 0.530 Mev, we are 
tempted to consider that radiation as the crossover 
between these two. This corresponds to a transition 
from the second excited level to the ground state, and 
the possibility 0+ must be ruled out. 

We did not observe any splitting in the second 
excited state of Xe!*, even though the 0+ sublevel 
could be fed by an allowed 8 transition. In order to 
estimate the energy and relative intensity of the possible 
transition from this sublevel to the 2+ first excited 
state, we have made a rough calculation, obtaining the 
following results: If we suppose a 8” transition to the 
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We shall attempt to perform the external conversion 
of the gamma rays from I*5 and observe the corre- 


sponding electron lines in our orange-type beta-ray 
spectrometer. 


0+ second excited sublevel with a logft value from 6.5 
to 7 and a gamma transition of intensity at most 10% 
of that of the 0.445-Mev gamma ray, its corresponding 
energy would lie between 0.230 and 0.440 Mev. On 
the other hand, if we suppose that the gamma transition 
has an intensity of 1% or less of that of the 0.445-Mev 
gamma ray, its corresponding energy would lie between 
0.530 and 0.740 Mev. These rough calculations are not 
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in contradiction with our experimental results, since 
these relative intensities at the corresponding energy 
ranges cannot be observed. 
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Fusion Chain Reaction—Chain Reaction with Charged Particles 
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It is shown that in the case of a medium which is an exoergic nuclear mixture (a mixture of nuclei which 
can lead to an exoenergetic reaction) and which possesses a high temperature (~107 °K) or a relatively 
high density (~10* g/cc), a fusion chain reaction can take place. This is due to the decrease in the stopping 
power of the medium under the conditions given above. Equations for determining the multiplication factor 
fora binary mixture under various physical conditions are derived. The multiplication factor is calculated for 
a DT mixture. It is concluded that for an exoergic nuclear mixture there exists a critical temperature or a 
critical density which limits the slow release of fusion nuclear energy. For an infinite medium of 50% DT 
mixture the critical temperature and the critical density are ~10" °K and ~108 g/cc, respectively. In a finite 
medium the values are higher and there exists a critical mass which limits the possibility for the development 
of a fusion chain reaction. This critical mass was estimated and in first approximation is m., (in grams) 
=1/(density of the medium in g/cc)’. 


I. INTRODUCTION 

IMULTANEOUSLY with discovery of the fission 

chain reaction with neutrons, the possibility of 
obtaining a chain reaction with charged praticles was 
abandoned, because of the small efficiency of charged 
particles in nuclear reactions. In the most advantageous 
case, D+T—He'+n, the efficiency attained is only 
~5X10-* reaction per 14-Mev deuteron. But no note 
was taken of the fact that the efficiency depends on the 
physical conditions and in some cases it may be greatly 
increased. This is especially true for nuclei of small 
charge, where the Coulomb barrier penetration factor is 


exoergic reaction A+B in which weakly bound groups 
of nucleons of nuclei A and B form strongly bound 
groups of reaction products, we obtain particles of 
high kinetic energy. Part of their kinetic energy is 
transferred in elastic collisions directly to the A and B 
nuclei of the medium. The recoiling A and B nuclei, 
in the process of slowing down to thermal energy, have 
some probability of leading again to the reaction A+B. 
Under normal physical conditions, the dissipation of 
energy of charged particles in collisions with electrons 
is so large that their range (L) in the medium is much 
smaller than the mean free path (A) with respect to 


not too high. The development of a chain reaction with 
charged particles is, therefore, possible only for light 
nuclei, where the release of nuclear energy is due to the 
process of fusion. Only highly exoenergetic reactions of 
large cross sections may lead to the fusion chain reac- 
tion; these are the same reactions which are involved 
in thermonuclear reaction.’ 


II. FORMULATION OF THE PROBLEM 


The mechanism of a fusion chain reaction, which is 
-due to in statu nascendi reactions, is as follows. In an 


1W. B. Thompson, Proc. Phys. Soc. (London) B70, 1 (1957). 


nuclear processes. Therefore, only a small fraction of 
the recoil nuclei lead again to the A+B reaction. 
The development of the avalanche is possible when the 
sum of the ranges of the recoil nuclei >>; L; is com- 
parable toX. Since )) ; Lit E@/((dE/dx))4 and A~1/Na, 
where Eg=the kinetic energy released in the A+B 
reaction, ((dE/dx))w=the average energy losses of 
recoiling nuclei per unit path, V =the density of react- 
ing nuclei of the medium, and ¢=the mean cross 
section for the A+B reaction, we can write 


Eg@/[(1/N)((dE/dx))y \~1. (1) 
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If we assume ¢~10-* cm’, Eg~10 Mev, we find 
that the atomic stopping cross section [¢(dE/dx) 
=(1/N)((dE/dx)),| would be ~10~-'? ev atom™ cm’. 
Under normal physical conditions it is about a thousand 
times higher,?* and we are far from satisfying the 
criterion (1). 

The main idea of the problem involves the dependence 
of the atomic stopping cross section on the physical 
conditions. 

Under normal physical conditions, in the moderate 
energy range, the most important losses of energy of 
heavy charged particles are due to scattering from elec- 
trons. They are about four thousand times higher than 
the energy losses in other processes.’ The atomic 
stopping cross section due to scattering from electrons 
was discussed in detail by the author,‘ and according 
to Eq. (6) of reference 4, for a particle — having a 
velocity v; and a charge Z;e, it is 


7 
‘ 


any os A : 
(—) : ¢ J f(v-)GLd(v-); A(v-) ldv., (2) 
dx md;” 0 


where f(v,) is the momentum distribution of electrons 
in the medium and G is the universal stopping power 
function given in reference 4 by Eq. (8). In the above 
paper it was shown that these losses depend mainly on 
the velocity distribution of the electrons, especially in 
the case v:S,. In the limiting case 1<v,, the asymp- 
totic value of G becomes 3(v;/2,)*, whereupon we have 


o(dE/dx)\*°~1/2,3. (3) 


Hence we see that the energy losses connected with the 
scattering from electrons decrease very strongly with 
their velocity. The electron momentum distribution 
can be shifted to higher velocities by a considerable rise 
of temperature or by increasing the density up to the 
strong degeneration of the electron gas. In this way we 
can decrease the atomic stopping cross section so that 
the condition (1) is fulfilled. 


III. ATOMIC STOPPING CROSS SECTION AT HIGH 
TEMPERATURES OR HIGH DENSITY 
As was mentioned above, the main energy losses of 
charged particles are due to scattering from electrons 
and thus depend on the state of the medium. 

To evaluate the stopping cross section of plasma 
electrons,® we have to use in Eq. (2) the Maxwellian 
momentum distribution. We obtain an approximate 
dependence on the temperature of the plasma if we make 
the substitution f(v,)=65(8,—v.), where i,= (8kT/am) 
is the mean thermal velocity of electrons. In the case 


2P. K. Weyl, Phys. Rev. 91, 289 (1953). 

3S. K. Allison and S. D. Warshaw, Revs. Modern Phys. 25, 779 
(1953). 

4M. Gryzinski, Phys. Rev. 107, 1471 (1957). 

5 E. N. Parker, Phys. Rev. 107, 830 (1957). 
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Fic. 1. Stopping cross sections of electrons in various media for 
protons, as functions of proton energy. 


interesting us, 1:<<v,, we have 


dE\* Sx ef rm\! 
(Or | eels 
dx plasma elect 3 m\8kT 


Similarly, taking into account the momentum dis- 
tribution of a Fermi gas, we obtain the stopping cross 
section of Fermi-gas electrons (Gryzifiski,* Eq. (18); 
see also Fermi and Teller®) : 


dE\* 1/4 2e'm? 
(2. OCS 
dx Fermi elect. N. “ 


Vmaxit 
==), (5) 
e 


where Umax = (3m*)'(#/m)N 4, and N,=the number of 
electrons per cc. 

The results of exact computations, where for the 
maximum impact parameter we have put Dusx=N 5! 
(see Appendix), are plotted in Fig. 1 for various tem- 
peratures and densities. 

A decrease in the electron scattering losses increases 
the role of energy losses connected with the interaction 
with the nuclei of a medium. 

The contribution to the atomic stopping cross section 
due to elastic scattering from nuclei of mass m4 and 
charge Ze is 


dE sc. elas. Are? 
-(—) = ———(Z;Z 4)" 


dx nuc MaAvs™ 


Meare ' ; . 
n{ ——— }—2KyaEoza"(E;), (6) 
ZZ,2N3 


6 FE. Fermi and E. Teller, Phys. Rev. 72, 399 (1947). 
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where yeu is the reduced mass, K¢4 =4mym4/(m:+m4)’, 
ora*°=the elastic nuclear scattering cross section of 
particle ¢ from the nucleus A, and NV =the number of 
nuclei per cc. The first term in Eq. (6) represents the 
Coulomb scattering, and the second the nuclear scatter- 
ing, which we have assumed isotropic in the center-of- 
mass system. 

The stopping cross section due to inelastic collisions 
with nuclei is 


dE sc, incl. 
(—) =—)>; AEwor 4%: inc-(E,). 
dx 


(7) 


nuc 


The sum is taken over all channels with the exciting 
energy AE; and the cross section o¢4°° "(E;). 

The energy losses connected with the bremsstrahlung’ 
of heavy charged particles are very low in comparison 
with the losses given above, and therefore can be safely 
neglected. 

Finally, the stopping cross section of nucleus A and its 
Z. electrons is 


dE dE\ =< 
(=)-*(z)..+ 
dx dx J elect. 


dE sc. elas. 
(=) 
dx nuc 


dE sc. incl. 
+o(—) . (8) 
dx nuc 


The total atomic stopping cross sections of hydrogen 
plasma® for protons and the relative contribution of 
their components in various conditions are plotted in 
Fig. 2. 


IV. EVALUATION OF THE MULTIPLICATION 
FACTOR 


To determine the exact conditions for the develop- 
ment of an avalanche, we shall examine an infinite 
homogeneous medium formed by a mixture of two kinds 
of nuclei A and B which can initiate the exoergic reac- 
tion. We denote by N4 and Nz the densities of the 
reacting particles, and by o4s* the laboratory cross 
section for the reaction A+B (the bombarding particle 
is denoted by the first lower index) with the emission 
of the particle . The particles of high kinetic energy, 
obtained from this reaction, produce a certain number 
of recoil nuclei. 


7 L. Landau and L. Lifshitz, The Theory of Fields (Moscow and 
Leningrad, 1948), second edition, pp. 208, 219 (translation: 
The Classical Theory of Fields (Addison-Wesley Press, Inc., 
Cambridge, 1951), Chap. 9]. 

8 As shown above, the stopping power of hydrogen plasma 
under the conditions existing in the sun, 2X10’ °K, is about one 
hundred times lower than the stopping power of hydrogen under 
normal physical conditions. Therefore, Bethe’s calculations [H. 
Bethe, Phys. Rev. 55, 434 (1938) ] of the efficiency of reactions 
in statu nascendi in the sun (with the assumption that the energy 
losses are approximately the same in the both cases) are not valid. 
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If f¢(E;°) is the energy distribution of the ¢ particles 
obtained from each reaction A+B, then the number of 
£ particles in the energy interval E;° to E;°+dE;! is 
f(Eg)dE?. Since the major part of the reaction A+B 
in the avalanche occurs in the moderate energy range 
(100-500 kev), and since the reaction A+ B is strongly 
exoenergetic, we have assumed that this distribution is 
independent of the energy of the entrance channel. If 
in the result of reaction A+B we obtain two particles, 
the function f;(E;°) is the 6(£,°—£;) function. Owing 
to the destruction of particles — on interaction with 
the A and B nuclei, the initial number /;(E;°)dE;° 
of particles along the path x drops to the value 
g( Ex,x) fe( EY dE’, where 


q( E;°,x) = xp —_ f (NV 10¢ +N pres] (9) 


0 


and o:4 (o¢z) is the total reaction cross section of the 
particle & with the nucleus A (B). Taking into account 
that the energy of particle — on the path x drops, due 
to energy losses, from E;° to E;:, we can write the last 
expression in terms of E:: 


ae Fe Naoztat+N pores 
q( E;°,E:) =exp -f — — axl, (10) 
E;° dF: dx) 


where (dE;/dx) is the loss of energy of particle — on the 
unit path. Upon introducing o¢4°°(E;,E4)dE.4, the cross 
section for the production of recoil nuclei A of energy E, 
to Ex,+dE, by the particle — with energy E:, the 
number of the recoil nuclei A with energy interval 
E, to E4+dE, produced by the particles ¢ from the 
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Fic. 2. Total stopping cross section of hydrogen plasma for 
protons, as a function of proton energy. The contributions of the 
various relevant processes are shown separately, as well as the 
total. 
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reaction A+B along their paths is 


EalKe, 
Rta (Es)dE, = [ neoary * 
E¢° 


dE: 
2,°,E;))———dE, (11) 
(dE;/dx) 


N ATEA ata ( E;, Ea ) 


X q(t 


o:4°°(E:,E4) is given by the differential scattering cross 
section o¢4°°(E:,6) and the relation between the angle 
of scattering and loss of energy in the collision.’ 

Summing over all the products of the A+B reac- 
tion, we obtain 


1 (Ea)=De geal (12) 


We can write a similar expression for the energy dis- 
tribution of recoiling nuclei B. As a result of the elastic 
scattering of the first generation of A and B nuclei, 
we obtain the second generation of recoil nuclei of the 
medium. With the help of the above considerations we 
can write the energy distribution for the nth generation 
of recoil nuclei A : 


Ea 
(9 (Ba)= f ga n(Badka' f Nacaa™(E 4 
Ea’ 


dE,” 
X (9(E.’, Ba —~ 
(dE re dx) 


N BOBA* 


°( ER’ ,Ea) 


EA/KAB 
es 


+ feo YD (Ea )\dEx f *. 
E B’ 
dEx 


Xq(Es',Es”")——-._ (13) 
(dE ms "/Idx) 


If we add the energy distributions of all generations, 
we obtain the energy distribution of the whole cascade 
initiated by the particles from the reaction A+B: 


Ga(Ea)=D 2 ga (Ea). (14) 


Having obtained the distributions G4(£4) and, in a 
similar way, Gg(Ex), we can give the. number of A+B 
reactions in the slowing-down process of the cascade 
initiated by the particles from the one reaction A+B: 


0 


t= fe. (Eada f Npoapn(Ea’) 
EA 


dE, 
Xq(Ea,Ea 7 Fan + f Ga(Es)dEn 


(dE 4'/dx) 


(15) 


® ; dEp 

xf Naopa(En’)q(Ep, Es’ “s 

Ep (dEp’/dx) 

9E. Segré, Experimental Nuclear Physics (John Wiley: and 
Sons, Inc., New York, 1953), first edition, Vol. EH, pp. 9, 14. 
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If the reaction A+B has only one exoergic channel, 
the number & is the multiplication factor for the given 
medium. The condition for the development of the 
avalanche, therefore, is k>1. 

In the numerical calculations, as long as the slowing- 
down process of products of the reaction A+B and 
recoil nuclei is due to scattering from electrons, we can 
take into consideration only the first generation of recoil 
nuclei. Then from Eqs. (4), (5), and (15), we have: 
(a) In the case of charged products of the reaction A+B, 


dE\* 7 
= /(Z) 
dx elect. 


T* for plasma 
“ | (16) 
N2 for degenerate medium. 


(b) In the case of neutrons, 


dE\* 
fy, 
dx F erect.- 


T*” for plasma 
“ 

N, for degenerate medium. 
V. CRITICAL MASS 


All our present considerations concern the conditions 
for the development of fusion chain reactions in infinite 
media. In a finite medium the conditions are different, 
and then a critical mass exists as in a fission chain 
reaction. 

In first approximation, the critical mass can be 
estimated very easily if we consider that the mean free 
path (A) with respect to the elastic scattering of the 
particles taking part in the reaction has to be com- 
parable with the dimension (L) of the system. If we 
denote by N the number of nuclei of the medium in a 
unit volume, m the mass of a nucleus in grams, and 
o*° the cross section for elasting scattering, we obtain 
Mor~m NN =m,/(o*%)®N*. Taking into account that 
o%~10-*% cm? and my~10™ g, the critical mass in 
grams is 


or™~10%/N?. (18) 


We see that the critical mass is very strongly dependent 
on the density of the medium. For densities V = 10", 
10°*,;and. 10” nuclei/cc the critical masses are 10-8, 10°, 
and 10* grams, respectively. 


VI. NUMERICAL CALCULATIONS 


Now, to illustrate the theory given above we shall 
determine the conditions for the development of a 
fusion chain reaction in a DT mixture. 

As a result of the reaction D+T, we obtain alphas 
and neutrons with energies ~3.5 Mev and ~14.1 Mev, 
respectively. Because of the much greater initial energy 
and much lower energy losses, most of the recoil 
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Fic. 3. Multiplication factor k for a 50% deuterium-tritium 
mixture as a function of temperature, for three values of the 
electron N,. 


nuclei D and T result from the scattering of neutrons; 
therefore, according to Eq. (12), go (Ep)-gnn(Ep) 
and gr) (Er)~gn1(Er). Taking into account the fact 
that the absorption of fast and intermediate neutrons 
in the DT medium is negligibly small, we have g,™1. 
Assuming the scattering of neutrons from D and T 
nuclei to be isotropic in the center-of-mass system, we 
obtain 
onp**(E,) 
oap** (En, Ep)-~— 


KavE, 
ont®°(En) 
KatE, 


ont®*(En, Er) = 


Because, in the first approximation, the slowing down 
of neutrons is due to elastic scattering from D and T 
nuclei, 


(dE,/dx)™~3K,pvE,0 ap**Vp+ 3K ntTEno aT’’N 7, (20) 


the energy distributions of the first generation of recoil- 
ing nuclei are, respectively, 


dE, 
(KnpEn)* 


EBp/knbD 


gnv(Ep)> f 


14.1 


1 
x 
Itonr’KatN1/onv’KnpNp 


Exqlknt dk, 
er gs 
14.1 (KatE,)* 





, (21a) 


1 
(21b) 





x ‘ 
It+onpKapNp/ont’KatNr 


Since the energy losses of deuterons and tritons up to 
10’ °K in the case of plasma, and up to 10° g/cc in the 
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case of degenerate medium, are due to scattering from 
electrons, we can write 


Np 
3 — f geo(En)dEp 
N pt+A T 


0 
x f Diledabeeeesnidiile! 
Ep a (dEp’/dx)erect.*° 


Pepin J gar(Ex)dEr 
Npt+Nr 


k~ 


0 
x f nh ) 
ET ¢o (dEy’, /dx) or ct. - 


where o(dEp/dx)etect.°° and o(dE7/dx)eiect.*° are given 
by Eq. (2). 

The value of the multiplication factor obtained by 
the numerical calculations for a 50% DT mixture under 
various conditions are plotted in Fig. 3 and Fig. 4. 
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Fic. 4. Multiplication factor k for a 50% deuterium-tritium 
mixture at 0°K, as a function of electron density N,. 


We have put the cross sections ¢,p*° and o,7r*° equal to 
the geometrical cross section, and gpr is taken from 
Bame and Perry.” 


VII. CONCLUSIONS 


The role of in statu nascendi reactions in the release of 
nuclear energy depends on the physical conditions, and 
in the case of high temperature or high density they 
are decisive. If we denote by Ey, the energy released in 
a unit volume in the thermonuclear process, then the 
energy released in a unit volume with inclusion of 
in statu nascendi reactions is 


Evo =En/[1 —k(T,N) ] 
where & is the multiplication factor for the given 


0S. J. Bame and J. Perry, Phys. Rev. 107, 1616 (1957). 
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medium ; the factor k depends on the temperature of the 
medium or, more accurately, on the temperature of its 
electrons, and on its density. As the multiplication factor 
approaches unity the process of energy release has an 
avalanche character, and the entire nuclear energy of 
an exoergic mixture is released instantaneously. The 
stationary state for a slow release of energy does not 
exist above the critical temperature or above the critical 
density; even at a temperature of absolute zero the 
exoergic mixture is explosive. 

A plot of Eyy!! and Exot as functions of temperature 
for 50% DT mixture is given on Fig. 5. 
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Fic. 5. Energy release per unit volume from a thermonuclear 
process in a 50% deuterium-tritium mixture with and without 
inclusion of in statu nascendi processes, as functions of plasma 
temperature. 


APPENDIX 


As was pointed out previously,‘ in general, the maxi- 
mum impact parameter is a function of the velocities 
of interacting particles, their masses, and their charges, 
as well as of the external fields. In each problem this 
parameter must be determined separately. 


1 R, F. Post, Revs. Modern Phys. 28, 338 (1956). 
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In the case of electrons bound in atoms or Fermi-gas 
electrons the determination of the maximum impact 
parameter does not present any difficulty, but in the 
case of plasma electrons it is the subject of many dis- 
cussions. According to Cowling,’ Chandrasekhar," and 
others, it is suitable to put the maximum impact param- 
eter equal to the mean distance between the ions, but 
according to Landau,’ Cohen, Spitzer, and Routly,'® 
and others it must equal the Debye radius. 

From Eq. (2) it follows at once that in the limiting 
case, 1¢<v,, the atomic stopping cross section is inde- 
pendent of the assumed value of Drax. 

In the second limiting case, to determine the maxi- 
mum impact parameter we must take into account the 
fact that the charged particles of the plasma are inter- 
acting with each other. Consider two particles with 
charges +Ze and —Ze separated by a distance r. 
The Coulomb force between them is (Ze/r)*. The 
transfer of momentum to such a binary system from 
particle € is neglegibly small when the force of inter- 
action between the particle & and each particle of the 
system is less than the force of internal interaction, or 
Z;:Z/DP’<ZZ/r’. Taking into account the mean value 
of the distance between charged particles in the plasma, 
we finally obtain Dinax~N-}. 

The assumption that the maximum impact parameter 
is equal to the Debye radius will change the numerical 
results only slightly owing to the logarithmic de- 
pendence on Dryax Of ¢(dE/dx)* plasma elect In the 1<K2, 
region. 
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Measurements are reported of the 0-350 kev portion of the gamma-ray spectra following neutron capture 
in the 1.46-, 3.86-, and 9.10-ev resonances of the 49In!> target nucleus. The prominent features of the spectra 
are significantly different for the three resonances as indicated by the ratios of relative intensities of the 
67-, 98-, 188-, and 280-kev gamma rays. The 0-1600 kev portion of the spectrum following thermal neutron 
capture is presented. The absolute intensity of the 280-kev gamma ray has been measured for the three 


resonances. 


I. INTRODUCTION 


HE purpose of these experiments is to determine 

whether there are significant differences in the 
low-energy portion of the spectra of neutron capture 
gamma rays for various resonances in the same com- 
pound nucleus. 

Consider first the related subject of the variation 
of radiation widths of neutron resonances. The radiation 
widths show remarkably little variation as contrasted 
with the reduced neutron widths. When variations in 
the excitation energy and spacing at the initial level 
are taken into account,' most of the values of I’, for 
various nuclides are fitted within a factor 2 by a smooth 
curve. This relative constancy presumably reflects the 
large number of possible initial transitions in the cascade 
of gamma rays. 

In comparing I’, for resonances of the same isotope, 
the excitation energy used in the above analysis would 
not be expected to vary. However, the level density 
at’ the initial state might vary depending at least on 
which of the two possible combinations of target and 
neutron spins is involved. There are only a few published 
measurements sufficiently accurate to reveal variations 
in I’, for resonances in the same isotope. Levin and 
Hughes? concluded that out of eleven cases of accurately 
measured radiation widths of two or more levels in a 
given nuclide, only the target nucleus 4In"° and 
probably ¢3;Eu'®! show a well-defined variation in Ty. 
They consider the apparent variation in I’, for Lu as 
questionable because of uncertainties of isotopic 
identification of resonances. Both 4In"® and ¢3Eu'® 
also appear to exhibit a difference in the relative 
population of isomeric states* from different resonances 
in the same isotope. More recent results’ indicate a 
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variation of I, for® ;,Hf'”’, for! 5:Sb"!, and for? sAg'™. 
The variations in I’, for a single nuclide are not large; 
for In, Eu, and Hf they are ~10% although the 
values of I, for Sb appear to differ by almost a factor 
of two. In none of these cases is sufficient information 
available to relate the spin of the resonances to these 
variations, but the natural assumption is that the two 
spin states play an important role. However, for 
svAg'® the measured values’ of I’, appear to differ even 
for the same spin state. 

Turning now to the high-energy portion of the 
gamma-ray spectra, the differences in I’, reflect dif- 
ferences in the mechanism of depopulation of the 
initial transitions. There is evidence from thermal 
neutron capture*® indicating that the prominent high- 
energy gamma rays (e.g., of energy greater than half 
the binding energy) from heavy nuclei are predominately 
initial transitions, and these might be most sensitively 
dependent on the parameters of the resonance, A 
particularly favorable case has been investigated'® where 
the compound nucleus, soHg”, could reach the ground 
state directly by £1 radiation from the one spin state 
and was forbidden by the 0—O selection rule to go 
directly to ground from the other spin state. 

Concerning the low-energy portion of the capture 
gamma-ray spectra, it is difficult to predict the magni- 
tude of variations with resonance energy. The dominant 
features of this region often come from transitions 
between the low-lying states. The transition rate 
directly to one of these states from the initial state*- 
has been found to be small compared to the transition 
rate from these lower states'! and the average multi- 
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plicity” of the gamma rays is 2 to 4. However, since 
dipole radiation appears to be favored*:* (at least for 
the more energetic transitions) and since the multiplicity 
is not a large number, the variety of spin routes from 
the initial level to a low level is limited, and the popula- 
tion of the low levels can sometimes be expected to 
depend on the spin of the initial state. Two experimental 
results encourage this point of view. First is the 
variation in relative population* of pairs of isomeric 
states in 4In"® and ¢43Eu'” for various capturing 
resonances. Second, the recent experimental evidence” 
for the isomeric ratio rule shows that for neutron capture 
by even-even target nuclei, where the spin of the 
compound nucleus is known to be 3, the fraction of 
cascades populating the member of an isomeric pair 
of states with spin nearest that of the capturing state 
has a median value greater than 90% and 11 out of 13 
cases are above 85%. 

The above considerations indicate that 4In'"® 
would be a good target nucleus with which to look in 
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Fic. 1. Detection geometry used for determining the gamma-ray 
spectra caused by resonance neutron capture. The pulsed neutron 
source is beyond a shielding wall and collimator to the left and 
is 3.3 m from the indium sample. 


detail for variations of the capture gamma-ray spectra 
from different resonances. It is also useful that three 
agin" resonances are available below 10 ev with 
capture cross sections’ greater than 10° barns. In 
addition it will be seen that there are 4 prominent peaks 
in the gamma-ray spectra below 300 kev so that relative 
intensities can be compared rather than absolute 
intensities which are more uncertain because a series 
of measurements must be compounded. Another 
favorable target nucleus, 72Hf'”’, has revealed! a 
difference in the low-energy gamma-ray spectra of the 
1.1- and 2.4-ev resonances. 


II. EXPERIMENTAL PROCEDURE 


The method of obtaining data was similar to that 
already reported.’ The electron linear accelerator 


12C, O. Muehlhause, Phys. Rev. 79, 277 (1950). 

3B. B. Kinsey and G. A. Bartholomew, Phys. Rev. 93, 1260 
(1954). 

4 E. der Mateosian and M. Goldhaber, Phys. Rev. 108, 766 
(1957). 

 Bockelman, Fenstermacher, and Draper, Bull. Am. Phys. 
Soc. Ser. IT, 2, 41 (1957). 
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Fic. 2. Counting 
rate as a function 
of neutron time-of- 
flight for 0.094 g/cm? 
of indium at 3.3 m 
flight path. The 
channel width is 1.9 
usec. Gates A, B 
and C were used 
in obtaining the data 
of Figs. 3, 4, and 5, 
respectively. 








150 200 
Time-of-Flight (channeis)-- 


produced 1.5-ysec, 250-ma bursts of 6-Mev electrons 
on a gold target at a repetition rate of 100 pulses per 
second. The incidence of the resulting bremsstrahlen 
on a beryllium cylinder produced the bursts of neutrons 
which were moderated in a surrounding water jacket. 
The neutron source was 3.3 m from the indium sample 
(to the left in Fig. 1), and it was separated from the 
sample by an 8-ft concrete wall with a 12-in. diam 
aperture, the central 2-ft length of which was filled 
with concrete with a 3-in. aperture to collimate the 
neutrons. The details of the detection geometry are 
shown in Fig. 1. 

Figure 2 shows the uncorrected counting rate vs 
time-of-flight of the neutrons when NalI(TI) pulses 
were accepted from all gamma rays above an energy of 
100 kev. The three lowest energy resonances of the 
In" target nucleus are clearly separated. 

Figures 3-5 show representative spectra of pulse 
heights caused by neutron capture gamma rays for 
these three resonances. Pulses were accepted only during 
the time intervals A, B, and C for Figs. 3-5, respectively. 


Fic. 3. Typical 
gamma-ray spectrum 
in the region 0-350 
kev from’ neutron 
capture in the 9.1-ev 
resonance of the 
compound _ nucleus 
4g91n"6, Sample thick- 98 kev 


ness was 0.094 g/cm’. 67 kev 188 kev 
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Fic. 4. Typical 
gamma-ray spectrum 
in the region 0-350 
kev from neutron 
capture in the 3.86- 
ev resonance of the 
compound _ nucleus 
oin"®, Sample thick- 
ness was 0.094 g/cm?. 


fy 


98 kev 
67 kev 


a\ 
188 kev 280 kev 





| l ! l | 
100 200 300 
Y-Ray Energy in kilovolts 








DRAPER, 


Fic. 5. Typical 

gamma-ray spectrum 

in the region 0-350 

kev from neutron 

capture in the 1.46- 

: ev resonance of the 
compound nucleus 

| agIn"!®, Sample thick- 
ness was 0.094 g/cm?. 
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A single run like that of Fig. 4 required five hours. 
The three spectra were always measured within one 
day with no changes in conditions other than the 
position and duration of the time gate. 

For comparison with the resonance neutron capture 
gamma-ray spectra, and in order to make better 
gamma-ray energy measurements, the geometry of 
Fig. 6 was used to obtain the spectrum from the capture 
of thermal neutrons which is dominated by capture 
in In"®. In this case the indium sample was placed about 
3 inches to the side of the pulsed neutron source, and 
another lead collimator similar to that shown in Fig. 6 
was placed just in front of the accelerator target and 
3 inches to the side of the accelerator axis. Consequently 
the scintillator was shielded from the accelerator 
flash, and only the indium sample was visible through 
the collimator at a distance of 3 m from the scintillator 
position. The 0.65 g/cm? of Li® in front of the scintillator 
removed slow neutrons from the beam without produc- 
ing appreciable gamma radiation, although the neutron 
flux at the detector position was sufficiently small that 
the Li® had negligible effect. The time gate was opened 
at 125 usec and closed at 250 usec after the accelerator 
pulse. Figures 7 and 8 show the resulting thermal 
neutron capture gamma-ray spectrum. The data 
collection time for Fig. 7 was 25 minutes with about 1 


Gommo - Roy 
Beom 





KI4i8 
Multiplier 


3 meters to 
indium Sample 


Scale - inches 


Fic. 6. Detection geometry used for dete rmining the gamma-ray 
spectrum caused by thermal neutron capture in indium. The 
indium sample is next to the neutron source and they are 3 m 
ot the left beyond a shielding wall and collimator. 
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count per two accelerator pulses. The background 
spectrum with the sample removed was smooth with a 
counting rate less than 10% of foreground. 


III. GAMMA-RAY ENERGIES 


The gamma-ray energy calibrations were made by 
comparisons with In", Hg’, Na*, and Cs"? which 
furnish calibration points at 70, 192, 279, 511, and 661 
kev. In the resonance capture work, scattering of the 
x-ray flash by the sample into the scintillator caused an 
initial drift of the pulse height with an equilibrium value 
about 10% higher after 30 minutes of accelerator 
operation. Consequently, the system was allowed to 
reach equilibrium before collecting data, and all 
energy calibrations were made under these conditions 
with the sample in place and the accelerator in operation. 

The energies of the gamma-ray peaks from neutron 
capture in In"® are assigned as 280+10, 188+8, 98+6, 
67+7, and 24+4 kev. The energy of the 24-kev peak 
is in good agreement with that of the K x-ray of indium. 
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Fic. 7. Typical gamma-ray spectrum in the region 0-350 kev 
from thermal neutron capture measured in the geometry of Fig. 6. 
The indium sample thickness was 0.0094 g/cm?. 


The lack of knowledge of the level scheme of 49In!¢ 
precludes the assignment of the observed gamma rays 
to particular levels. Previously published observations'® 
of the low-energy gamma rays from thermal neutron 
capture by indium showed peaks at 160+10 and 
256+ 10 kev, and the discrepancies are not understood. 
The high-energy measurements" have not been fitted to 
a level scheme. 


IV. GAMMA-RAY INTENSITIES 


Since the evaluation of internal conversion would 
require detailed knowledge of the multipolarity and 
character of the transitions, the gamma-ray intensities 
will be quoted rather than the transition intensities. 
In order to obtain relative gamma-ray intensities for 
a given neutron resonance the area under each gamma- 
ray peak must be divided by the photopeak efficiency 
appropriate to that gamma-ray energy and by the 


16 B. Hamermesh and V. Hummel, Phys. Rev. 88, 916 (1952). 
17G. A. Bartholomew and B. B. Kinsey, Can. J. Phys. 31, 1025 
(1953). 





RESONANCE NEUTRON 
averaged probability that a gamma ray is not absorbed 
in the sample nor in the intervening material between 
sample and scintillator. The variation of photopeak 
efficiency with energy was obtained by combining Bell’s 
results!’ for various geometries, with our measurements 
using Bell’s method to determine the modifications 
appropriate to our extended source, crystal size and 
the spacing between source and crystal. The effect of 
escape of the iodine x-ray was calculated.!® The absorp- 
tion of gamma rays in the sample was calculated as 
described in the appendix. The absorption correction 
was different for the various neutron energy ranges due 
to different spatial distributions of neutron capture rate 
throughout the sample. Table I summarizes the 
photopeak efficiency, designated P, and the calculated 
averaged probability, designated 7, that a gamma ray 
is not absorbed before reaching the scintillator. 


|98 kev 
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Fic. 8. Typical 
gamma-ray spectrum 
in the region 0-1600 
kev from thermal 
neutron capture in 
in 0.094 g/cm? of 
indium. 
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In order to ascertain whether the relative intensities 
of the prominent gamma ray peaks are different in 
various resonances the composite result of two independ- 
ent sets of runs are presented in Tables II and III. 
The experimental uncertainties listed in Table III 
include the statistical uncertainties, but they are 
primarily due to the uncertainty of interpolating the 
continuum under a peak in order to evaluate the area. 
It should be emphasized that this continuum comes 
from neutron capture in indium and is composed of 
the pulses from higher energy gamma rays in the 
cascade which do not fall into the total-absorption 
peak and many weak, closely spaced, low-energy 
gamma rays which are unresolved. 

18 Lazar, Davis, and Bell, Fifth Scintillation Counter Sympo- 
sium, Washington, D. C., February 28-29, 1956; summarized in 
Nucleonics 14, No. 4, 52 (1956). 

19 P, Axel, Rev. Sci. Instr. 25, 391 (1954). 
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TABLE I. Photopeak efficiency P and probability T that a gamma 
ray is not absorbed before reaching the scintillator. 


9.1-ev 
resonance 


3.86-ev 
resonance 


1.46-ev 
resonance 


Gamma 
energy 


kev Pp T P > 5 F T 
0.90 
0.89 
0.80 
0.62 


0.90 0.81 
0.89 0.92 
0.80 0.98 
0.62 0.99 


67 0.90 
98 0.89 
188 0.80 
280 0.62 


0.79 
0.92 
0.98 
0.99 


0.92 
0.97 
0.99 
1.00 


TABLE II. Relative gamma-ray intensities. 


9.1-ev 
resonance 


3.86-ev 
resonance 


100+-10 
5345 
88+9 
8+2 


1.46-ev 
resonance 


280 100-10" 
188 88-49 


98 116+12 
67 20+4 


Gamma-ray 


® These experimental uncertainties include all effects except summing. 


The absolute intensity in gamma-ray photons per 
neutron captured was measured by the method already 
described" and with a 4in. separation between the 
indium sample and the scintillator. To describe it 
briefly, the counting rate of a particular gamma-ray 
peak is compared with that of the 480-kev gamma-ray 
peak from B!(,y) in a thick sample substituted for 
the indium sample. The thick B' sample captures all 
the neutrons striking it while the fraction of incident 
neutrons captured by the In sample is measured by a 
transmission experiment under the assumption that 
only a small fraction of neutrons is scattered. The 
resulting absolute intensity of the 280-kev gamma ray 
is listed in Table IV. 


V. BACKGROUND INVESTIGATIONS 


Figure 9 shows the results of a series of runs for the 
investigation of background in the resonance geometry 
of Fig. 1. On the left side are shown the spectra of 


TABLE III. Intensity ratio of gamma rays. The ratio R is 
composed of the intensity of gamma ray F,,; divided by the 
intensity of Ey2, and the subscript of R is the neutron resonance 
energy.* 


R3.6/ R146 R3.86/Ro.1 
1.40+0.28 
1.01+0.20 
0.89+0.30 


Eyi:Ey: 

280: 188 

280:98 
67:280 


Ro.i/R1.46 


1.19+0.23 
1.31+0.26 
0.45+0.15> 


1.66+0.32° 
1.32+0.26 
0.40+0.15> 


« If there were no variations of relative intensities of gamma rays with 
resonance energy, all the ratios in this table would be unity. 
> These ratios are considered to depart significantly from unity. 


TABLE IV. Absolute gamma-ray intensities. 


Number of 280-kev photons 


Resonance 
energy (ev) 


1.46 
3.86 


per 
neutrons captured 


1246 


23411 
144-9 
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Fic. 9. Spectral 
measurements for 
background investi- 
gations as described 
in the text. 
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pulses during time gate C taken for the same number of 
monitor counts with and without a thick B' neutron 
absorber placed in the beam to shadow the indium 
sample. These and similar runs taken with time gate B 
demonstrate that most of the counts arise from slow 
neutrons (less than 20 ev). In comparing the spectra 
of different resonances the absence of appreciable 
time-dependent background is of particular importance, 
and these curves demonstrate, for example, that 
hydrogen capture gamma rays originating in the H,O 
neutron monitor and scattered into the Nal by the 
indium sample or the edges of the collimators have 
negligible effect. 

In order to demonstrate that the spectra were not 
only due to neutrons, but due to resonance neutrons 
captured in the indium the upper right spectrum of 
Fig. 9 was taken with time gate B and the lower right 
spectrum was taken for the same number of monitor 
counts with the sample still in place and with a time 
gate of the same duration but displaced 14 usec later 
to fall into the valley between the 3.9-ev and 1.5-ev 
neutron resonances. The resulting spectrum is accounted 
for by the sum of the background like that demonstrated 
at the lower left of Fig. 9 and the contribution of the 
wings of the 3.9-ev and 1.5-ev resonances. In un- 
published experiments on thermal neutron capture in 
a Nal scintillator and in iodine we have observed a 
135-kev gamma ray as the only dominant structure in 
the iodine spectrum. Figure 9 shows that there is 
negligible contribution from the capture by Nal of 
neutrons between gates B and C, and the calculated 
upper limit of the contribution during gates A, B or 


C from the capture by Nal of neutrons scattered by 
indium resonances is 2% of the area of the 188-kev peak. 

The thin sample required to minimize the gamma-ray 
absorption corrections of Table I, and the small 
yield indicated in Table IV dictated that the scintillator 
be placed as close as possible to the sample to obtain 
a usable counting rate. Hence, in order to minimize the 
shift in pulse height and the activation of phosphores- 
cences in the scintillator caused by the accelerator 
flash, the lead shielding was required to be placed as 
shown in Fig. 1. This circumstance necessitated a 
careful investigation of the possible distortion of the 
spectra by the 72-kev K x-ray of lead or by Compton 
backscattering from the lead. The close spacing of 
sample and NaI as compared with the spacing of lead 
and Nal aided in reducing any such effect. The attenua- 
tion factor of the tin absorber for Pb A x-rays was 
> 200, and no difference in the spectrum was apparent 
when the tin was removed. Measurements using Cs'*’, 
Co, B'(n,y), and Cd(n,y) gamma-ray sources in 
this geometry showed that the upper limit of the area 
under a backscattering peak was less than 5% of the 
area under the 280-kev peak. Thus backscattering 
contributed at most a 5% uncertainty to the intensity 
measurements of gamma rays of energies near 250 kev 
but produced even less effect on differences in the 
spectra from different neutron resonances. 

When the detector is close to the sample as was 
required in the resonance geometry of Fig. 1, the 
possibility of summing must be recognized—i.e., the 
increase in height of any gamma-ray pulse which is 
accompanied by the interaction in the scintillator of 
another gamma ray in the same cascade. Since the 





RESONANCE NEUTRON CAPTURE y 


measured detection solid angle is 14% of 4m steradians, 
the effect is not large when the other cascade gamma 
rays are >1 Mev. The correction could not be made, 
however, since it requires a detailed knowledge of the 
scheme. The greatest effect comes in the 
comparison of relative intensities in the resonance and 
thermal geometries. However, summing cannot in- 
validate the detection of differences in spectra from two 
resonances measured in the same geometry. 

It was also necessary to demonstrate the absence of 
any effect from induced radioactivity in the sample. 
A possible source was the 4.5-hour, 335 kev isomeric 
gamma-ray activity in In'® excited by the gamma-ray 
flash. Another was the 54-min beta-ray activity in 
In'"* from neutron capture which is followed” by gamma 
rays of energies 137 kev and 406 kev, among others. 
The 16-sec beta activity of In"® is not accompanied” 
by gamma rays. The first test for interference from 
radioactivity was made by irradiating the sample for 
four hours in the geometry of Fig. 1 and then comparing 
the counting rate obtained in a run like that of Fig. 2 
to the counting rate above background with the 
accelerator off. The detector bias was 35 kev. The 
results showed that the total counting rate above 35 
kev through gate B due to any activities with half-lives 
longer than 2 minutes was 1.3% of the total. Another 
test was made by measuring a spectrum like that of 
Fig. 2 with and without a thick B' absorber shadowing 
the indium. The results showed no observable effect 


cascade 


from activities of any half-life produced by gamma-ray 
or fast-neutron irradiation. Consequently the contribu- 
tion from all known activities is shown to be negligible, 
and the low background of Fig. 2 indicates that there 
must be negligible effect from the only untested 


possibility—viz., gamma-ray activities of half-life less 
than 2 minutes produced by slow neutrons. 


VI. DISCUSSION 


The following relevant information is available 
concerning indium. The radiation‘ widths IT, are 
(7242)K10 ev, (81+4)xX10- ev, and (80+40) 
X 10- ev for the 1.46 ev, 3.86 ev, and 9.10 ev resonances, 
respectively, for the target nucleus ygIn™. The ground 
state of the target nucleus qgIn'"" is go). according to 
the shell model so the compound nucleus formed by 
slow (L=0) neutron capture is 5+ or 4+. Only the 
lowest (1.46 ev) resonance has an assigned spin® which 
is 5. The neutron binding energy*‘ is 6.59+0.2 Mev. 
The isomeric pair of effective terminal levels for the 
cascade gamma rays are the 13-sec In"® which is 1+ 
and the 54min In"® of spin 5 which appears to be 
about 70 kev above the 13-sec state.2!* In thermal 

2” Burkhardt, Winhold, and Dupree, Phys. Rev. 100, 199 (1955). 

21 Slatis, Du Toit, and Siegbahn, Arkiv Fysik 2, 321 (1950). 

* F. I. Boley, Phys. Rev. 94, 1078 (1954). 

23 Dabbs, Roberts, and Bernstein, Phys. Rev. 99, 1652A (1955). 

%4 J. A. Harvey, Phys. Rev. $1, 353 (1951). D. J. Hughes and 


J. A. Harvey, American Institute of Physics Handbook (McGraw- 
Hill Book Company, Inc., New York, 1957), Sec. 8. 
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neutron capture the 54-min and 13-sec levels are 
populated in the approximate ratio of 3 to 1, so the 
isomeric ratio rule" is satisfied also by indium. Since 
further details of the level scheme of gIn"’® are not 
known, no assignment of the observed transitions can 
be made. 

The relative intensities listed in Table III show at 
least two differences in the low-energy gamma-ray 
spectra for neutron capture resonances producing the 
compound nucleus 4In"®. First, the intensity ratio of 
the 280-kev and 188-kev gamma rays is not the same 
for the 1.46-ev and the 3.86-ev resonances. Second, the 
intensity ratio of the 280-kev and 6/7-kev gamma 
rays is not the same for the 1.46-ev resonance as for 
the 3.86-ev and 9.1-ev resonance. 

The relative intensities for thermal neutron capture 
are not listed in Table I]. While they are approximately 
the same as those for the 1.46-ev resonance, a detailed 
comparison is of questionable validity because of the 
different geometry used for thermal capture, and the 
intensity was too low to permit a good measurement for 
the thermal capture spectrum in the geometry of 
Fig. 1. The amount of summing for the thermal 
geometry is negligible, but it is probably not negligible 
in the resonance geometry of Fig. 1. As discussed 
before, summing does not invalidate the detection of 
changes in spectra for the resonances and has only a 
second-order effect in Table ILI. The comparison of the 
intensity ratios of Table III for different resonances is 
the same as the comparison of the ratios of the areas 
under gamma-ray peaks in Figs. 3-5 modified only by 
the absorption correction T of Table I. Since this 
correction is small the determination of differences in 
relative intensities is direct. 
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APPENDIX. GAMMA-RAY ABSORPTION 


The problem is to determine the fraction of gamma 
rays absorbed in the sample foil after integration over 
all or part of a neutron capture resonance. The various 
parts of the resonance give different distributions of 
gamma-ray sources throughout the elemental layers of 
foil so it is necessary to integrate over the depth in the 
foil and over the neutron resonance. Consider a parallel 
incident beam of neutrons and use the approximation 
that those gamma rays departing from the foil which 
are detected all have the same angle of exit with respect 
to the neutron beam direction. In these experiments the 
sample is usually of sufficiently large Z and sufficiently 
thin that for the lower energy gamma rays where 
the absorption is of importance, the photoelectric 





912 DRAPER, 
process dominates scattering. Hence it will be approxi- 
mated that all gamma-ray interactions remove the 
photon from further consideration. Consider that the 
foil has a full thickness V, along the direction of the 
incident neutron beam and a full thickness V, along 
the sample-to-detector direction. The total neutron 
cross section is ¢, (which is dependent on the neutron 
energy £), and the gamma-ray cross section is cz. 
The gamma-ray spectrum is to be measured over the 
neutron energy interval from £; to E:. Then after 
integration over the foil depth, the fraction f of gamma 
rays which escapes the sample in the direction of the 
detector can be shown to be 


E2 


on 
f= f dE( 1 — e~Nnen—Naee | ‘ 
a Ontoz 


B2 
f dE[1—e-Naon), 
BE 


1 


(Al) 


If oc, is independent of E over EF: EK £2, then f is 
just the ratio of the integrands. If V,0,<1 over the 
neutron energy interval, then regardless of the energy 
dependence of o,, the result is 


f=(1—e-N 2") /N oz. (A2) 


When og, has the Breit-Wigner resonance dependence, 
and when the time gate extends essentially over 
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the entire resonance (such as A and B of Fig. 2), then 
the integral in Eq. (A1) can often be evaluated simply 
by series expansion. However, the analytic expression 


Nw: \}* 
f= [ircvees( 1+ ~~) (A3) 
Nrowho 


results for the case exp(—N.02)K1 and Noo. 
Here ow is the peak total cross section and yo is the 
factor® by which the peak cross section is reduced by 
Doppler broadening of the resonance. For the lower 
energy resonances, where Doppler broadening is not 
too large, its effect in Eq. (A1) can be included suf- 
ficiently accurately by incorporating the correct 
properties that the peak cross section is oo and that 
the area under c,, is unchanged by Doppler broadening, 
but by using the scaling factor Yo on the energy axis of 
the Breit-Wigner resonance formula for op. 

It is recognized that the application of these formulas 
should be restricted to situations where the correction 
is not large. However, such is usually the case of 
interest since when the absorption is large the peaks 
are masked by the compton part of the NaI response 
to higher energy gamma rays which are not so 
attenuated by absorption in the sample. 


35 Rose, Miranker, Leak, and Rabinowitz, Brookhaven National 
Laboratory. Report BNL-257, 1953 (unpublished). 
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Studies of Decay Schemes in the Osmium-Iridium Region. I. Isomers 
Os!°°"(10 min) and Os!*°"(5.7 hr)* 


G. ScHarFF-GOLDHABER, D. E. ALBuRGER, G. HARBOTTLE, AND M. McKEOwN 
Brookhaven National Laboratory, Upton, New York 
(Received April 14, 1958) 


While the decay-scheme of the even-even isomer Os!®"(10 min) 
has some similarity with that of the “rotational” isomer Hf}®™, 
it differs from the latter in that Os!™ lies in the transition region 
between the nuclei with rotational and those with near-harmonic 
level schemes. It was previously believed that the lifetime deter- 
mining transition in Os!" was a 620-kev transition followed by 
three lower energy gamma rays. We find, however, that the iso- 
meric transition is a previously overlooked 38.4-kev 72 transition 
with an | |?=2.6X10~ (“‘K forbidden’’). It is followed by four 
successive y rays. Internal conversion electron studies by means 
of an intermediate image spectrometer yielded y-ray energies of 
187+1 kev, 35942 kev, 500+3 kev, and 614+3 kev. All four 
transitions are of electric quadrupole character, suggesting that 
the levels populated are 8+, 6+, 4+, 2+, 0+ (ground state). 


INTRODUCTION 


HE disintegration scheme of Os!” was studied 
in the course of an investigation of the K- 
capturing iridium isotopes with even mass number, 
which was undertaken for the following reasons: 
Previously it had been shown that groups of “‘near- 
harmonic” even-even nuclei exist between the nuclei 
with filled neutron and/or proton shells—nuclei which 
have been more or less successfully treated by shell 
model analysis—and the strongly deformed nuclei in 
the rare earths and heavy element regions, whose 
properties were so successfully interpreted by Bohr and 
Mottelson.? The level energies of the near-harmonic 
nuclei, as well as the probabilities for transitions 
between their levels, have been interpreted by using the 
Bohr-Mottelson Hamiltonian for the weak coupling 
case.’ This interpretation is in agreement with impor- 
tant new evidence recently obtained by various au- 
thors.‘ The transitions from the near-harmonic pattern 
of level schemes to the rotational pattern characterizing 
the strong-coupling regions take place more or less 
abruptly at 88<N<90 (A~150)*® and at 86<Z<88 
(A~220).5 According to Mottelson and Nilsson® the 
“breaking up of the /1/2 shell’’ is responsible for the 
dramatic change as a function of neutron number. It 
seems plausible that the reason for the change of nuclear 


* This work was done under the auspices of the U. S. Atomic 
Energy Commission. 

1 Scharff-Goldhaber, Alburger, Harbottle, and McKeown, Bull. 
Am. Phys. Soc. Ser. II, 2, 25 (1957). 

2A. Bohr and B. R. Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 27, No. 16 (1953). 

3 Gertrude Scharff-Goldhaber and J. Weneser, Phys. Rev. 98, 
212 (1955). 

See Gertrude Scharff-Goldhaber, Proceedings of the Uni- 
versity of Pittsburgh Conference, June 6-8, 1957 (unpublished). 

5 G. Scharff-Goldhaber, Phys. Rev. 103, 837 (1956). 

6B. R. Mottelson and S. G. Nilsson, Phys. Rev. 99, 1615 
(1955); S. G. Nilsson, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 29, No. 16 (1955). 


Delayed coincidence measurements by A. W. Sunyar show that 
the two lowest energy transitions of 359 and_187 kev take place 
between the levels 4+—2+ and 2+-—0+ respectively and it 
may be expected that also the two higher energy y rays follow 
each other in the order of decreasing energy. However, in contrast 
to the level spacings in true rotational nuclei, the level energies 
are far from being proportional to J(J+1), and cannot even be 
represented with the help of a correction term ~/?(J+1)*. 

The six-hour osmium isomer, which was discovered by T. C. 
Chu and assigned by him to Os!™™, was identified instead as 
Os!8"_ The half-life was found to be 5.70.1 hour. The isomer 
decays by a 30.0-kev M3 transition to the ground state with 

M |?=2.2X10-5. 


shape with increasing proton number is essentially the 
same. 

As it seemed of great interest to investigate whether 
there exist nuclear level schemes intermediate between 
the two extremes of near-harmonic and rotational, it 
was decided to study the third existing transition region 
consisting of the even-even osmium (Z=76) nuclei, 
which are flanked on one side by the rotational hafnium 
(Z=72) and wolfram (Z=74) isotopes and on the 
other by the near-harmonic platinum (Z= 78) isotopes. 
A glance at a graph (Fig. 1) presenting the energies of 
the first excited (2+) states (4;) of even-even nuclei 
for 60< Z<78 shows that such a study would be indeed 
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Fic. 1. Energies of first excited states of even-even nuclei for 
60< ZK 78 as function of neutron number. 
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promising, since the values £; for the osmium nuclei 
bridge the large energy gap occurring between 88<N 
<90. The nuclei Os!** and Os!** had so far been mainly 
studied as decay products of the radioactive isotopes 
Re’®® and Re'*’,7 but as both of these have ground 
states with J=1, no osmium levels with J>2 are 
populated in their decay. However, since the rotational 
band belonging to the ground state of an even-even 
nucleus has a spin sequence 0, 2, 4, 6, 8, ---, the higher 
spin levels are of particular interest in this context. As 
it was known that at least some of the radioactive 
even-A Ir nuclei have higher spins, we decided to study 
systematically their decay by K capture and/or positron 
emission. The work was complicated by two diffi- 


culties: (1) Since osmium is a toxic element, it has so: 


far not been possible to product enriched osmium 
isotopes, which would have served as prolific sources of 
specific radioactive iridium isotopes via the (d,p) 
process. (2) Two pairs of Ir isotopes have similar half- 
lives : one pair consists of Ir and Ir'*® (~ 12 days), the 
other pair consists of Ir'*’ (10.4 hr) and Ir'** (16.6 hr)§; 
the second pair was identified during the course of 
these studies. However, these difficulties were finally 
overcome by using enriched Re isotopes and employing 
the Re!*.!87(q,47) 21,23 process with suitable alpha- 
particle energies, which enabled us to study each Ir 
Isotope separately. Our results showed that the level 
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Fic. 2. Scintillation spectrum of Os!™ (10 min) taken with a 3-in. 
Nal(TI) crystal. Gamma-ray energies are given in kev. 


7 Most recently by K. O. Nielsen and O. B. Nielsen, Nuclear 
Phys. 5, 319 (1958). 

8 Scharff-Goldhaber, McKeown, Alburger, and Hudis (to be 
published). 
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schemes of the nuclei Os!8*, Os!*8§ Os!, and Os!” 
represent indeed a gradual transition from the rotational 
to the near-harmonic pattern.‘ 

In this paper the evidence for the levels of Os!® 
populated in the decay of the isomer Os! will be 
presented. The disintegration scheme of the isomer 
Os!” was a by-product of this work. 


A. DECAY OF Os!%™(10 min) 


The 10-min Os activity was discovered in 1950 by 
Chu,’ who was also able to assign its correct mass 
number. It was observed to grow from a 3-hr Ir activity, 
which was produced in two different ways, by deuteron 
bombardment of Os and by a-particle bombardment of 
Re!87, 

A study of the radiations from the 10-min activity 
by Aten, Feyfer, Sterk, and Wapstra” led to very 
interesting results: they found that it emitted four 
y rays in cascade, with energies of 186, 360, 510, and 
620 kev. The lowest energy y ray fitted in well with the 
known regularities of first excited states of even-even 
nuclei and was therefore assumed to be an electric 
quadrupole transition leading to the ground state. The 
intensity of the 620-kev y rays seemed slightly lower 
than that of the other three y rays and was therefore 
thought to be the isomeric transition. Lifetime con- 
siderations led to the multipole assignment M4. The 
510- and 360-kev y rays were assumed to follow each 
other in the order of decreasing energy and were 
believed to be £2 in accordance with the Bohr-Mottel- 
son rotational pattern. The authors further reported 
that the 10-min Os! is not produced by K capture of 
the ground state of Ir’ (12 day) nor by the decay of 
Re (2.8 min). They also reported a third method of 
producing Ir” (3 hr), namely by fast neutron bom- 
bardment of iridium. 

The decay scheme of Os” suggested by Aten et al. 
bears some resemblance to that of Hf!*""!\!? in that it 
also shows a fourfold cascade, but it differs from it in 
four important aspects : 


(1) The energy of the first excited state of Os™ is 
much higher than that of Hf. 

(2) The ratios of the energies of the second and third 
excited states are not proportional to /(/+1) 

(3) It does not include an 8+ state (fourth excited 
state of Hf!*). 

(4) The isomeric transition is in no way analogous 
to that in Hf!*" which is a low-energy (57 kev) Fl 
transition slowed down by an enormous factor (~10!*) 
compared to a single proton transition’*; this large 


*F. C. Chu, Phys. Rev. 79, 582 (1950). 

1 Aten, Feyfer, Sterk, and Wapstra, Physica 21, 740 (1955). 

| Mihelich, Scharff-Goldhaber, and McKeown, Phys. Rev. 94, 
794(A) (1954). Hf!" was first recognized to be the prototype 
of a rotational nucleus by A. Bohr and B. R. Mottelson, Phys. 
Rev. 90, 717 (1953). 

12 Scharff-Goldhaber, McKeown, and Mihelich, Bull. Am. Phys. 
Soc. Ser. II, 1, 206 (1956); and to be published. 





DECAY SCHEMES 
hindrance factor has been interpreted as a consequence 
of the operation of the K selection rule.” 

Since, as was pointed out before, Os! lies in the 
poorly known transition region between the nuclei with 
pure rotational pattern and those with a near-harmonic 
pattern, it seemed important to establish the multipole 
order, and, if possible, the sequence of the four transi- 
tions. We further planned to gain more information on 
the nature of the isomeric transition. 


Experimental Procedure and Results 


The Os!™™ sources were produced by bombarding 
~150-mg Os metal powder with 20-Mev deuterons, 
separating the Ir from the target and then successively 
“milking” 10-min Os daughters which had grown from 
the 3-hr Ir parent. The decay was followed over six 
half-lives by means of a scintillation counter and 7; 


Fic. 3. Coincidence picture obtained from Ir” (3 hr), con 
taining Os'™" (10 min) in equilibrium. The picture confirms the 
result of Aten et al. that the four y rays whose energies are given 
in Fig. 2 are in cascade. [The diagonal spot is due to the coinci- 
dence of two y rays of 317 and 297 kev following the beta-decay 
of Ir (75 day), a small amount of which was present in the 
source. } 


was found to be 9.9+0.1 min. Figure 2 shows the 
scintillation spectrum obtained with a 3-in. NaI(TI) 
crystal. The energies and also the intensities agreed 
fairly well with those found by Aten ef al., but the 
intensity of the highest energy y-ray was incompatible 
with an M4 assignment. If one makes the plausible 
assumption that the lowest energy y-ray is £2, which 
also agrees with the Coulomb excitation data,!*!* the 
intensities of the three other y-rays are compatible 
with electric quadrupole assignments. This leaves the 
isomeric lifetime unexplained. 

Figure 3 gives a graphic confirmation of the finding” 


8 Alaga, Alder, Bohr, and Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 29, No. 9 (1955), p. 9. 

4N. P. Heydenburg and G. M. Temmer, Phys. Rev. 93, 906 
(1954). 

16 P, Stelson and F. McGowan (private communication). 

'6 Barloutaud, Lévéque, Lehmann, and Quidort, J. 
radium 19, 60 (1958). 
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Fic. 4. Internal conversion electron spectrum of Os!" above 
65 kev taken with intermediate image spectrometer at 1.6% 
resolution. The source thickness was 0.7 mg/cm?. The data have 
been corrected for the decay of the 10-min activity and for 
counter background. 
that the four gamma rays are in cascade. It was 
obtained by means of the coincidence sorter technique 
developed by Grodzins.!7 A 3-hr Ir™™ source is placed 
between two scintillation spectrometers forming part 
of a coincidence circuit. Whenever a coincidence occurs, 
the pulses from the two crystals are stretched at their 
maxima and applied to the X and Y axes, respectively, 
of an oscilloscope. Thus a spot appears on the oscillo- 
scope face at the Y—Y position corresponding to the 
energies of two coinciding y rays. The coincidence 
spots are of course reflected on the 45° line. No lower 
energy y ray coinciding with the 4 others was found. 

We then studied the internal conversion electrons of 
the 10-min activity with an intermediate image spec- 
trometer built by one of us (D. E. A.).'* The instrument 
is equipped with a Geiger counter with a 3.5-mg/cm? 
mica window. Figure 4 shows the conversion electron 
spectrum with the well-separated K and L lines of the 
four transitions. The energies obtained are given in the 
figure: the energies of the two higher energy y-rays are 
slightly lower than those given by Aten e¢ al., and are 
in good agreement with our scintillation spectrum. 
From the areas of the lines shown in Fig. 4 we obtained 
the conversion coefficients for the K and L shells of the 
three higher energy transitions by using for normal- 
ization the Z conversion line of the 187-kev transition 
which is known to be £2. The theoretical conversion 
coefficient for this line was obtained by interpolating 
the values given by Rose, Goertzel, and Swift.’ The 
L-conversion line was preferred for this purpose, as 
the correction for window absorption and source thick- 
ness was not negligible for the 187-kev K conversion 
line; especially the source thickness correction would 

7 L. Grodzins, Rev. Sci. Instr. 26, 1208 (1955). 

18D. E. Alburger, Rev. Sci. Instr. 27, 991 (1956). 

19 Rose, Goertzel, and Swift, privately circulated tables on A 
and L conversion coefficients. 
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Fic. 5. Comparison of theoretical (*) and measured (—) 
conversion coefficients for the y rays from Os” (10 min). The 
measured conversion coefficients differ by less than 10% from the 
theoretical ones for E2 transitions (a2). The 187-kev L-conversion 
line has been used for normalization. 


have been difficult to estimate. In Fig. 5 the measured 
conversion coefficients are compared with the theo- 
retical ones! for £1, £2, E3, and M1 transitions. 
Higher electric or magnetic multipoles would yield 
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Fic. 6. Low-energy region of the internal conversion electron 
spectrum of Os! taken with intermediate image spectrometer 
at 1.6% resolution. The L-30.0 kev line is caused by the presence 
of a small admixture of Os!®” (5.7 hr). The curve shown in the 
inset was taken at 1% resolution. The sources used were electro- 
plated on platinum foil from a carrier-free solution. The data 
were corrected for decay of the 10-min activity and for counter 
background. 
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still higher conversion coefficients. From this analysis 
it follows that all four transitions are electric quadru- 
pole. No crossover transitions were observed. A spin 
sequence 0, 2, 4, 6, 8 (even parity) may thus be assumed, 
just as in the case of Hf!*™, 

We then searched for a lower energy electron line 
representing the isomeric transition, but down to the 
cutoff energy for conversion electrons of ~65 kev 
none was found. 

To be able to extend the range of the instrument to 
lower electron energies, we constructed a Geiger counter 
with a VYNS” window 150 ug/cm? thick, which was 
supported by a thin metal grid. The cutoff of this 
counter was at ~8-kev electron energy. In order to 
improve the resolution, the 10-min Os’ sources were 
electroplated on platinum foil from a carrier-free solu- 
tion. Figure 6 shows the spectrum obtained in this 
manner, which consisted of the L, M, and N lines of a 
38.4-kev transition. From this graph one obtains the 
following conversion coefficient ratios: (Li+2n)/Lin 
=1.940.4; Meot/Ltor=0.36+0.04;  Meot/Leor=0.11 
+0.03. 


Discussion 


Table I lists the theoretical conversion coefficient for 
the 38.4-kev transition. In the fourth and fifth lines 
the (Li +-L1y)/Lur and Mior/Lict ratios are compared 
with the measured ones. In the seventh line the meas- 
ured upper limit for the unconverted y rays of 0.5% 
per transition is compared with the various theoretical 
values, which allows us to exclude both magnetic and 
electric dipole transitions. The relative positions of the 
L1+Ln and Lyn lines indicate that the LZ; conversion 
line is more intense than Ly. This information, together 
with the measured (L;+Ly1)/Lir1 and Mtot/Ltot ratios, 
leads to the conclusion that the transition is M2. It is 
very highly forbidden, by a factor” 4X 107°. 

Assuming that the 614-kev y ray follows the isomeric 
transition, we searched for an L-conversion electron 
line corresponding to a crossover M4 transition of 
652 kev. The L line was chosen because the K-conver- 
sion line of this transition would overlap the 614-kev L- 
conversion line. No such line was found; taking into 
account the background it was estimated* that 
(| M|*)052 xev<10-*. ik 

Figure 7 summarizes our results in the form of a 
proposed disintegration scheme of Os!" shown in 
juxtaposition with the decay scheme of Hf'*™. The 
place given to the 359-kev transition in the Os™ level 
scheme is based on a delayed coincidence experiment 
by Sunyar which showed that the 359-kev y ray is 
located above the 187-kev line, and follows the two 
higher energy y rays.”* The experimental determination 


2B. D. Pate and L. Yaffe, Can. J. Chem. 33, 15 (1955). 

21 The formulas for single-particle lifetimes used were those 
given by S. A. Moszkowski, in Beta- and Gamma-Ray Spectroscopy, 
edited by K. Siegbahn (Interscience Publishers, Inc., New York, 
1955), p. 391. 

22 A. W. Sunyar (to be published). 
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TaBLeE I. Comparison of the measured (Z1+L11)/Lin ratio (see Fig. 6) with the theoretical values" for the 38.4-kev isomeric transition 
in Os!” (10 min). Each number in parentheses indicates the power of ten by which the preceding entry should be multiplied. Together 
with the upper limit on unconverted y-rays this information indicates that the transition is £2, E3, or M2, although the measured 
value differs somewhat from any of the three theoretical values. The measured value for Mtor/Ltot agrees best with the theoretical one 
for M2. Moreover, the position of the peak of the Z1+JZn lines (Fig. 6) indicates that LZ; is much stronger than Ly1, which is only 
compatible with an M2 transition. This choice is also supported by the level sequence expected for deformed nuclei as given by Nilsson. 


Experimental a 


Ly 3.00(—1) 
Ly 2.00(—1) 
Lin 2.70(—1) 
Mot 2.9(—1) 


1.85 
0.038 


1.9 +0.4 
0.36+0.04 
Ntot/Ltor 0.11+0.03 
Unconverted y rays per transition <5x10-* 
74(sec) 594 


|M|? 


(L1+-L11)/Lin 
M vot/ Lior 


5x10" 


of the sequence of the 614- and 500-kev y rays has so 
far not been possible, but it is reasonable to assume 
that the given order is correct. The character of the 
isomeric state as deduced from the conversion coeffi- 
cients is 10—. This assignment is compatible with 
Nilsson’s® sequence of orbits: Namely, a pair of 9/2— 
neutrons is split and one neutron moved into an 
adjacent 11/2+ orbit. 

We have noted before that Aten et al.’s"” work shows 
for the 4+ and 6+ levels an appreciable deviation 
from proportionality with 7(/+1). We see now that 
this deviation is even more pronounced for the 8+ 
level. The level energies cannot even be interpreted by 
adding a term ~/*(/+1)* as suggested by Bohr and 
Mottelson.” It is possible that the deviation may be 
attributed to a change in the intrinsic quadrupole 
moment for the higher states. 

Sunyar succeeded in measuring the half-lives 
the 2+ states of Os!" and Hf!*™, and in addition, 
with the help of a new delayed-coincidence technique,” 
also the considerably shorter half-lives of the 44+ states 
as given in Fig. 7. According to the strong coupling 


99 92 


model,’ the reduced transition probability for an E2 
transition (J+2—/) between two states of a rotational 
band belonging to the ground state of an even-even 
nucleus is given by 


, U+1) (+2) 
" (21+3)(21+5) 
From this it follows that 
B,(2) (4+—-2+)/B.(2)(2+—-0+) = 10/7. 
Sunyar’s measurements make it possible for the first 


23 A. W. Sunyar, Phys. Rev. 98, 653 (1955). 
* A, W. Sunyar, Bull. Am. Phys. Soc. Ser. II, 2, 37 (1957). 
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time to check this result: 


Hf'® Os 


1,210.5 0.6+0.3 


We see that there is satisfactory agreement with the 
theoretical value for Hf!*, but that the observed value 
for Os™ is appreciably lower. The result of this study is, 
then, that of the four differences noted earlier between 
Os!” and Hf!*®™, the first and second have been 
confirmed, the second even reinforced, whereas the 
third and fourth were shown to be nonexisting: Os!™, 
just as Hf'®™, decays via an 8+ state, and both isomers 
have low energy, highly K-forbidden isomeric transi- 
tions. Alaga, Alder, Bohr, and Mottelson’ have sug- 
gested, that the degree of K forbiddenness will depend 
on the value of AK—1/, where AK denotes the difference 


~4x10 "sec 4+ 0.546 2.92 
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Fic. 7. Disintegration scheme of Os" in comparison with 
that of Hf'®". The level energies of Os!” are given in Mev and 
the column headed by £,/E, on the right side of each scheme 
shows to what degree the proportionality with 7(7+1) holds in 
the two cases. A truly rotational level scheme would yield the 
following values for E,/E,: 3.33(7=4), 7.00(7 =6), 12.00(7=8). 
The half-life of the 2+—0-+ transition in Hf! was reported by 
Sunyar,”* who has also recently measured the other three half- 
lives,” 
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TaBLeE II. The effect of the nuclear deformation on the validity of the K selection rule (dependence of | M|? on AK —l) is presented. 
The isomeric transitions in Os and in the strongly deformed nuclei Hf'®™ !2 and Hf!78" 2 are compared. 





Os'%™ (AK =10) 
Multipole E, 


Ey Y 
order |M|2 


(kev) 
38.4 M2 2.6X10-° 
652 M4 <10-5 


aie 57 
501 
834 


of the quantum number K for the initial and final 
states of a transition and / the lowest multipole order 
of the transition. Table II compares | M |? for Os, 
Hf!7*,?> and Hf'®™ in terms of AK—/. We see that for 
Os’ the K selection rule is comparatively relaxed. 

In conclusion, we may express the hope that the level 
scheme of Os*°, in combination with the knowledge of 
the matrix elements for the 4+-—-2+ and 2+—0+ 
transitions will encourage a theoretical study of 
‘intermediate coupling” in nuclei. 


B. DECAY OF Os!*% 
Introduction 


In addition to the 10-min Os'™ activity, Chu* found 
a 6-hr Os activity by ‘‘milking” Os from radioactive 
Ir obtained by both the Os+d and the Re+ea reactions. 
This activity was found to have an iridium mother with 
a half-life of several days, which was tentatively 
identified by Chu’ with the 12-day Ir™ isomer, giving 
Os™ the rare distinction of triple isomerism. No 
detailed information on the radiation from this Os 
activity as obtained. 
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Fic. 8. Conversion electron spectrum of the 30.0-kev isomeric 
transition in Os!®® (5.7 hr) taken at 1% resolution with inter- 
mediate image spectrometer. The sources used were electroplated 
on platinum foil from a carrier-free solution. 

2° F. Felber, University of California Radiation Laboratory 
Report UCRL-3618, 1956 (unpublished); M. Bunker and J. 
Mize, 1956 (private communication). 
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Fl 2.6 10-4 
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Experimental Procedure and Results 


We were able to confirm the existence of the 6-hr Os 
activity, using the same production methods as Chu, 
and also the approximate half-life of the Ir mother. 
However, it was found that while the 10-min Os!” is 
also produced by fast neutron bombardment of Ir, no 
6-hr Os results from this process. Hence we concluded 
that the 6-hr activity must be Os!*™, following the 
decay of Ir'*® (11 day), whose discovery was reported 
by Smith and Hollander.” A more accurate measure- 
ment of the half-life of Os'®* yielded a value of 5.7+0.1 
hr. 

The scintillation spectrum from this activity revealed 
only L x-rays, indicating a low-energy isomeric transi- 
tion. 

We searched for this transition using the inter- 
mediate image spectrometer with the same Geiger- 
counter window as was used for the study of the iso- 
meric transition in Os, and thus discovered the 
L, M, and N conversion lines from a 30.0-kev isomeric 
transition (Fig. 8). No other conversion electron line 
was found. From this spectrum we derived the intensity 
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Fic. 9. The disintegration scheme of Os!*”" is compared here 
with that of Os!" as reported by Mihelich and Goldhaber.”* 
Both isomers decay by M3 transitions, but in the less deformed 
Os!*! the 3/2— level lies above the 9/2— (ground) state, whereas 
the reverse is true in Os'®*, whose ground state was measured to 
be 3/2. The values for |M|* were obtained by comparing r,— 
obtained by multiplying the measured mean life +r by (1+<a), 
where a denotes the total conversion coefficient for an M3 transi- 
tion—with the theoretical single-particle lifetime given by 
Moszkowski.”! 


~ 26 W, G. Smith and J. M. Hollander, Phys. Rev. 98, 1258 (1955). 





DECAY SCHEMES 


IN Os Ir 


REGION 919 


Tas e III. Comparison of measured (L1+L)/Lin and Mtor/L11 ratios (see Fig. 8) with theoretical values” for 30.0-kev isomeric 
transition in Os'#™ (5.7 hr). Each number in parentheses indicates the power of ten by which the preceding entry should be multiplied. 
The measured ratios indicate unambiguously that the transition is M3. 
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4.00(—1) 3.90(+2) 
, 6.00(—1) 3.40(+2) 
Mot 
(Ly+-L11)/Lin 
Mtor/Lim 
Neot/Lin 
Unconverted y-rays 
per transition 
74 (sec) 


(\M|2 


0.25 +0.05 1.48(0) 1.17(0) 


0.53 +0.10 
0.154+0.025 


<3x10™ 3.3X107. 1x10° 


2.06 X 104 


ratios (1it¢+-Liy)/Lin =0.25+0.05, M/Ly1=0.53+0.10, 
and N/Ly1=0.154+0.025. Table III compares the 
relative intensities of the (113+Z11), Lim, and M lines 
with the theoretical values.’* No 30-kev y ray was 
found. An upper limit J+30 kev/Jtx-rays< 1/3000 was 
deduced from the scintillation spectrum. Only an M3 
assignment for the 30.0-kev transition is comparible 
with these data. Compared to a single neutron transi- 
tion as given by Moszkowski,”! |M|* for this M3 
transition is 3.8 10°. 

The spin of the ground state of Os'*® has been meas- 
ured to be 3/2?’; hence we may assign a spin 9/2 to the 
isomeric state. According to the shell model (M. G. 
Mayer), a spin 3/2 state for 113 neutrons would be 
expected to be 3/2; the isomeric state would then be 
foy2. From the point of view of the unified model, on 
the other hand, we have to assign to the ground state 
and isomeric state the characters 3/2- and 9/2- re- 
spectively, which indeed appear in this order in Nils- 
son’s diagrams® for 6>0.18. Figure 9 summarizes our 
results on Os!®™ (5.7 hr). 

It is interesting to compare this decay with that of 

27K. Murakawa and S. Suwa, Phys. Rev. 87, 1048 (1952); 
H. L. Loeliger and L. R. Sarles, Phys. Rev. 95, 291 (1954). 
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Os!!™ (14 hr)*® whose isomeric transition is also M3. 
However, in this case the ground state probably has a 
9/2— character, whereas the isomeric state is 3/2—. 
This, again, is in agreement with Nilsson’s level scheme 
(in which the 9/2— state intersects the 3/2— state 
at 6~0.18), if we assume that Os’ is less deformed 
than Os!**. From the regular trend of the levels of the 
even-even osmium nuclei with increasing neutron 
number, indicating a decrease in deformation, we may 
conclude that this is indeed the case. However, while 
the level scheme of Os™ indicates that this nucleus is 
only slightly deformed, Os'*® still shows pronounced 
eccentricity. 
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The radiations of Os! and Os!* have been examined in a thin-lens beta-ray spectrometer and in coin- 
cident scintillation spectrometers. Ten gamma rays and seven beta spectra have been detected in the decay 
of Os", revealing energy levels in Ir! at 73, 138, 356, 388, 458, and 558 kev. In order of decreasing end-point 
energy, the relative intensities of the beta spectra of Os! are estimated as 67, 6, 4, 2, 3, 13, and 5. The beta- 
ray spectrum of Os"! has been observed, and the K/L ratio of the 129-kev transition of Os!* has been 
measured as 2.4, corresponding to a mixture of 54% £2 in M1. 





INTRODUCTION 


ADIOACTIVE decay of Os and Os" gives 

evidence of energy levels in Ir™ and Ir. Scintil- 
lation spectrometers and the higher resolution of a 
thin-lens spectrometer have been employed in ex- 
amining the radiations emitted in the decay of these 
radioelements. Some of the energy levels observed are 
also accessible by Coulomb excitation. When possible, 
the level schemes determined by these two approaches 
have been compared. 

The many radioactive sources employed were pre- 
pared for the most part by neutron irradiation of 
osmium in reactors at Brookhaven National Laboratory 
and Oak Ridge National Laboratory. On occasion, 
chemically processed samples were obtained from Oak 
Ridge, although most of the radioactive material was 
produced by neutron irradiation of metallic osmium 
supplied by the authors. In these latter instances, 
chemical separations were not necessary for assignment 
of the radiations, because half-life measurements pro- 
vided sufficiently good identification. However, in 
performing coincidence studies, it was found necessary 
to remove traces of Ir”. Because of the low abundance 
of Os'* and the comparatively long half-life of Os'*, 
only small amounts of this activity are present. 


OSMIUM-193 


Previous study’ of the radiations of Os" has re- 
sulted in the assignment to it of as many as five 
beta-ray spectra and nine gamma rays. In addition, a 
metastable level 7,= (5.70.5) X 10~* sec at 655 kev 
above the ground state of the residual nucleus, Ir’, 
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has been reported by McGowan.* In the paragraphs 
following, measurements will be described, the results 
of which may be compared with the earlier data. 

The sources for the measurement of the beta-ray 
continuum and internal conversion lines were mounted 
on thin backings of ““Nu-Skin.”’ An emulsion was made 
of the activated powdered osmium, and a drop was 
evaporated upon the Nu-Skin backing over an area 
about one-fourth inch in diameter. By means of a 
baffle adjustment, the resolution of the spectrometer 
was set at two percent. An anthracene crystal, 2 mm 
thick, was employed as the detecing device. 

Fermi-Kurie plots of the beta-ray spectra of Os! 
are shown in Fig. 1. Two components were resolved 
having end-point energies of 1105+10 and 660+20 
kev. The harder spectrum had an abundance of about 
77%. As will be shown later, these two beta-ray groups 
are themselves complex. 

The internal conversion lines of the gamma rays of 
Os'®*, Os!*!, and Os' are shown in Fig. 2. The energies 
of the electron lines and those of the corresponding 
gamma rays are given in Table I. 

The spectrum of unconverted gamma rays was 
measured in a thin-lens spectrometer. Irradiated 
powdered osmium was placed within a brass capsule 
of sufficient thickness to absorb the hardest beta rays 
emitted, and over this source was slipped an aluminum 
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Fic. 1. Fermi plots of the beta spectra of Os. 
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Fic. 2. Internal conversion lines of the gamma rays of Os! , Os'!, and Os!®5. (Energies are given in kev.) Insert at right shows 
the region of low energy corrected for variation with momentum of the detector efficiency. 


cylinder that had a gold bottom 5 mg/cm? thick. — electron lines is shown in Fig. 3 and the data obtained 

Photoelectric secondaries were ejected from the gold are summarized. in Table II. The relative intensities of 

for measurement in the lens. The spectrum of photo- these unconverted quanta were estimated from the 

areas under the photoelectric peaks of the curve of 
Os!85, Os!®!, and Os!%, Fig. 3. 

Beta-gamma coincidences in the decay of Os' were 

rile Interpretation measured with the use of two scintillation counters, 


TABLE I. Internal conversion lines of the gamma rays of 


— ee et Seetene one of anthracene for beta-ray detection, the other of 
36 , “Os "4 Nal(Tl) for gamma-ray detection. The several beta- 
a Os! gamma coincidence curves so obtained are shown in 
bore: Auger a om ile Fig. 4. By employing the beta-gamma coincidence 

} OL Ss Ss Ss" 5d ° ° 
60+1 { 3 eh, , method, it was possible to resolve the two previously 
\138 K Os : 
70+1 73 M Os!85, Os!91, Os! reported beta-ray groups into three components each; 
’ oe , 


AP oo 3 fai these measurements were obtained by confining the 
IL - . ° . 

103+1 106 M Osi detection ol gamma Trays toa single gamma-ray energy 

115 129 L Os! in each instance. The quantum energies are indicated 
if 3191 : e 9 

125 {138 . aaa upon each portion of Fig. 4. 

2 4 Ss 7 e ye 

13541 138 M ' Os! From the data of Figs. 4(A) and 4(B), beta-ray end- 

one =e ae point energies were determined at 540+20 kev and 

243+ an Kk Osis 640+20 kev. From the magnitude of the beta-gamma 

311+3 Os!98 coincidence rate of Fig. 4(C), and the conversion 

380-44 (388 1 jae | coefficient’ of the 138-kev gamma ray, the intensity 

449+4 458 L Os! "a 
558 K Os! 7 Alder, Bohr, Huus, Mottelson, and Winther, Revs. Modern 

ni oo pe eiesnoes eres Phys. 28, 432 (1957). 
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Fic. 3. Secondary electrons generated in a gold converter (5 mg/cm?) by the gamma rays of Os!*, Os!*!, and Os!85, 
(Energies are given in kev.) Insert at right shows the region of low energy corrected for variation with momentum 


of the detector efficiency. 


of the beta spectrum with an end-point energy of 
960+ 25 kev was calculated to be 4%. A Fermi plot 
of the data of Fig. 4(D) yielded two beta-ray com- 
ponents having end-point energies of 1020+25 kev and 
TABLE II. Photoelectron lines of the gamma rays of 

Os!85, Os! and Os!%, 


Interpretation 
Relative 
intensity 

of the 
unconverted 
quantum 


Electron 
energy 
(kev) 


Gamma-ray 
energy (kev) Isotope 
{Osi 

{Osim, Os!98 
Os!85, Os!91, Og!99 





f129 K 
50 { 63 L (Ir x-ray) 
53 KLL Auger elec- 
trons from Au 

[Os'85, Os', Os! 

Os!93 
Os!85, Ogs!91, Ogi 

Os'% 

Os'9! 

{Osis 

{Osis 

Osi93 

Os! 

Osis 

Os'% 

Ir 

Osis 

Os'® 

Os! 

Os! 

{Osis 

Os! 


Os! 85 





735425 kev. The end-point energy of the softer com- 
ponent indicates a level of 356 kev and suggests a 
position in the decay scheme for the 280-kev gamma 
ray. The beta spectrum feeding the 73-kev level was 
calculated to have an intensity of about 6%. This 
percentage was obtained by considering the beta- 
gamma coincidences of Fig. 4(D) lying beyond a beta- 
ray energy of 735 kev, and assuming a conversion 
coefficient of 3 for the M1+ £2 transition of 73-kev 
energy. 

Using a slow-fast coincidence circuit and a 20- 
channel pulse-height analyzer, gamma-gamma _ co- 
incidences were measured by placing the channel of a 
single-channel analyzer at each photopeak of the 
gamma-ray spectrum. Coincidences were observed 
between gamma rays of 73 and 280 kev, 138 and 252 
kev, and 138 and 320 kev. No coincidences were ob- 
served between the 558-, 458-, and 388-kev gamma 
rays and any other gamma rays of the spectrum. The 
foregoing beta-gamma and gamma-gamma coincidence 
experiments have led to the establishment of a level 
structure for the residual nucleus, Ir, They also 
indicate the presence of seven beta spectra. The 
intensities of the unconverted quantum radiations 
(Table IT) coupled with certain assumptions concerning 
some of the conversion coefficients can lead to calcu- 
lations of the relative intensities of the beta-ray spectra 
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and finally to calculations of values of logft. Data 
obtained for Os' are given in Table III. 

The results of the previously described measurements 
and calculations are summarized in the disintegration 
scheme of Os’ shown in Fig. 5. The spin of the ground 
state of Ir' has been measured® as $. According to the 
shell model, the orbital for this level should be dj. 
From the systematics of the odd-A nuclei of this region 
and from a further consideration of the shell-model 
theory, the orbital of the first excited state at 73 kev 
can be taken as s;. From Coulomb excitation experi- 
ments? the spin and parity of the second excited state 
of Ir, lying at 138 kev, have been determined as $+. 
The position of this level corresponds properly to the 
calculated position of the first excited rotational level 
of the ground-state band (K=3$). The level excited at 
356 kev is apparently not the same as the 368-kev level 
observed in Coulomb excitation experiments,’ since 
the 280-kev gamma ray was found to be in prompt 
coincidence with the 73-kev gamma ray. Little can be 


TABLE IIT. Beta spectra of Os™. 


Relative intensities 
(percent) 


ay 
1105 67 
1032 6 

967 

749 

717 

647 

547 


Log ft 


8 W. von Siemens, Ann. Physik 13, 136 (1953). 
® Davis, Divatia, Lind, and Moffat, Phys. Rev. 103, 1801 (1956). 
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VOLTS 


said about the orbitals of the remaining more highly 
excited states of Ir’ because all of the beta spectra of 
Os! are first forbidden in character and the spin of the 
ground state of Os" is not precisely known. Following 
the results of the shell model, the ground-state spin of 
Os' with 117 neutrons could be either p; or p;. The 
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Fic. 5. Disintegration scheme of Os!*, 
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Beta-ray spectrum and internal conversion lines 
of Os!*!, (Energies are given in kev.) 


measured spin values” of the ground states of nuclei 
containing 117 neutrons (Pt'® and Hg") are in each 
case 4. Since the second excited rotational level of the 
ground-state band (K=$) of Ir™ is not excited by 
the beta-decay process, the ground-state spin of Os'® 
may possibly be assigned as 3. Ir has been formed" 
in a metastable state of spin 11/2 by two successive 
neutron captures in Ir’. Owing to the operation of 
selection rules, this level is not excited in the beta 
decay of Os'®. 


OSMIUM-191 


Os! (15 days) has been shown” to decay with the 
emission of beta rays of a muximum energy of 142 kev 
followed by two gamma rays in cascade with energies of 
42 and 129 kev. The beta-ray spectrum and conversion 
lines of Os"! are shown in Fig. 6. To obtain these data, 
the baffle system of the spectrometer was adjusted to 
give a resolution of 1.5%. Superposed upon the beta 
spectrum of Os"! are also faint conversion lines showing 
evidence of the presence of the 74-, 120-, and 160-kev 
gamma rays of Os'®*. 

The K-shell internal conversion coefficient (ax) of 
the 129-kev gamma ray was measured by a comparison 


 R. J. Blin-Stoyle, Revs. Modern Phys. 28, 75 (1956). 
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method wherein the known value" of ax for the 279-kev 
line of Hg?* was utilized. The areas of the internal 
conversion electron lines of these two gamma rays were 
measured in the thin-lens spectrometer under identical 
conditions. Subsequently these same sources were 
employed to measure their respective unconverted 
gamma-ray spectra with a scintillation spectrometer 
including a 5-inch thick NaI(TI) crystal. In these later 
observations a collimator was employed so that a pencil 
of gamma rays fell at the center of the crystal. The 
required conversion coefficient is given by ax«(129) 
= ax (279) (€2/€,)(a1/ad2)(A2/A1), where the subscript 
“1” refers to the gamma ray of 279 kev and the sub- 
script “2” to one of 129 kev. The quantity ¢ is the in- 
trinsic detection efficiency of the 5-inch crystal; @ is 
the area under the pulse-height distribution of uncon- 
verted quantum radiation; A is the area under the 
conversion line. This experimentally determined value 
of ax (129) is 2.1+0.2. 

The Auger electrons released by the 62-kev x-rays 
of iridium could not be resolved from the K-shell con- 
version line of the 129-kev gamma ray. It was therefore 
necessary to correct A» for their presence. This cor- 
rection was obtained from the equation 


7 €3 a, Az 
——=an(279)— — - 
J €, d3 Ay 


by solving for A;, the area under the conversion line 
peak contributed by the Auger electrons. The quantity 
f is the fluorescence yield of the x-rays of iridium. 

From the data of Fig. 6 it was also possible to 
determine the K/L and L/(M-+-N) ratios of the 129-kev 
gamma ray of Os", and they were found to be, re- 
spectively, 2.4 and 3.6. From the observed K/L ratio 
and the conversion coefficients of Rose,'* the 129-kev 
transition was calculated to be a mixture of 54% E2 
and 46% M1. According to theoretically computed 
conversion coefficients for the K shell, this mixture 
would yield conversion coefficients of 1.5 and 1.4," 
values lower than the observed value of 2.1+0.2. 
Previously reported values of this conversion coefficient 
are 0.5," 1.26," 28," 257," 3.2" 
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Targets enriched in Cr® and Cr§ were bombarded with 10-Mev deuterons. Angular distributions were 
measured and Q values determined for four proton groups from Cr®(d,p)Cr® and for six groups from 
Cr*3(d,p)Cr*. For the former reaction the Q values were 5.74, 5.17, 4.77, and 3.43 Mev. For the latter the 
Q values were 7.55, 6.69, 6.24, 4.88, 4.36, and 3.76 Mev. All angular distributions were of type /,=1 except 
for Q=4.77 Mev in Cr®(d,p), for which /,=3. The latter group is interpreted as possibly a single-particle 
fs. state, and these data may therefore reveal the relative position of single-particle fs/2 and p3/2 levels 


UTLER! and others have shown that the yield of 

protons from medium-energy (d,p) reactions 
should be strongly anisotropic. The proton angular 
distribution depends upon the incident deuteron energy 
and most particularly upon the spins and parities of 
the target nucleus and the residual nucleus. The most 
favored direction of proton emission is closely related 
to the orbital momentum /,# of the neutron which is 
captured at the same time, and thus /, can be deter- 
mined by locating the peak of the proton angular 
distribution. In Butler’s formulation of the theory, 
Coulomb forces were ignored, the proton was assumed 
not to interact with the residual nucleus, and scattering 
of the incident deuteron beam was neglected, all in 
the interests of simplification. As a consequence, the 
theory predicts zero yield in certain directions, whereas 
experimental yields merely display minima. Also, the 
relative magnitudes of subsidiary maxima often turn 
out greater than predicted. Again, the angular spread 
of the principal hump in the proton angular distribution 
is often different in theory and experiment. Neverthe- 
less there generally has been fair agreement on the 
direction of maximum yield, which is sufficient to 
determine /, with confidence. 

Stripping reaction data have been used extensively 
to confirm spin and parity predictions of nuclear shell 
theory, especially for ground states. For low mass 
nuclides, up to about A= 40, the data are generally in 
excellent agreement with theory, at least for ground 
states. Beyond A=40 the amount of available data 
falls off rapidly, probably because the Coulomb barrier 
is becoming more formidable and because yields tend 
to become smaller with increasing Z. Coulomb cor- 
rections to the simple Butler theory become more 
important and even a correction due to nuclear effects 
is reported by Tobocman and Kalos® to be ‘‘enhanced 
as the Coulomb effect becomes more important.” Thus 
interpretation of data becomes less reliable at higher 
values of Z and A. 

This paper summarizes the results of a study of 

* This research was supported by the U. S. Air Force through 
the Air Force Office of Scientific Research. 

t Now at Brookhaven National Laboratory, Upton, New York. 
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(d,p) reactions with isotopically enriched targets of 
chromium, using low-resolution apparatus. 

All reactions were initiated by deuterons of 10-Mev 
energy from the Washington University cyclotron. 
Since the Coulomb barrier encountered was about six 
Mev, Coulomb effects, while not negligible, should not 
confuse the results. Continued indications of con- 
sistency with shell theory are found in these data. 


I. APPARATUS AND PROCEDURE 


The scattering chamber was circular and approxi- 
mately 18 inches in diameter. Exit holes were bored at 
angles of 10°, 20°, 30°, etc. on one side and 15°, 25°, 
35°, etc. on the other side of the beam axis. The de- 
tector was a coincidence telescope of two pillbox-shaped 
proportional counters, supported on a rotatable arm 
for positioning. Larger pulses were required from the 
second counter than from the first; to register a co- 
incidence, a proton had to reach the end of its range in 
or just beyond the second counter. The total amount 
of absorbing material traversed by protons in reaching 
the second counter was variable from minimum to 
maximum in 100 equal steps (each step 1.72 mg/cm? 
of aluminum) by remote control of two overlapping 
absorber wheels, each of which carried 10 graduated 
absorber stacks. The minimum total absorber thickness 
could be varied as desired by insertion of additional 
sheets of absorber in the proton path. 

A similar telescope, minus the absorber wheels, 
served as a monitor, and was permanently fixed in the 


ceiling of the chamber, viewing the target from a 35° 


angle. The monitor recorded a count for every entering 
proton having energy higher than some preset lower 
limit. The limit was made high enough to exclude 
protons from the C* and O* which were always present. 
All data were eventually expressed in counts per 
monitor count, to eliminate errors caused by target 
damage during a run. 

Pulses from the counters were fed through pre- 
amplifiers to linear amplifiers, integral pulse-height 
discriminators, and thence to a _ 0.2-microsecond 
resolving time coincidence analyzer. Pulses from the 
monitor were treated in similar fashion, 
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Fic. 1. Proton spectrum from Cr®(d,p)Cr® at 10°. The proton 
group labeled ‘‘2” is from an /,,=3 reaction, and is clearly present 
at angles of 30° to 40°. 


The target materials’ were always in the form of 
insoluble oxides, which were ground fine and mixed 
with water. The slower settling fine particles were 
allowed to accumulate on a support foil of 0.25-mil 
polyethylene foil cemented to a metal frame. A target 
changer permitted as many as three different targets 
to be presented alternately to the beam without opening 
the vacuum chamber. This facilitated comparison of 
spectra from targets having different isotopic con- 
stitutions. One target was enriched in Cr*? to 99.1%, 
and the other was enriched to 90.1% Cr®* and 9.3% 
Cr**. For the Cr®? target, no contaminant correction 
was made in the proton spectrum. For Cr* a subtractive 
correction was made to remove contributions made by 
Cc. 

The spread at half-maximum of a well-resolved peak 
ranged from about 280 kev for 12.5-Mev protons to 
about 450 kev for 18-Mev protons. Proton ranges were 
determined at the half-maximum point on the high- 
energy side of a proton peak. This corresponds roughly 
to a situation where half the particles of the group 
penetrate to the second counter and half do not, the 
spread being due to straggling. The measured range is 





53 
Cr (d,p) at 10° 
eee After correction for 9.3% 
Cr* contamination 
eco Before correction 


Protons 


of 


Number 








1 i 4 deat 4 
10 30 50 ie) 90 ie) 130 
Voriable Absorber Thickness , Arbitrary Units 





Fic. 2. Proton spectrum from Cr®(d,p)Cr at 10°. The solid 
points are corrected for the presence of 9% Cr® in the target. The 
subtractive correction was obtained from Fig. 1. 

‘Isotopically enriched materials were provided by the Stable 
Isotopes Division of the U. S. Atomic Energy Commission. 
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the total aluminum equivalent of the absorber which 
has to be penetrated in order to just reach the sensitive 
volume of the second counter. 

_The resolving power of the detector was low, and 
several instances of two or more overlapping peaks 
were encountered. To analyze these we made use of the 
nearly Gaussian shape observed for several well-resolved 
peaks we have found in this and in earlier work. We 
attempted to analyze overlapping spectra into Gaussian 
peaks of the proper widths. This procedure was made 
easier by the availability of auxiliary information about 
level structure in the residual nucleus, from radio- 
activity studies and other nuclear reactions (see Fig. 5). 

The ordinate for the spectra shown in Figs. 1 and 2 
is the number of coincidence counts per 1280 monitor 
counts. The abscissa gives the thickness of the absorber 
carried by the overlapping absorber wheels, in units of 
1.72 mg/cm? of aluminum. The energy of a proton 
group is determined from the measured range in alu- 
minum and known range-energy relations for protons 
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Fic. 3. Proton angular distributions from Cr(d,p)Cr®. The 

curves are theoretical fits, using different radius parameters in 

the Butler theory. Maximum intensities for the four groups are 

compared in Table I. 


in aluminum.‘ The incident deuteron energy was 
determined for each target by measuring the energy 
of protons from the C!*(d,p)C® ground state reaction, 
using a Q value of 2.73 Mev. 

Theoretical angular distributions were computed 
from the theory of Butler. Three values of the ad- 
justable radius parameter were used, one being the 
Gamow radius of r= (1.70+1.22A!)X10-" cm, and 
the others being, respectively, 10% greater and 10% 
less than that radius. The theoretical curves are arbi- 
trarily normalized at the maximum of the experimental 
distribution on which they are superposed (Figs. 3 
and 4). 


II. RESULTS AND DISCUSSION 


Figure 1 shows the range spectrum at 10° of protons 
from the nearly 100% pure Cr*? target, whose thickness 


~ 4 Aron, Hoffman, and Williams, U. S. Atomic Energy Commis- 
sion Report AECU-663, second revision (UCRL-121), 1949 (un- 
published). 





PROTON ANGULAR 
was about 1.6 mg/cm”. Figure 2 presents the corrected 
and uncorrected proton spectra at 10° from the 90% 
pure Cr® target, 1.45 mg/cm? thick, in which Cr*? was 
the principal contaminant; the necessary subtractive 
correction was obtained from Fig. 1. The group labeled 
“2” in Fig. 1 displays an /,=3 angular distribution and 
is clearly resolved at angles of 30° to 40°. At 10° its 
intensity is so low that it disappears in the tail of group 
“1”, and its intensity can only be estimated by analysis 
of the spectrum into overlapping Gaussian curves. 

The angular distributions for the Cr®?(d,p) reaction 
are plotted in Fig. 3, while those for six proton groups 
from Cr*(d,p) appear in Fig. 4. A summary of Q values, 
l, values, spins, and parities assigned to residual states, 
and relative intensities measured at the peak of each 
angular distribution is given in Table I. 
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The Q values of Table I have been checked against 
and compared with the following: (a) energies of 
gamma rays following the capture of slow neutrons 
in a chromium specimen having normal isotopic 
abundances, measured by Kinsey and Bartholomew® 
and (b) studies of the radioactive decays of Mn™ by 
Deutsch and Elliott® and of V®™ by Schardt and 
Dropesky.’? The degree of internal consistency of the 
data from these sources is shown graphically in Fig. 5, 
where the energy levels of the residual nuclides Cr 


5B. B. Kinsey and G. A. Bartholomew, Phys. Rev. 89, 375 
(1953). 
6M. Deutsch and L. G. Elliott, Phys. Rev. 65, 211 (1944). 
7A. W. Schardt and B. J. Dropesky, Bull. Am. Phys. Soc. Ser. 
IT, 1, 162 (1956). 
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TaBLe I. Summary of data from Cr(d,p) reactions. The last 
column compares counting rates observed at the peaks of the 
angular distributions, to an arbitrary scale which is consistent 
throughout. 


Exc. 
energy 
of resid. 
nucleus 


Relative 
maximum 
intensity® 


Final spin 
and parity 


Q (Mev) be 


1325 


750 


0 5.74+0.07 
0.57 5.17+0.08 
77+0.10 185 
3.43+0.07 1125 
.55+0.07 - 90 
210 

90 

435 

470 

500 


Cr®2(d,p)Cris 


oer) 
— 


tt 


DP IG 
wokeonstroie | 


Cr3(d,p)Cr*4 


* Intensities of angular distribution maxima. 
and Cr* are displayed in columns according to the 
source of information. For convenience in plotting, the 
energy scale in Fig. 5 is for the gamma-ray energies 
leading to the various levels shown in the (,y) column; 
it has been assumed that each gamma ray represents a 
transition directly from the capture state to the ground 
state. The (d,p) data have been presented with respect 
to this scale by adding the deuteron binding energy 
(2.23 Mev) to each Q value, giving, in effect, the binding 
energy, E,, of the last neutron in the residual nucleus. 
It seems evident from Fig. 5 and Table II that the 
degree of consistency is as satisfactory as could be 
expected in view of the limited resolving power of the 
(d,p) experiments. The proton groups observed are so 
broad that they undoubtedly represent close-lying 
unresolved levels in some cases. Moreover a (d,p) 
reaction requiring /,=3 will usually be drowned in 
competition with the normally much more probable 
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Fic. 5. Comparison diagram of energy levels in Cr and Cr, 
as determined in the present work, and as determined by neutron- 
capture gamma-ray studies‘ and by radioactivity measurements.®? 
Some of the (,y) levels may be from Cr*! and Cr®5, since chro- 
mium of normal isotopic abundance was used. 
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TABLE II. Comparison of energy levels as determined (a) for 
Cr® and Cr from Cr(d,p) reactions and (b) as found by energy 
measurements of neutron capture gamma rays (Kinsey and 
Bartholomew, reference 5). 





Relative 
intensity 


Residual 
nuclide @Q(Mev) En(Mev) 


y Tay® E,(Mev 





9.716 
8.881 
8.499 
7.929 
7.67 

7.54 

7.364 


9.78 
8.92 
8.47 
7.97 


Syeawh 


Qs shy 


Cr 
Cr 
Cr* 


Tl Re id =| 


3.43 
3.16 
O 





* Letter designation of y rays as given in reference 5. 


l,=1 reactions which predominate in this mass region. 
As mentioned before, however, one such /,=3 proton 
group was observable in the Cr®*(d,p) reaction because 
of a fortuitous gap in the family of /,=1 groups which 
accompany it, and special mention is made below of 
the associated level in Cr*. 

After neutron number V=28 in shell theory, the 
next levels to be filled include 3, fs, £3, and go/2. With 
24 protons and 29 neutrons, the ground state of Cr* 
should be a pj; state, which is consistent with its meas- 
ured spin of $ and with an /,=1 angular distribution in 
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SHULL 


the Cr®*(d,p) reaction. French and Raz* had previously 
analyzed the results of (d,p) reactions on calcium iso- 
topes, and using this analysis as a guide, Raz® sug- 
gested the following interpretation of the four levels in 
Cr®* observed from the Cr**(d,p) reaction. If it is as- 
sumed that the Cr®* ground state is pure single-particle 
pi, the level at 0.97 Mev (/,=3) then has the right 
relative cross section to be the single-particle fy state. 
If true, this would be the first experimental determi- 
nation of the position of the single-particle f; state with 
respect to the ;, and its presence would support a 
contention by French and Raz that single-particle fy 
and f7z/2 Butler cross sections have the same order of 
magnitude. In addition, the 0.57-Mev (/,=1) level 
has approximately the right relative cross section to 
be the single-particle p; state. The fourth level, at 
2.31 Mev (/,=1), might then be regarded as a py state. 

In Cr*(d,p) we find /,=1 for all observable proton 
groups, and, since the Cr®* ground state is $—, the 
resulting levels in Cr* can all be labeled 0+, 1+, 2+, 
or 3+. No 4+ levels were observed, but this is not 
surprising since this would require /,=3, for which the 
yield is expected to be small by comparison with /,=1. 
In particular, it is conceivable that such a weak group, 
perhaps corresponding to the Cr®™ level at 1.825-Mev 
excitation observed in the V™* decay, could escape 
detection because of competition with a stronger group 
from the Cr®?(d,p) ground state reaction, due to the 
9% contamination of Cr*? in the Cr® target. No indi- 
cation of such a group appeared however, at angles of 
30° to 40°, where an /,=3 angular distribution would 
be expected to peak. 

8 J. B. French and B. J. Raz, Phys. Rev. 104, 1411 (1956). 


®B. J. Raz, Bull. Am. Phys. Soc. Ser. TI, 1, 336 (1956); also 
private communication. 
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Multilevel Formula for the Fission Process* 
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(Received April 2, 1958 


The dispersion theory formalism of Wigner and Eisenbud has been applied to the problem of interference 
between resonances in the slow-neutron fission cross section. The development presented here assumes that 
the process involves one neutron channel and a large number of channels for the capture process. Although 
the treatment, for simplicity, assumes that only one fission channel is open, the relevant expressions for the 


fission cross section are presented in such a form that the generalization to any number of fission channels is 
readily apparent. Although no restriction as to the number of levels is necessary, the results are of practical 
use only when the number of assumed fission channels is small. Multilevel expressions for the radiative 
capture and scattering cross sections are also presented for one fission channel. The radiative capture cross 


section in the absence of fission is given and shown to differ formally from a sum of single-level Breit-Wigner 


terms 


I. INTRODUCTION 


N recent years numerous measurements of slow- 

neutron resonances in the thermally fissile nuclides 
have been made.! As the experimental techniques, and 
consequently the data, have improved, it has become 
apparent that some of these resonances exhibit a 
definite asymmetry in the fission cross section’; their 
shape is not describable by the usual single-level Breit- 
Wigner formula. As an explanation of these observed 
asymmetries, two possibilities have been suggested: 
(1) they are due to the presence of small unresolved 
levels near the more prominent ones; and (2) they are 
due to interference between the resonance levels. While 
it is quite likely that in some cases small unresolved 
resonances are indeed responsible for this effect, there 
is an increasing amount of experimental evidence which 
points toward interference as being a more frequent 
cause. Some of the evidence for this latter hypothesis 
are the following: 

(1) The analysis of the experiments of Shore and 
Sailor’ on U*™* indicates that, although some of the 
resonances in the U™® fission cross section are asym- 
metric, the corresponding resonances in the radiative 
capture cross section show the expected symmetry of 
a Breit-Wigner shape. 

(2) The quantity 7 or v/(1+a) exhibits a net slope 
in the region of an asymmetric resonance. This be- 
havior may be interpreted as evidence for interference.‘ 

(3) For a given process, the size distribution of the 
reduced widths of a large number of levels gives some 


*Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1 Neutron Cross Sections, compiled by D. J. Hughes and J. A. 
Harvey, Brookhaven National Laboratory Report BNL-325 
(Superintendent of Documents, U. S. Government Printing Office, 
Washington, D. C., 1955); D. J. Hughes and R. B. Schwartz, 
Supplement No. 1 to BNL-325 (1957). 

2V. L. Sailor, /nternational Conference on the Peaceful Uses of 
Atomic Energy, Geneva, 1955 (United Nations, New York, 1956), 
Vol. IV, p. 199. 

3 F. J. Shore and V. L. Sailor, Bull. Am. Phys. Soc. Ser. II, 2, 
70 (1957). 

4L. M. Bollinger, in Atomic Energy Research Establishment, 
Harwell Report NP/R 2076 (revised), edited by N. J. Pattenden, 
(1957), p. 21. 


information about the number of channels open to the 
process.® For the fissile nuclei the distributions of fission 
widths are consistent with a small number of fission 
channels. 


In the presence of interference between levels, one 
should use a multilevel formula, since a single-level 
Breit-Wigner formula is not expected to describe the 
individual resonances. One such multilevel formula 
which has been widely used is the approximate form 
given in a paper by Feshbach, Porter, and Weisskopf.® 
In this formula, the individual interfering resonance 
amplitudes are additive, v7z., 


VrAWrj 


oy~ |S ot 
d E,—E-l) 

As Feshbach, Porter, and Weisskopf point out, 
however, because of the approximations made in its 
derivation, this formula may not yield an accurate 
description of the cross section in regions where the 
level widths are of the same order of magnitude as the 
spacing. In the case of the fission cross section of U**,’ 
for example, it appears that the approximations in the 
FPW formula may not be good ones. It is thus of 
interest to develop a multilevel formula which contains 
no assumptions concerning the relation of the level 
widths to their separation. 

The formalism developed in the following section is 
presently being applied to the slow-neutron cross 
sections of U™*,s 


II. DEVELOPMENT OF THE FORMULA 


The basis of the development is the relation between 
the derivative matrix (R) and collision matrix (S) as 


5C. E. Porter and R. G. Thomas, Phys. Rev. 104, 483 (1956). 

6 Feshbach, Porter, and Weisskopf, Phys. Rev. 96, 448 (1954). 

7 Moore, Miller, and Reich, Bull. Am. Phys. Soc. Ser. IT, 1, 327 
(1956). 

8 J. E. Evans and R. G. Fluharty, Proceedings of the Inter- 
national Conference on Neutron Interaction with Nuclei, Columbia 
University, 1957 (to be published). Also, M. S. Moore and C. W. 
Reich (to be published). 
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given by Wigner and Eisenbud?: 
1+:(BRB+C) 

ER geese 
1—7(BRB+C) 


(1) 


The cross sections are then related to the elements, 
S;;, of the collision matrix by relations of the form 


O j= WAP g | b;;—S,;|". (2) 


These cross sections are those due only to resonance 
levels of the same total angular momentum and parity. 
In order to arrive at the experimentally measured cross 
sections, one must add to this the contributions from 
the other spin state. The elements of the diagonal 
matrices w, B, and C contain the properties of the ex- 
ternal regions in the various channels. The R, or de- 
rivative, matrix contains the specifically nuclear terms, 
and has the following form: 


1.XTr 
R=)- : (3) 
a Ey- E 


where 7, XY, is the direct product of the vectors y,."° 
The elements of y, are reduced width parameters, and 
are usually treated as adjustable parameters in the 
application of the theory to a given set of data. The 
sum is over levels in the compound nucleus with the 
same total angular momentum and parity. Since the 
contributions of interfering levels are additive in the 
derivative matrix, it is a convenient quantity with 
which to work. 

For one level, the expression for the elements of 
the collision matrix has the form Sij~yyiyn;/ 
[E,—E-—}iT], the usual Breit-Wigner amplitude. 
One sees that the FPW approximation is equivalent to 
assuming that the contributions from interfering levels 
in the compound nucleus are additive in the collision 
matrix. 

The relationship (1) is quite general, containing as 
it does an infinite number of parameters (the y, and 
E,). It is of practical use only when the number of 
parameters is reasonably small. For the present situ- 
ation, it must describe a nuclear reaction in which three 
processes—scattering, fission, and radiative capture— 
occur. 

It is assumed that there is only one neutron channel, 
since, in the range of neutron energy under considera- 
tion, only neutrons with /=0 are expected to contribute. 
For the reasons previously mentioned, it is quite likely 
that there is a small number of fission channels open; 
and, for simplicity, this number is taken to be one. The 
result for one fission channel is quite easily generalized 
to include any number of such channels. For the emis- 
sion of capture radiation, however, it is assumed that 
there is a large number of exit channels available. The 


°F. P. Wigner and L. Eisenbud, Phys. Rev. 72, 29 (1947). 
1 FE, P. Wigner, Phys. Rev. 70, 606 (1946). 
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relative constancy of the radiation widths for levels of 
the same spin and parity within a given nucleus would 
tend to support this.® The effects of the closed channels! 
are neglected in the following development. Implicit in 
this treatment, of course, is the assumption that the 
dispersion theory is a valid representation of the fission 
resonances. 

Subject to these assumptions, the derivative matrix 
may be written in the form 


Ru 
Ra 
R= Rs 


Ris 
Rx» 
R32 


Ris R, n+2 
Ros +++ Reo mye 
R33 -++ Meese |. 

: : | 
(Rayo1 Rayoe Rages Raye nt2) 

The subscripts 1 and 2 refer to the neutron and fission 
channels, respectively. The subscripts 3, ---n+2 refer 
to the m radiative capture channels. 

The diagonal matrices w, B, C, and 1 are also 
(n+2)X(n+2). One may make the formal manipu- 
lation of the matrix products somewhat more simple 
by partitioning the matrices in the following manner: 


Ru Ry Ris Ri nye 
Ro Ro» Ros 1 R; n+2 


R= ; Rs, Re Rs; R; n+2 


1 Rare 2. Raye 3 A Ruse n+2 


nl B°* Ron 
oa Raxe Raxn F 


One may then treat the matrices as 2X2 matrices 
whose elements are themselves matrices and may form 
the product (BRB+(C) in the usual manner. Let sub- 
matrices of the matrix a=(BRB+C) be defined as 


follows: 
A2x2 Arxn 
a= : 
Anx2 Anxn 


a2x2>= B, 2R22B2.2+ C22, 
aoxn= B22RoxnBaxn; 

anxnr= BayenR nx2B2 2, 

anxn= BaxaRanaBnx at Cw. n- 


L Riss 


> 


where 


Equation (1) may be written 
wo Se 
= 1+ 2i{1—i(BRB+C) }'[BRB+C} 


1—ia22 —182xn 1 f aoe 
=1+2i ' 
1—iaayn anx2 


—1Aay2 


ae, n 
pat | (4) 


In this instance, the problem of inverting 1—i(BRB+C) 
is formally quite simple. The inverse of a 2X2 matrix, 


1 T. Teichmann and E. P. Wigner, Phys. Rev. 87, 123 (1952). 
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each element of which is itself a matrix, is” 


A Sy uf [A—BD“'C} 
(¢ D) ~\(cA“B—D}cA“ 


FORMULA FOR 


PISSION PROCESS 


eee 
(D—CA“B} 


With this identification, the expression for wo 'Sw™ follows from (4). 


f 1+-ta2 2+ iar <n 1 = 18nx ‘a Ya nx2 


_ 1A2n\ 1- 18nxn) ; "18; x2 


21any 2 | l aT 122) “I 


2182xn(1—taaxn) 
9— 1Aoy ,(1—ia, . “J Manx 


—1€a2 


14 etanyentianye(1— tase) Mawr 


(1 —tanyn—ianxe(1—iaeyx2) Maren 1-—tanyn—1Anxe(1—iasy2) Maren 


In order to obtain the various partial cross sections, 
it is necessary to calculate the elements of the first row 
of S. Before this can be done, however, one must 
evaluate the matrix (l—ia,,,,)~'. Neglecting the effects 
of the elements of the matrix C,,.,, one has 


1 — tan yen=1—1BrynRaynBryn 


where 


It is important to note that the components of both B 
and ¥, in (6) refer to the capture channels only. 

Following Wigner,’ one assumes an expansion of 
the form 


_ BXBr\7" 
(1—ianxn) = (1-: ~— ) 


=1+1E Ay(G,XB), 


uy 


where the subscripts » and » refer to the interfering 
levels in the compound nucleus. In order that the 
inverse have the form indicated, the A,, must satisfy 
the following equation”: 


6,.=A,a(Ey—E)—1 ie A,»(B,° Ba), 
where 6,, is the usual Kronecker delta, and 


n+2 
(G,- By) => ByjBxj= > Boy xi»: 
? i=3 
The sum goes over all the exit channels for gamma 
radiation. For \=v, this sum can be thought of as a 
sum of partial radiation widths sincé, on the single 
level definition, 31,;= B;*y,7.° For \¥», if it is assumed 
that the y,; have random signs and exhibit random 
size variations for the various channels /,° this sum, 
when taken over a large number of channels, would be 
2 A.C. Aitken, Determinants and Matrices (Oliver and Boyd, 
London, 1951), p. 139. 


expected to vanish, or at least to be small compared 
to I’,,. One then defines 


( 8, ° 8,) = 31 yyy». 


With this identification, one obtains 
Ayr =6,/(E,—-E—-3T vy), 
and the expression for the inverse becomes 


_ &XBa 
(l-ta,.,)'=14+i>¢ | 
Y Ey —E-HT), 


The matrix multiplications indicated in the expressions 
for the 2X2 and 2X components of w'Sw™ in Eq. 
(5) may now be carried out. 

The matrix agye+tan(1—ianyn)anx2 appearing 
in the 2X2 portion of w'Sw™ has the simple form 
(BR’B+C)>..2, where the subscript 2X2 indicates that 
all matrices are the 2X2 portions of their respective 
unpartitioned matrices, and where R’ is defined by the 
equation 


R’ > (yrX yn) (E,— E—*i1T),). 
» 


The 2X2 portion of S may be written in the form 
1+7(BR’B+C) 
— ©, 
-/RDTe s 
1—i(BR’B+C) 


all matrices being understood to be 2X2. The formal 
effect of a large number of capture channels on the 
2X2 portion of S is to modify the definition of the 
derivative matrix, leaving the form of the relationship 
between it and the collision matrix unchanged. One 
may easily generalize this result to include any number 
of fission channels. In general, if one has m—1 fission 
channels, then the relation (7) holds, if all matrices are 
considered to be the mXm portions of their respective 
unpartitioned matrices. It might be pointed out, in 
addition, that the above development is not limited to 
the fission process, but is valid for any nuclear reaction 
which proceeds primarily through a few channels. 
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Fission Cross Section 


For a single fission channel, 


| ByiBr2 
o12= 401" > / 
» E,—E-dT), 


Bat , : By2? 
(1-ic.-1E— = -) (1-10.15 so nt yy 
R= iT, \ Ay —-E-MT), [ii~-~ 


where the subscript 1 refers to the neutron channel, 
and the subscript 2 to the fission channel. The quantity 
g is the statistical weight factor, and A, is the neutron 
wavelength divided by 27. 


Other Partial Cross Sections 


One may obtain a multilevel, multichannel expression 
for the radiative capture process. The elements of the 
2Xn portion of § may be calculated, depending as they 





ByrBy2 


310 ny 


do essentially upon a knowlec Ige of (l—iany»). For 
all 7 then, one knows the elements, S,;, of the collision 
matrix. The capture cross section, ¢1,, may be written 
as 


n+2 


ly= Arg : ts | Si;|?. 


7=3 


This sum may be carried out with the following result, 
for one fission channel: 


bul (1+b22)?+a22 P] + beadis*— biol 2ai2 2d: otis 2( 2+ be) | 


y= dahil — 
, |[1—i(a 


where a,; and 6;; are the real and imaginary parts 
of Cdyt+Dr[BrBaj/(Ex—E-F7T1,) J, respectively. If 
one assumes no fission, (9) becomes 


a —— (9a) 


(1+0,:)° +a," 


This expression is not formally the sum of single- 
level Breit-Wigner terms. In the analysis of slow 
neutron resonance data in the medium and heavy 
elements, the assumption is commonly made® that the 
capture cross section is the sum of such terms. Ac- 
cording to (9a), this assumption is quite good, providing 
that the neutron widths are much smaller than the 
radiation widths, since under these conditions a1 and 





ta Ti~i (d22+ibo2) ]+ (ai2 + ibys)?|? 


bi: are much less than 1; and 


Y (Ey—E)-440,2 


where I',;=28,;° is the neutron width of the level X, 
and T,y=M),4+TaieT ay is the total width. In such 
cases typical calculations show that the numerical 
differences between (9a) and a sum of Breit-Wigner 
terms are quite small. 

In terms of the element, S,;, of the collision matrix, 
the expression for the S-wave neutron scattering cross 
section is 

on=TAg|1—Si . 


Written in terms of the quantities a;; and 6,; defined 
above, the expression becomes 





u=TArg tein] 14 


where &, is the neutron wave number, and 7; is the 
neutron channel radius. 

The elements of the matrix C appear in the for- 
malism. Assuming the boundary condition of Wigner 
and Eisenbud,’ one may show that 


l 
C.i=- [Furi +66i'+—(Fe+G0)| | 
Pe =ksas, 


where a, is the radius in the channel (s,/), F; and G, 


% See, for example, Fluharty, 
Rev. 103, 1778 (1956). 


Simpson, and Simpson, Phys. 


2i{ (4: +7b)1)— i (ay: +1b;1) (d22+ibos) +1 (a12+2b)2)"} |? 
[1 — 1(4,,+7b,;) J[1 —i(@22+ib22) J+ (d12+1b 12)" |’ 


(10) 


are related to the regular and irregular wave functions, 
respectively, in the external region corresponding to 
the channel (s,/), and primes denote differentiation 
with respect to p,=k,r,. For 1/=0 neutrons, this ex- 
pression vanishes; and we thus take C:=0. In the 
analysis of slow neutron resonances, where the neutron 
energies are varied by less than some tens of electron 
volts, C,,; in the fission channels is essentially constant. 
As such, it may, with the proper choice of boundary 
condition parameters," be taken to be zero. However, 
it may be of interest to note the results of the calcu- 
lation of C,,;. In the fission channels, the F; and G, 
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become the usual Coulomb wave functions and are 
completely specified by the parameters p,, 7s, and /, 
where / specifies the relative orbital angular momentum, 
pPs=k,a,, and n,=Z,Z,'e/(hvs). In order to obtain 
values for p, and n, and thus C,,; in the fission channel, 
it is necessary to make some assumptions about the 
fission process. If one assumes that the kinetic energy 
of the fission fragments at large separations is equal to 
the potential energy at contact, then the boundary of 
the external region is defined by the condition p, = 2n,."° 
On the basis of this crude model and for reasonable 
kinetic energies and charge splits between the two 
fragments, n~ 190, and C,,;~}3 for /=0. 

For simplicity, the elements of the matrix C,,., have 
been omitted. Krotkov'® has shown that, to a first 
approximation, their inclusion leads to a redefinition 
of the T,, in terms of the y; in the scalar product 
($,-$,). Since both the ',, and the y,; are adjustable 
parameters, in practice this distinction is unimportant. 

The elements of the matrix B may also be calculated. 
For neutrons, B,=k,;}, where &; is the wave number 
of the relative motion in the neutron channel. This gives 
the usual E} energy dependence of the neutron width. 
For the fission channels, the elements of B are essen- 

4 Carl-Erik Fréberg, Revs. Modern Phys. 27, 399 (1955). 

16 See, for example, K. A. Petrzhak, Physics of Fission (Sup- 
plement to Soviet Journal of Atomic Energy, translated by Con- 


sultant’s Bureau, Inc., New York, 1957). 
16 R. Krotkov, Can. J. Phys. 33, 622 (1955). 
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tially constant over the range of neutron energy of 
interest. It is then convenient to consider the product 
Byy 2 for the various fission channels as the adjustable 
parameter. The elements of matrix w are pure phases 
and thus do not enter the reaction cross sections. How- 
ever, w; does appear in the expression for the scattering 


cross section. For /=0 neutrons, w;=e~*!"1, where r; 
is the radius in the neutron channel. 


III. DISCUSSION 


The parameters which occur naturally in this for- 
malism are the characteristic energies, E,, and the 
various partial reduced width parameters, y,s. For one 
fission channel, for instance, there would be four 
parameters (Ej, ya1, 8x2, and T’),) per level. In addition 
to these, the reduced width parameters are signed 
quantities. This choice of sign, relative to that of other 
levels, of course, is not completely arbitrary, since it 
must yield the proper type of interference. 

The development presented here may be extended 
to include many fission channels. However, because of 
the rapidly increasing complexity as the assumed 
number of such channels increases, it is of practical use 
only when this number is small. In such cases, the 
inversion of the matrix [1—i(BR’B+(C) ] in (7) is not 
difficult. The inclusion of a large number of levels, 
however, may be treated very simply; it merely involves 
working with more terms in the various sums. 
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Magnetic Form Factor of the Neutron at 600 Mev* 
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The study of electrons scattered inelastically from the deuteron has been extended to 600 Mev. Data at 
500 Mev were reported in an earlier paper. Results are presented for seven scattering angles between 45° 
and 135°. A comparison of the deuteron’s cross section at these angles with the corresponding free proton 
cross sections permits a determination of the form factor associated with the magnetic moment distribution 
of the neutron. Two different methods of analyzing the data are described, and the rms radius of the neutron 
for an exponential density distribution of the magnetic cloud can be shown to lie between the limits of 
0.75X 10~ cm and 0.95X 10~* cm. The rms radius of the neutron may be taken to be (0.80+0.10) x 10-8 
cm and is very close to the value found for an exponential model of the magnetic cloud in the proton. 


I. INTRODUCTION 

N a previous paper! we have described a method of 

studying the internal magnetic structure of the 
neutron. The method involves electrons of high-energy 
scattered inelastically from the deuteron. The work 
reported there was done primarily at a bombarding 
energy of 500 Mev. The conclusions of that paper were 
that (a) the neutron’s magnetic moment distribution is 
spread out (i.e., the neutron is not a point), (b) that 
within experimental error the neutron has the same 
magnetic form factor as does the proton, and (c) that 
the possible difference between the two form factors 
cannot be larger than can be represented by the rms 
sizes of 0.90X10-" cm (neutron) and 0.8010-" cm 
(proton).?~* In addition to these conclusions, there were 
some other observations regarding the theoretical back- 
ground of this problem. All of the conclusions of the 
earlier paper will be discussed again later in this paper. 

In this paper we shall report data taken with the 
same apparatus at a bombarding energy of 600 Mev. 
We have also continued the analysis of the earlier 500- 
Mev data.! We now have a fairly complete angular 
distribution at 600 Mev; that is, we have investigated 
the electrons scattered inelastically from the deuteron 
(electrodisintegration) at laboratory angles from 45° 
to 135°. 

Since this paper is essentially a continuation of our 
earlier one, we shall describe the experimental arrange- 
ment and general method only briefly. 

In this experiment we wish to probe within the meson 
clouds of the neutron and proton with electrons to 
examine the difference, if any, in the angular dis- 
tributions of the corresponding scattered electrons. 


* The research reported here was supported jointly by the Office 
of Naval Research and the U. S. Atomic Energy Commission, and 
by the U. S. Air Force, through the Office of Scientific Research 
of the Air Research and Development Command. 
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2R. Hofstadter and R. W. McAllister, Phys. Rev. 98, 217 
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*R. W. McAllister and R. Hofstadter, Phys. Rev. 102, 851 
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4E. E. Chambers and R. Hofstadter, Phys. Rev. 105, 1454 
(1956). 
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Since we desire to work at large momentum transfers 
and at large angles, we are dealing with the magnetic 


.clouds in both nucleons. The electron-scattering tech- 


nique and related theory will be described here only 
briefly, since several review articles on these subjects 
have appeared lately.*-* 

In order to make a comparison between neutron and 
proton, we use a liquid deuterium target ; and this means 
that, although the neutron and proton in the deuteron 
are almost free, we shall have to take into account the 
fact that the nucleons are in rapid motion. For purposes 
of comparison we also scatter electrons from free 
protons. 

Under conditions of large angle and large momentum 
transfers the neutron should scatter electrons with a 
cross section which depends only on its magnetic mo- 
ment and on the form factor associated with its mag- 
netic moment distribution. This is precisely true in the 
case that the neutron’s electric form factor (Fj,) is 
identically zero. That it is small is known from the 
fact that the over-all charge and second moment of 
the charge of the neutron are zero.®”* In any event 
the conditions of the experiment are such that mag- 
netic scattering is dominant. Since the magnetic struc- 
ture of the proton is known quite accurately, we can 
make the comparison fairly easily, provided we can take 
into account the fact that in the deuteron the nucleons 
move with a certain momentum distribution. 

Because of the above considerations, the momentum 
distribution of the scattered electrons will appear as a 
continuum with a maximum lying near the position of 
the sharp scattering peak observed from a free proton. 
The coherent scattering from the whole deuteron 
(elastic scattering) is usually too small to be observable 
under these conditions. In the entire experiment we have 
looked for it only once, namely, at 600 Mev and 60° 


(Fig. 2). 


®R. Hofstadter, Revs. Modern Phys. 28, 214 (1956). 

7R. Hofstadter, Annual Review of Nuclear Science (Annual 
Reviews, Inc., Stanford, 1957), Vol. 7, p. 231. 

§ Bumiller, Hofstadter, and Yearian, Revs. Modern Phys. (to 
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®Yennie, Lévy, and Ravenhall, Revs. Modern Phys. 29, 144 
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II. THEORY 


At present there is no complete, relativistic treatment 
of incoherent scattering from the deuteron. However, 
certain good approximations have been developed by 
Jankus” and Blankenbecler." Their results may be 
given in the following form: 


(doa/dQ)™ = (1+A)[do,/d2Q+do,/dQ], (1) 


where the two cross sections on the right are for finite- 
size nucleons. A is a very small correction to the simple 
sum rule that was derived by Blankenbecler," and this 
correction includes the effects of nucleon size as well 
as the final state interaction. A more complete treatment 
of Jankus’ and Blankenbecler’s work as well as rep- 
resentative values of A will be found in references 1 and 
7. For the present we shall ignore the small Blanken- 
becler correction (i.e., we set A=0). It can be shown 
from Rosenbluth’s work®-” that 


Foy? 
F,? 

(x 2h?g?/4Mc2)[2 tan®(0/2)+1] 
a (hg? /4MPC2)[2(1-+x,)® tan?(6/2)-+e,2] 


do,,/dQ 


do,/dQ 





where kn=n, 1+xp=uy, and where we have assumed 
F,,=0. Here Fo, is the magnetic form factor of the 
neutron, @ is the scattering angle, M is the nucleon mass, 
the y»’s are the magnetic moments, and g is the mag- 
nitude of the four-vector energy-momentum transfer 


given by 
0 - . ; 
sin*(6/2) ) 


2po 2E 
q=— sin(o/2) / (1+ 
h Mc 
2Eo 4 
= (2/X) sin(8, 2 / (4+ snt(/2) ) mee 
IM C~ 


From Eq. (1), with A=0, it is obvious that a simple 
subtraction, involving the area under the free proton 
peak and the area under the deuteron inelastic con- 
tinuum, will yield the neutron’s cross section. We can 
then form the ratio R and from Eq. (2) extract values 
of F2,?, since F,? is known.?~> Thus we obtain R experi- 
mentally for different angles, plot F2,” as a function of 
q, and from this plot we are able to determine the rms 
radius of the magnetic moment distribution by the 
usual methods.'~* As a refinement, we can calculate the 
Blankenbecler correction (A#0), which gives a slightly 
different value for R. 

The above procedure, which we shall designate the 
‘area method,” suffers from the fact that there is one 
correction which cannot be taken into account. That 


10 V. Z. Jankus, Phys. Rev. 102, 1586 (1956); also Ph.D. thesis, 
Stanford University, 1956 (unpublished). 

UR, Blankenbecler, Bull. Am. Phys. Soc. Ser. IT, 2, 389 (1958). 

2M. N. Rosenbluth, Phys. Rev. 79, 615 (1950). 
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is the meson exchange effect, where (for example) the 
electron makes a meson on one of the nucleons and the 
meson is absorbed by the other nucleon. We believe this 
contribution is small; however, the ‘‘area method” may 
be in error because of this effect by as much as 10%. 
However, there is a second method of analyzing the 
data which is semi-independent of the first. We shall 
call this the “differential method.” Jankus” has given 
an expression for the shape of the deuteron inelastic 
spectrum which, when modified to a certain extent (see 
reference 1), is valid even in the region of large mo- 
mentum transfers. Jankus’ Eqs. (9)—(11) are replaced by 


e! cos 6/2) 2a 
—_—_ —_ (4) 
dQdp 4ar po* sin* (0 2) (1—ar;) g 2p 


@o a 


where 


1 
————§I0,(Z)—Oo(Z1) 
ZY-1 Z,-— 7° “iit y 


| qg 2 Fo, 
x|1+[+2(5) ( ar 


< Pp 


q 2 
1-243-(*) 2-10 


)h [2 tan?(6/2) 


a Z. ZtzZ bis 
Fy — — — lee (Z)—Qo(Z: 1) ]/2Zk 
2-1 Z2-1 Z— 
| 1 1 222 
ay eer (Z)— 
[Pid FIR Pink 


Lk? |—Z*k*} 


Qu(Z1)] 


X {302 tan?(6/2)+1-—2 


(Z,-—Z)* 
7 Ea et Oo (21) ](— Fu punk pF on) 
TDA Z, +Z 


qg 2 
x(<) [2 tan2(0/2)+1—Z2k*], (5) 


and where 
Z+1 
)o(Z) =arccoth(Z) =} in(—), 
Z-1 


Z=[e?+(q 
=[7?+ (9/2 


Here fo is the incoming electron momentum and is 
the outgoing (scattered) momentum. The vector k is 
the final momentum of the proton with respect to the 
center-of-mass of the recoiling deuteron. The ground- 
state wave function of the deuteron is the Hulthén wave 
function e~*’—e~7", where a” is the binding energy and 
y is fixed by the choice of the triplet effective range 1;. 
q is the four-momentum transfer. For convenience, the 
formulas are expressed in dimensionless form (h=c 
=M=1). 


/2)?+k* ]/qk, 
P+ ]/gk. 
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TABLE I. Total cross sections for the deuteron at 500 Mev and 
600 Mev at various scattering angles. 








500 Mev 
doa/dQ(cm*/sterad) 


600 Mev 
doa/dQ(cm?/sterad) 





(2.84+0.29) x 107! 

ae (7.6340.77) X 10-8 

(4.60+0.49) X 10-2 (3.31+0.34) X 10-2 
and 

(4.554 0.50) K 10-® 

(2.36+0.40) X 10-* 

(1.50+0.30) X 10-2 


(1.08+0.19) x 10-2 
(9.58+ 2.40) X 10-8 
and 
(6.56+0.88) X 10-8 
(4.79+1.15) K 10-8 
(3.09+ 0.60) X 10-* 
and 
(2.92+0.19) K 10-8 


(9.06+ 1.98) X 10-8 
(7.58+ 1.23) X 10-* 





It was pointed out by Drell" that at the peak of the 
inelastic spectrum the effects of meson exchange, final 
state interaction, and bremsstrahlung are all minimized. 
So, from the modified Jankus theory, we can calculate 
@oa/dQdE at the peak and compare this value with 
experiment. The value of the cross section at the peak 
depends on the choice of F2,”, and therefore we can find 
the correct values of the neutron’s form factor. We 
believe this method to be quite accurate. Preliminary 
results of Drell and Blankenbecler,“ who are still 
working on the problem, indicate that the contribu- 
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Fic. 1. The inelastic electron-deuteron scattering peak observed 
at 600 Mev and a laboratory scattering angle of 75°. The com- 
parison electron-proton peak is also shown. The background due 
to x~ mesons has been subtracted. At this energy and angle, the 
e-m peak is seen to be unimportant (see text for discussion). The 
deuterium curve has to be multiplied by 0.870 to take into account 
the different atomic densities of liquid hydrogen and _ liquid 
deuterium. 

13S. Drell (private communication). 

14S. Drell and R. Blankenbecler (private communication). 
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tion of mesonic effects at the peak is likely to be less 
than 10%. 


Ill. EXPERIMENTAL RESULTS 


In addition to the 500-Mev data reported previously, ' 
we have taken new data at 600 Mev at seven angles— 
45°, 60°, 75°, 90°, 105°, 120°, and 135°. The free-proton 
peaks used for comparison were observed at 45°, 75°, 
105°, and 135°; do,/dQ for the other angles was found 
by interpolating from the well-known proton cross 
section.2-> The data at all these angles have been 
analyzed by both the “area method” and the “differ- 
ential method.”’ The combined results of all the data, 
500 Mev and 600 Mev, are shown in Figs. 4-6 and in 
Table I. 

There are a number of small corrections that must 
be made to the data. These were discussed in some 
detail in reference 1. 

(a) The liquid target acts as an extended source, so 
that, unless precautions are taken to accept very small 
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Fic. 2. The experimental inelastic continuum at 600 Mev and 
60°. In the inset and at the high-energy end of the continuum, 
there is a small plateau. This is at the correct position and has the 
correct area to be the electron-deuteron elastic peak. There is very 
little area left over to attribute to the final-state interaction at this 
energy and angle. 


Cerenkov counter pulses, the cross sections fall off too 
steeply with angle, due to a net loss of electrons from 
the scattered beam (via multiple scattering, etc.) at 
scattering angles different from 90°. We have checked 
that our explanation of this effect is correct by placing 
an additional radiator in the scattered beam. The 
effect is not important here, since we always take the 
ratio of deuterium to hydrogen. 

(b) The background due to m mesons coming 
through the spectrometer must be subtracted out. (See 
reference 1 for details.) 

(c) Both the proton and the deuteron peaks have 
to have radiative corrections applied. 

(d) The contribution of the “e-r peak’ must be 
subtracted out. (See below.) 

(e) The data must be corrected for the relative 
densities of liquid deuterium and liquid hydrogen. 

After all the corrections [except (d) and (e)] have 
been made, the data are plotted as shown in Figs. 1 
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Fic. 3. The electron-deuteron inelastic peaks at 600 Mev are superimposed on one another. All have similar 
shapes, and the width at half-maximum is about 44 Mev. This similarity of shape is predicted by the modified 
Jankus theory. The vertical arrow marks the point on the energy scale below which the curve (identified by the 
letter above the arrow) is slightly uncertain due to contributions from the e-7 peak. (A) 45°, 120°, 135°; (B) 105°, 
(C) 90°, (D) 60°, and (E) 75°. In general, as 6 decreases, the importance of the e-r peak becomes smaller and 
smaller. The point of uncertainty of the 45° curve is abnormally high because the x~ mesons were not subtracted 


at this angle 


and 2. Figure 1 shows the data at 600 Mev and 75°. 
Both the free-proton peak and the deuteron inelastic 
peak are shown. Figure 2 shows the deuterium peak at 
60°; in addition, we show the only case in which we 
have looked for the elastic scattering, and thus one can 
see how small this peak is. The elastic peak is, of course, 
much smaller than this at the larger angles and is 
difficult to see in the inelastic continuum. 

At the low-energy end of Figs. 1 and 2, one can see 
the beginnings of another peak due to electrons which 
have made pions and then scattered (e-r peak). This 
peak contributes to the background at the larger angles. 

This background can be subtracted out on the basis 
of the Jankus theory. The theory predicts that all of 
the inelastic peaks (in the region of g covered by the 
experiment) should have similar shapes. For example, 
the width at half-maximum should be approximately 
constant. Figure 3 shows that this prediction is experi- 
mentally verified. In this figure we have superimposed 
all the 600-Mev peaks; the ordinates have been nor- 
malized to the same value at the maximum, but the 
curves all have about the same width (44 Mev at half- 
maximum). The same behavior was observed at 500 
Mev. Thus the Jankus theory, coupled with the experi- 
mental shapes at the smaller angles (where the e- peak 
is unimportant), enables us to subtract out the con- 
tribution of the e-r peak. In the worst cases, we estimate 
that the maximum residual effect is at most 5% (see 
Fig. 12 of reference 1). 


The (corrected) deuteron cross sections are shown in 
Table I. We can then find the corresponding values of 
F;,2 by using Eqs. (1) and (2). The results of the ‘‘area 
method” for all the data are shown in Fig. 4. There we 
reproduce the experimental values of F»2,” as a function 
of g’. The triangles are 600-Mev points and the circles 
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Fic. 4. This figure shows values of F2,* (as obtained by the 
“area method’’) plotted as a function of g* for the data taken at 
500 Mev and 600 Mev. The curves are theoretical curves given by 
the exponential model of the magnetic moment density of the 
neutron for three different choices of the rms radius. The solid 
curve (r=0.8X 10~ cm) corresponds to the proton F,*. (See note 
added in, proof.) 
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Fic. 5. The results of the “differential method” for the 500-Mev 
data. The differential cross section at the peak of the deuteron’s 
inelastic continuum is plotted as a function of 6. The theoretical 
curves are calculated from the modified Jankus theory for three 
different choices of the rms radius of the neutron’s magnetic 
moment distribution (exponential model). In all three curves the 
proton radii are taken to be the accepted value of 0.8X10™% 
cm. It is seen that the experimental points lie between 
r,=0.8X10™"8 cm and 1.0X10-" cm. Thus the “differential 
method” indicates that the neutron’s magnetic rms radius is 
slightly larger than the proton’s but not definitely outside ex- 
perimental error. (See note added in proof.) 


are the earlier 500-Mev points. For two of the earlier 
points, we have shown the effect of the Blankenbecler 
corrections to the simple sum rule—the solid circles are 
shifted to the positions indicated by the open circles— 
the corrections are extremely small. The solid curve 
represents the values F2,” would have if the rms radius 
of the magnetic moment distribution were the same as 
that of the proton; the upper dashed curve represents 
the form factors if the rms size were 0.70X10-" cm. 
This “area method” seems to indicate a radius of about 
0.78X10-* cm as being the best fit and is in agreement 
with the data in our earlier paper. The radii quoted 
above are all based on the exponential model. 

Thus the “area method” indicates that the neutron’s 
magnetic form factor is essentially the same as the 
proton’s. However, the “area method” cannot dis- 
tinguish the effects of meson exchange, whose inclusion 
would tend to decrease the best fit radius. 

Figure 14 of reference 1 shows a comparison of the 
experimental shape of the deuterium inelastic spectrum 
(at 500 Mev and 135°) with the theoretical shape as 
calculated from the modified Jankus theory [our Eqs. 
(4)-(6) ]. The difference between the experimental and 
theoretical curves is taken to be a measure of the 
amount of contribution of meson exchange (and also of 
interaction in the final state, which is covered by the 
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Blankenbecler correction). It is upon this basis that we 
think that mesonic effects might possibly contribute 
up to 10% to the cross section. 

We have also applied the “differential method” to 
all the data. We have calculated the absolute value of 
d’o4/dQdE at the peak in each case and compared with 
experiment. The value of this cross section depends on 
the choice of F2,?. In Figs. 5 and 6 we show d°c4/dQdE 
at the peak vs 6 for 500 Mev and 600 Mev, respectively. 
The smooth curves are the values of the differential 
cross section at the peak, when the neutron rms radius 
is chosen to be the same as the proton’s (0.8X10-" cm). 
The dashed curves are for choices corresponding to 
other radii. It is easy to see that the experimental cross 
sections indicate that the neutron’s rms radius lies 
between 0.8 10-" cm and 1.0X10~-" cm. We feel that 
the “differential method” is the more accurate of the 
two methods. Moreover, the direction of any corrections 
(such as bremsstrahlung, etc.) is to decrease the radius 
of the best fit in the “differential method,” while the 
opposite is true in the “area method.” Thus the two 
methods give radii which are close to upper and lower 
limits of the correct radius. It must be mentioned that 
our method of plotting the data suffers from the fact 
that the values of the differential cross section are more 
sensitive to small radii than large radii for the neutron. 
That is to say, in Fig. 6, if we had plotted the curve for 
r,=2.0X10-* cm, it would not fall down much faster 
with @ than does the curve with r,=1.0X10-" cm. 
However, the method of plotting the data is sufficiently 
sensitive to be used with the present accuracy of the 
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Fic. 6. The results of the “differential method” for 600 Mev. 
The curves are calculated from the modified Jankus theory with 
various choices of rms radius of the neutron (exponential model). 
The proton’s radii are taken to be 0.8X 10 cm. Again a neutron 
radius of 0.9X 10~ cm seems to fit the data fairly well. (See note 
added in proof.) 
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experiment. By making careful measurements, the 
‘differential method’ may yield greatly increased 
sensitivity. 

IV. CONCLUSIONS 


Most of our conclusions are little modified from those 
of the earlier paper.' We shall repeat only those con- 
clusions which the higher energy data now make more 
precise. 

(A) The neutron’s magnetic cloud is not a point. 

(B) The neutron’s magnetic form factor is similar to 
the proton’s. 

(C) The “differential method” indicates that the 
two nucleons have slightly different magnetic form 
factors and sizes; however, the differences are small. 

(D) The Jankus theory of electrodisintegration of 
the deuteron appears to be valid beyond the limits 
within which it was originally developed. However, the 
theory has to be modified as outlined in reference 1. 

(E) Since in Fig. 2 the deuteron elastic peak has 
approximately the right area under it to entirely fill in 
the “plateau” (see insert to figure), and since this is the 
region where the final state interaction should appear 
if it is large enough to be detected,!® the conclusion is 
that the final state interaction is probably quite small 
at these large momentum transfers. 

(F) In view of the uncertainty in deciding between 


16 See Fig. 15 of reference 7 
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the ‘‘area method” and the “differential method,” the 
neutron’s rms size may be given as (0.80-++0.1)X10~" 
cm. This value is consistent with all the above con- 
clusions within experimental error. 

Conclusions VI, VII, and VIII, of reference 1, are 
unaltered by the work reported here. 
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t Note added in proof—Recent calculations of radiative cor 
rections, applying only to the differential method of evaluating 
the deuteron peak, indicate a larger effect than was estimated 
originally. The experimental points in Figs. 5 and 6 should be 
multiplied by approximately 1.26 at 135°, 1.32 at 75°, and 1.42 
at 45°. Intermediate points should be corrected in proportion. 
These corrections will be discussed in detail in a subsequent paper. 
Application of these results to the differential method gives the 
neutron “‘best-fit’” magnetic radius, for an exponential model, the 
value (0.77+0.10) X 10~ cm. In Fig. 4 an error has been made in 
the point at g?=9.33. The proper value should be F2y?=0.356+0.1. 
Further, in reference 1, the last entries of Table II at 600 Mev and 
135° should read 1.34+0.10 and 0.34+0.10, respectively. 
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Application to Electron Scattering of Center-of-Mass Effects 
in the Nuclear Shell Model 
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(Received April 16, 1958) 


The usual shell-model treatment of the nuclear scattering of high-energy electrons neglects the motion of 
the center of mass of the nucleus. The correction due to this is calculated for the case of an oscillator potential 
well and gives a simple additional factor multiplying the nuclear form factor. 





CHIFF’S calculations! of the cross section for scatter- 
ing of high-energy electrons from nuclei have been 
extended in two respects. Firstly nonrelativistic recoil 
of the nucleus is included, and secondly the charge and 
current densities are treated as operators connecting 
states of the nucleus described by the shell model, for 
which an oscillator potential well is assumed. Other 
approximations used by Schiff are used here, such as 
Born approximation and use of the Mller fields, and 
exchange currents are neglected. The calculations are 
particularly relevant for light nuclei. 
In the laboratory system, the interaction energy 
between electron and nucleus is described by 


i= f ds{(i/e)j(2)-B()—M() A), 


where fw is the loss of energy of the electron, which 
differs from the excitation energy of the nucleus. We 
follow Schiff in breaking up H’ into electric and mag- 
netic multipole terms of all orders, with the expan- 
sion performed about the center of mass of the nucleus, 
in which case a recoil-current term can be separated 
out in H’. For electric multipole transitions with no 
change in the z component of the nuclear spin, which 
are the only ones to contribute to elastic scattering 
from a nucleus with zero spin, one finds, with Schiff’s 
notation,} 


d H'1,0%) = — (4redy ¢) far ea t'p'(r’), 
1 


Here hq is the momentum change of the electron, and 
for point nucleons, the charge density is 


A 
=f ed fan. r -dt4_1 o.*  ® e,.6(r’— ry’ da, 
k=1 


where @o(ri'---f4—1'), Oo(ti'---Fa-1’) are initial and 
final internal nuclear wave functions, and r;,’ is meas- 
ured from the center of mass of the nucleus 


(ra! = — Deni"; ’). 


Thus the nuclear form factor is 


A 
F= (Ze) f re } dry’ ---dra_1' dot X epe'* be. 
k=l 


“11. I. Schiff, Phys. Rev. 96, 765 (1954). 


In the usual shell-model treatments,? one has 


calculated 


A 
FsM= Zo f . fan dra” Wo* Y epe'd tk’ a, 
k=1 
where Wo(ri’---44"), Wo(ti’---1r4”) are shell-model 
wave functions and r,’’ is measured from the center 
of the potential well. For an harmonic oscillator well, 
Elliott and Skyrme* have shown that, for nonspurious 
states, 
y(n," - . ‘ta = (A ma)! 
exp(— A R?/2a*)p(11' + - 4-1’), 
where r,/=r,"’—R, R= A“ D4”, and a is the 
length parameter for the oscillator well. After integrat- 
ing over the coordinate R, one obtains 
FS™=exp(—q’a*/4A)P. 
Thus the usual shell-model form factors should be 
multiplied by the factor exp(g’a?/44). (It can be shown 
that the same is true for electric and magnetic transi- 
tions in which the z component of spin changes.) 

As an example, we note that for elastic scattering of 
electrons from C", the square of the form factor at the 
secondary maximum following the diffraction minimum 
is increased by a factor 1.7 over the previous shell- 
model value. A change in the opposite direction is 
produced by the finite proton size; if a Gaussian model 
is chosen for the proton, the form factor is multiplied 
by exp(—q’a,"/6) where a, is the root-mean-square 
radius of the proton.’ This reduces the secondary maxi- 
mum by a factor 0.43. 

To perform phase-shift calculations of the elastic elec- 
tron scattering, it is necessary to know the nuclear 
charge distribution p’(r’). This can be obtained as the 
Fourier transform of F, and for unoriented nuclei of the 
1p shell (Z=2 to 8), with a Gaussian model for the 
proton and allowing for the motion of the well center, 
the charge distribution is® 
p’ (r) = (2e/r'a,,*)[ 1+3a(1—a?/a,?) 

+aa’r’/a,,' | exp(—r?/an’), 
where 
Om’=[(A—1)/A Ja’+ ja,’ a=43(Z—2). 


2R. Hofstadter, Annual Review of Nuclear Science (Annual 
Reviews, Inc., Stanford, 1957), Vol. 7, p. 231. 

3 J. P. Elliott and T. H. R. Skyrme, Proc. Roy. Soc. (London) 
A232, 561 (1955). 

4 See reference 2, Eq. (132). 

5 Compare reference 2, Eq. (127). 
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A-Nucleon Interaction in the Hypernucleus ,Be*} 


Kru S. Sun 
Laboratory of Nuclear Studies, Cornell University, Ithaca, New York 
(Received April 7, 1958) 


A variational method has been used to calculate the strength of the A-nucleon interaction required to 
account for the observed binding of ,Be®. The hypernucleus is treated as a three-body system (two alpha 
particles and the hyperon), in which the spin-average of the A-nucleon interaction is effective. Results in 
agreement with previous calculations of the A-nucleon interaction in ,4He® are obtained without appreciable 
overlapping of the two alpha particles. This absence of overlapping is taken to be a reasonable criterion for 


the validity of the model. : 


I. INTRODUCTION 


N analysis of the binding energy data for the light 
hypernuclei in terms of a phenomenological spin- 
dependent, two-body A-nucleon interaction potential 
has recently been given by Dalitz and Downs.’ In that 
analysis a hypernucleus was assumed to consist of a 
A particle loosely bound to a relatively undistorted 
stable core nucleus. The hypernucleus ,Be® was not 
included in the analysis because of the absence of a 
stable bound state for the core nucleus Be’®. It is the 
purpose of the present paper to present an analysis of 
aBe® to complement the analysis of Dalitz and Downs. 
The three-body model of ,Be® in which two alpha 
particles are considered to be held together by a A 
particle is suggested by the observed mesonic decay 
Be’ r+ p+ Be® followed by Be*’— He*+ He’; analy- 
sis of decays of this type indicates a value Bs=6.4+0.4 
Mev for the binding energy of the A particle.’ 

A variational calculation is made to determine the 
volume integral of the A-nucleon interaction required 
to account for the observed value of By, for two as- 
sumed values of the range of the interaction. If the 
three-body model gives an adequate description of 
aBe®, then the volume integrals calculated here ought 
to agree with those calculated from the two-body model 
of ,He®. The results do, in fact, give this agreement, 
indicating that the three-body model is reasonable 
while providing some confirmation of the previous 
analysis of ,He®.! 

In the course of the analysis, an effective nuclear 
interaction potential between two alpha particles had 
to be introduced. Since the nucleons inside each alpha 
particle form a tightly bound closed shell, the Pauli 
principle for individual nucleons tends to prevent 
appreciable overlap between two alpha particles. This 
tendency is incorporated in our effective alpha-alpha 
interaction, which we assume to be repulsive at short 
distances. The details of this potential are introduced 


t Supported by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

1R. H. Dalitz and B. W. Downs, Phys. Rev. 111, 967 (1958) 
this issue. See also earlier references cited there. 

2 Levi Setti, Slater, and Telegdi, Proceedings of the Seventh 
Annual Rochester Conference on High-Energy Nuclear Physics, 
1957 (Interscience Publishers, Inc., New York, 1957), Sec. 8, p. 6., 
and W. Slater, University of Chicago dissertation, 1958 (unpub- 
lished). 


in a rather arbitrary manner, but it is adjusted to give 
the correct energy for the Be® ground state (alpha- 
alpha resonance energy of 96 kev). It will be shown, 
however, that the final results are not very sensitive 
to the detailed shape of the potential, provided only 
that the assumed repulsion is sufficient to prevent any 
appreciable overlap of the two alpha particles.* For 
the variation calculation a two-parameter trial function 
is employed; one of these parameters governs the 
average separation of the alpha particles. The extent 
of the alpha-alpha overlap is measured by a comparison 
between the mean square alpha-alpha separation and 
twice the mean square radius of the alpha particle. It 
will be seen later that, in fact, no overlap does occur 
in our model. 

The A-nucleon interaction can be expected to arise 
mainly from two physical mechanisms: exchange of a 
single K meson and/or exchange of two pions.'* For 
simplicity in these calculations, the A-nucleon inter- 
action potential is taken to be of Gaussian form.® 
Calculations are made for two intrinsic ranges of this 
potential, intrinsic ranges equal to those of a Yukawa 
potential e~*"/«r with ranges of the Compton wave- 
length of the K meson (1/x)x=#/Mxc and one-half 
the Compton (1/k) s/2=h/2M xc, 
respectively; these ranges correspond to the two 


pion wavelength 


physical mechanisms mentioned above.® 


3If the short-distance repulsion between the alpha particles 
were omitted entirely, the resultant wave function would (in 
correctly) contain a large overlap between the alpha particles, 
and would grossly overestimate the A binding energy for a given 
volume integral of the A-nucleon interaction. In fact, for a (quite 
unrealistic) wave function for which the overlap is complete, the 
observed A binding energy of ,Be® would lead to a value for the 
volume integral of A-nucleon interaction only about half as big 
as that obtained previously from ,He’ (or as that obtained in this 
paper from a more realistic treatment of ,Be’). 

4K. Nishijima, Progr. Theoret. Phys. Japan 14, 526 (1956). 

5 Dalitz and Downs (reference 1) have shown that the volume 
integrals of the A-nucleon potential required to account for the 
observed hypernuclear binding energies are insensitive to the 
details of the potential shape and also to possible exchange 
character of the interaction. Although the exchange of a K meson 
implies an exchange force, only ordinary forces are used here; the 
two ranges used are just intended to span the reasonable ranges. 

6H. Wilhelmsson and P. Zielinski [Nuclear Phys. 6, 219 
(1958) ], have recently reported an attempt to establish both the 
strength and range of the A-alpha interaction by an analysis of 
aHe® and Be’. Their analysis of ,Be® is similar to that pre- 
sented here except that the alpha-alpha nuclear interaction is 
omitted. 
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II. DISCUSSION OF THE MODEL 


In the three-body model, ,Be® is assumed to consist 
of two undistorted alpha particles held together by a 
A particle in an S$ state with respect to the center of 
mass of the two alpha particles. Since the spin-satu- 
rated alpha particle is such a tightly bound structure, 
the effect of possible deformation of the individual 
alpha particles is expected to be unimportant provided 
that this model does not imply appreciable overlapping 
of the two alpha particles.? The variational principle 
for the three-body model of ,Be® can be expressed as 


Jy 


+ V nal 


hi’ h? 


—-—V?-— -V 2+ Vaal os 31!) 
Que 


ot 31) )+Vaall)+Caa(l)—E Hvdlip> 0, (1) 


2ua 


where | is the alpha-alpha separation vector and ¢ is 
the position vector of the A particle from the center of 
mass of the two alpha particles. Equation (1) is used 
as a variation principle for the strength of the A-nucleon 
interaction. The reduced masses are ua=M,/2 and 
wa=2M,4M,,/(Mi+2M,), where M, and My are the 
masses of the alpha and A particle, respectively. The 
total energy of the system is E=(0.096—B,) Mev, 
the alpha-alpha resonance energy being 96 kev. Calcu- 
lation has shown that an uncertainty in £ is not im- 
portant for this analysis, i.e., an uncertainty of 10% 
in E introduces an uncertainty of about 2% in the 
volume integral of the A-nucleon interaction. 

The nucleon distribution in the alpha particle is taken 
to be the same as that for the proton distribution 
deduced from the results of electron scattering experi- 
ments.® This Gaussian distribution, normalized to 
unity, is 
(2) 
the rms radius of the distribution being 1.44+0.07 
fermi [1 fermi (f)=10-" cm] with (n*)=3/2a*. The 
Gaussian potential taken for the A-nucleon interaction 
is 


P(n)= (@*/x)! exp(—a°n), 


& 3 
Van(r’)=— (-) 2 exp(—6r”), 


us 


(3) 


r’ being the distance between the A particle and any 
particular nucleon. The volume integral of the A- 
nucleon interaction Q is defined by 


Q=— . Van(r’)ar’, (4) 


and £ is related to the intrinsic range 6 of the potential 


7 Dalitz and Downs (reference 1) have shown that consideration 
of radial compression for the alpha-particle core of ,He® allows 
an improvement of at most 3% in the volume integral of the 


A-nucleon interaction. 
® R. Hofstadter, Revs. Modern Phys. 28, 214 (1956). 
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by 6?= 2.0604/b? which is, in turn, related to the range 
parameter x by b= 2.1196/x. Integration of (3) over the 
four nucleons in the alpha particle distributed ac- 
cording to (2) yields the A-alpha interaction potential 


V aa(r) = —42(q?/)! exp(—q’r’), (5) 
where g=a@/(a?+ 8")! and r= | o+41) in our coordinate 
system. The volume integral 2 is the average volume 
integral per nucleon. For spin 3 for the A particle, 2 
corresponds to (32,+,)/4, where 2, is the volume 
integral of the triplet interaction and Q, is that for the 
singlet interaction.® 

In order to represent the nuclear interaction between 
the two alpha particles, the following potential is 
introduced to provide a repulsion at short distances 
and maximum attraction at a distance of about twice 
the rms radius of the alpha particle: 


Vaa(l)=A exp(—6*)— B exp(— el). (6) 
The four parameters A, B, 5°, and ¢? of (6) are fixed by 
the arbitrary conditions V (2f)=0, (dV /dl)=0 for /= 3f, 
| V (4f)|~3/|V(3f)|, and the fourth condition that (6) 
provide the correct nuclear interaction energy between 
two alpha particles. In order to estimate this nuclear 
interaction energy, the Coulomb energy must be sub- 
tracted from the known alpha-alpha resonance energy 
of 96 kev.” The Coulomb energy is estimated to be 
4e?/({l)~1.8 Mev where the appropriate alpha-alpha 
separation is taken to be (/)¢3f. The potential (6) is 
then required to account for an energy —1.7 Mev 
between two alpha particles. The fourth condition on 
the parameters of (6) results from a variation calcu- 
lation for a system of two alpha particles without 
Coulomb interaction with the trial function 
l exp(—a’/*). The four parameters thus determined are 
&=0.406 f-*, @=0.116 f?, A=96 Mev, and B=30 
Mev which imply that Vaa(0)=66 Mev and V(3f) 
—10 Mev. Because the parameters were determined 
by a variational calculation, the correct potential must 
be less strongly attractive than (or at most the same as) 
the calculated potential (6). Calculation has shown, 
however, that the total contribution of V,. to the calcu- 
lated value of Q is about 3%, so that errors in Vaq are 
to be considered relatively unimportant. 
The trial function for these calculations is then 
taken to be 
(7) 


where a and 3b are the two variation parameters. The 
first factor of (7) was suggested by the fact that the 
repulsion of the alpha-alpha nuclear interaction (6) at 
small distances prevents very close approach of the two 
alpha particles; the second by the assumed s-wave 
motion of the A particle. 


y=/exp(—a’l’) exp(—b’p’), 


* Both triplet and singlet potentials are assumed to have the 
same form (3); the A-neutron and A-proton interactions have 


been taken to be the same. 
1 R. H. Brown and D. R. Inglis, Phys. Rev. 55, 1182 (1939). 
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Finally, the Coulomb energy of the two alpha 
particles is obtained by taking the charge distribution 
in the alpha particle to be given by (2) with the rms 
radius 1.61+0.05 f of the charge distribution® rather 
than that of the nucleon distribution. With the trial 
function (7), the expectation value of the coulomb 
energy is then 


P(1) P(e) 
(Coad) = (ve) 4¢ f [—— 
| J [-m—2| 


xdnidn|et)) / 00 lw (1,p)) 


a’? \3 | exp[ —a?(n?+n,’) | 
Vocal ee 
T I+-ni1—n2! 


xdnidns|¥(10)) / Ho) (bo) 


2 eaa 6a?+-a? 
Foe nl a 
3(2r)4\ [(2a)?+a? ]! 
where 9; and mp are the internal radius vectors of the 
two alpha particles and I is the alpha-alpha separation 
vector. The contribution to 2 from (Caa(/)) turns out 


to be small but not negligible, i.e., omission of this term 
would reduce 2 by about 5%. 


Ill. RESULTS 


The variation principle (1) has been used with the 
trial function (7) to determine the volume integral 2 
of the A-nucleon potential appearing in (5). The volume 
integral was minimized with respect to the two vari- 
ational parameters a and 6. The results are given in the 
first four columns of Table I. 

In columns (v) and (vi) are listed the corresponding 
values of U4/4 obtained by Dalitz and Downs! from the 
analysis of sHe® with an undistorted alpha-particle 
core; U, is the volume integral of the total A-nucleon 
interaction in ,He® so that our 2 corresponds to U4/4. 
The volume integrals listed in column (v) were ob- 
tained from an exact solution of the Schrédinger 
equation for the two-body model of ,He®. Our results 
differ from these by 10-15%. This discrepancy is 
largely due to the fact that our trial function (7) is not 
the exact solution of the Schrédinger equation for the 
three-body problem of ,Be®. Our results should rather 
be compared with the values of U4/4 obtained by a 
variational calculation with a Gaussian trial function 
for the A motion in ,He®. Such a calculation was also 
done by Dalitz and Downs, whose results are given in 
column (vi) of Table I. These values of the volume 
integral are much closer to our results, the discrepancies 
being <5%. 

The values of ((/?))! given in Table I indicate the 
extent of the overlapping of the two alpha particles in 
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TABLE I. Values of the volume integral per nucleon required to 
account for the observed binding of ,Be® for two ranges of the 
A-nucleon interaction are listed in column (i). The optimum 
variational parameters a and 6 and ((/?))}, the rms of a-a sepa- 
ration distance, are listed in columns (ii), (iii), and (iv), respec- 
tively. In columns (v) and (vi), the corresponding volume 
integrals obtained by Dalitz and Downs! from the two-body 
analysis of ,He' are listed. 

(i) (ii) (iii) (iv) 
Range Q Us/4 Us/4 
parameter (Mev f8) a(f-1) b(f-1) <2)4(f) (Mev f*) (Mev f?) 

(1/x) x/2=h/2M xc 254 0.41 0.50 2.74 231 251 

0.43 0.57 2.60 180 198 





(1/k)x=h/M xe 208 


our model of ,Be®. These average separations are larger 
than the square root of twice the mean square radius 
of the alpha particle (~2 f) but smaller than twice the 
rms radius of the alpha particle (2.88 f). 

In addition to the principal results reported here, a 
preliminary calculation of the same kind was made in 
which a Gaussian alpha-alpha nuclear potential was 
used with a trial function of the form 


exp(—a’/*) exp(—0’p’). 


This calculation resulted in an optimum alpha-alpha 
separation of ((/?))*1.7 f for both interaction ranges, 
indicating appreciable overlapping of the two alpha 
particles. Also the volume integrals obtained there are 
appreciably smaller than those listed in Table I. A 
cutoff was made in this variational calculation to 
provide ((/*))~2.9 f; this resulted in the volume integral 
values 2Q= 253 Mev f* and 193 Mev f? for the longer and 
shorter interaction range, respectively. 

The analysis of the binding energies of ,Be® and 
aHe® thus indicate the same A-nucleon interaction in 
both hypernuclei provided that the alpha-alpha nuclear 
interaction in ,Be® is such as to prevent appreciable 
overlapping of the two alpha particles. The present 
analysis of ,Be’, therefore, supports the conclusion by 
Dalitz and Downs! that, if the hypernuclear binding 
energies are ascribed to a two-body A-nucleon inter- 
action, then that interaction must be spin-dependent. 
Our results disagree with the conclusions reached by 
Brown and Peshkin™ on the basis of a two-body 
analysis of ,Be® in which the nucleon core was taken 
to have a rms radius equal to that of normal Be®.® 
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_™L. M. Brown and M. Peshkin [Phys. Rev. 107, 272 (1957) ] 
find that the volume integral per nucleon 2 required to account 
for the binding of ,Be® is appreciably larger than that required 
to account for the binding of ,He®. It seems to us that this dis- 


crepancy is due directly to their assumption of an unreasonably 
large nucleon core for ,Be’. 
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Alternative Method for Determining the Pion-Nucleon Forward 
Scattering Amplitude* 
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University of California Radiation Laboratory, Livermore, California 
(Received April 4, 1958) 


Since existing experiments fail to confirm the Goldberger form of the pion-nucleon dispersion relations, 
and no satisfactory theoretical or experimental explanation has been found, it is clearly desirable to increase 
the precision of this conclusion. It is shown that by extending the measurements of the r++ differential 
elastic cross sections down to about 15° c.m., the real parts of the forward scattering amplitudes can be 
measured directly with precision comparable to that obtained for the cross sections. This method depends on 
the assumption of charge independence only through explicitly given e*/hv corrections, and above 100 Mev is 
less sensitive to these corrections than the method of Puppi and Stanghellini. Comparison between the 
results obtained by the two methods would give a useful test for the presence of systematic error. 


I. INTRODUCTION 

S has been pointed out by Puppi and Stanghellini, 

the Goldberger form of the pion-nucleon disper- 

sion relations? is in quantitative disagreement with the 

observed pion-nucleon cross sections and scattering 

amplitudes. It has been shown plausible that virtual 

photon effects,’ strange particle interactions,‘ and 

Coulomb effects® are much too small to account for the 
discrepancy. 

Although Zaidi and Lomon*® showed that a particular 
assumption about the variation of the «+ ? total cross 
section with energy tends to remove the discrepancy, it 
is by no means clear that this explanation is correct. 
Both Stanghellini and Kruse’ find that they cannot 
reconcile this cross-section curve with the observed 
angular distributions. Hamilton® finds this curve in 
disagreement with the cross-section measurements. We 
note also that the two S states and the 33P state are 
expected to give a cross section varying as A+q‘F(q), 
where F(q) is a rapidly increasing function of g below 
the resonance. We see that this is qualitatively different 
from the energy variation assumed by Zaidi and Lomon, 
and numerically the usually accepted phase shifts give 
a curve higher than theirs close to 100 Mev. This higher 
value is confirmed by a recent experiment at Liverpool.’ 

Unfortunately the rigorous derivations of the dis- 
persion relations” lead to the Goldberger form only if 
the pion-nucleon cross sections increase no more rapidly 
than the energy at high energy. But this still allows one 


* Supported in part by the U. S. Atomic Energy Commission 
and by the European Organization for Nuclear Research. 

1G. Puppi and A. Stanghellini, Nuovo cimento 5, 1257 (1957). 

2 Goldberger, Miyazawa, and Oehme, Phys. Rev. 99, 986 (1955). 

3 A. Agodi and M. Cini, Nuovo cimento 6, 686 (1957). 

* Agodi, Cini, and Vitale, Phys. Rev. 107, 630 (1957). 

5G. F. Chew and H. P. Noyes, Phys. Rev. 109, 566 (1958). 

6 M. H. Zaidi and E. Lomon, Phys. Rev. 108, 1352 (1957). 

7 A. Stanghellini (private communication) ; U. E. Kruse (private 
communication to J. R. Holt). 

§ J. Hamilton (to be published). 

® Holt, Edwards, and Frank (private communication). 

© Bogoliubov, Medvedev, and Polivanov, Institute for Ad- 
vanced Study Notes, Princeton, 1956 (unpublished) ; K. Symanzik, 
report at Seattle Conference, 1956 (unpublished); Bremermann, 
Oehme, and Taylor, Phys. Rev. 109, 2178 (1958). 


to say that the pion-nucleon interaction at short dis- 
tances is pathological, either in the sense that the form 
of causality implied by the special theory of relativity 
fails or in the sense that the interaction is unexpectedly 
singular. To give experimental precision to this state- 
ment we require a method of arriving at thé experi- 
mental quantities which enter the dispersion relations, 
with known experimental error, which does not involve 
the subsidiary assumption of charge independence. The 
method of Puppi and Stanghellini provides this to order 
e’/hv, and we give these corrections explicitly below. 
Further, we show that by measuring the elastic scat- 
tering cross sections at small but experimentally ac- 
cessible angles, it is possible to obtain an independent 
evaluation of the real part of the forward scattering 
amplitude to high precision, and with smaller (explicitly 
given) e?/hv corrections. 


II. DETERMINATION OF THE FORWARD 
SCATTERING AMPLITUDE 


Since we wish to test the pion-nucleon dispersion re- 
lations without assuming charge independence, at first 
sight we require a phase shift analysis in terms of one 
parameter for w+ and ten parameters for m in each 
angular momentum-parity state," which is clearly hope- 
less using data of the presently available precision. But 
Puppi and Stanghellini noted that since the nuclear 
part of the charged particle angular distribution 
(A+B cosé+C cos’) gives the modulus of the forward 
scattering amplitude (A+B+C)!, while the total cross 
section gives the imaginary part, we can calculate the 
real part without assuming charge independence as 
+[A+B+C— (qotor/4x)*}', where g is the c.m. pion 
wave number. There are e*/hv corrections to this pre- 
scription which come from the Coulomb-nuclear inter- 
ference (and hence depend on the charge-independent 
phase shifts) which we now discuss. 

Consider first the total cross section. For m+, 


4 J. M. Blatt and L. C. Biedenharn, Revs. Modern Phys. 24, 258 
(1952). D. M. Greenberger [Bull. Am. Phys. Soc. Ser. II, 3, 11 
(1958) ] notes that time reversal invariance reduced these ten 
parameters to eight. 
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Puppi and Stanghellini take this to be 4r(A_+4C_+Ao 
+ 43Co). Of course the contribution from the two radiative 
capture channels (#~+)—7+ 7) should be added, but 
this is a numerically trivial correction at the higher 
energies, and will be automatically included if a trans- 
mission cross section is used. There is another e*/hv 
correction which arises as follows. According to Chew 
and Noyes,® the quantity which appears in the dis- 
persion relations is the difference between the physical 
scattering amplitude f and the amplitude for a screened 
Coulomb field f°, which we call f’ = f—/©. Since the 
optical theorem holds for f and {© separately, we have 
that the imaginary part of the forward scattering ampli- 
tude is g(f'| f|\*dQ— Sf | f© |\*dQ)/4r. That is, we should 
add the Coulomb-nuclear interference S,= f(f* f“* 
+f**f©)dQ to what is usually called the total cross 
section. In spite of the singular character of /©, this is, 
in fact only an e?/hv correction, and is given explicitly in 
the appendix. 

The remaining question is, therefore, to what extent 
the coeflicients A, B, C, --- depend on the assumptions 
used to remove the Coulomb-nuclear interference from 
the angular distribution. For r++ there is no difficulty 
(at least until inelastic processes become important), 
since the purely nuclear terms contain the same number 
of independent coefficients as there are phase shifts and 
(assuming Fermi type phase shifts) these can be ex- 
plicitly calculated. For #~+ below 100 Mev there is 
again no difficulty because the phase shifts are small 
enough to allow the nuclear amplitude to be treated as 
real; in this case the coefficient of the Coulomb inter- 
ference term is algebraically related to A, B, C, --+ and 
can be evaluated by iteration. For example, in the 
Liverpool m~ experiment at 98 Mev’ the imaginary part 
of the nuclear amplitude never contributes more than 
5% of the cross section, and leads to no appreciable 
error in A, B, C. Above 100 Mev, however, the domi- 
nant 33 amplitude becomes increasingly out of phase 
with the Coulomb amplitude, and the coefficient of the 
Coulomb interference term depends explicitly on the 
poorly known small phase shifts. 

We here propose an alternative method which is less 
sensitive to the phase shifts in this region, and which 
offers an alternative method for determining the real 
part of the forward scattering amplitude. This is im- 
portant as it allows for a direct check between two 
independent methods of evaluation, and thus gives a 
powerful way of detecting unsuspected systematic 
errors. The method is simply to measure the differential 
elastic cross section at angles where the Coulomb- 
nuclear interference is comparable to the nuclear cross 
section or larger. Then, except for e?/hv corrections, the 
coefficient of this term is itself the real part of the for- 
ward scattering amplitude. We show in the appendix 
that if we subtract the pure Coulomb scattering and a 
phase-shift-dependent correction A, from the observed 
cross section, the remainder is of the form 


SCATTERING AMPLITUDE 
gLo(u)—oe(u)—A-(u) 
=S$(u)=d > m Amu™—2nR/(1—p), (1) 


where 


n=te/hv. (2) 


Thus the term of interest, R, is obtained directly along 
with the nuclear coefficients, and since Eq. (1) is linear 
in these quantities, the error is readily calculable. It is 
shown in the next section that the expected error in R 
can be made quite small, even for measurements at 
angles as large as 15° c.m. The correction term A, 
consists of (1) an e?/hv term which is nearly independent 
of angle and contains only P wave and higher phase 
shifts, and (2) (e?/hv)? and (e?/hv)*® terms which depend 
on the imaginary and real parts of the forward scattering 
amplitude, respectively (thus introducing no additional 
uncertainty), and which are completely negligible at 
experimentally interesting angles in any case 
III. ESTIMATE OF ATTAINABLE ACCURACY 

We now use Eq. (1) to calculate the error in R for a 
given error in the differential cross-section measure- 
ments. Since the region of interest is between 100 and 
200 Mev, we can for the purposes of this estimate assume 
only S and P waves present, so that a measurement at 


M=COS6e.m., R=q Ref (@=0), 


four angles gives us the four coefficients Ao, 41, A2, and 
R. Experimental considerations will set the smallest 
angle of observation, which we call uo=cos@o. In order 
to deal with a function of only one variable, the angle 
of observation between po and 90° which we call yi, we 
take the two remaining angles to be u2.=0 and ws= — 4. 
If the observed dimensionless cross sections with the 
Coulomb terms subtracted out at these four angles are 
called So, S;, So, S3, we can solve (1) to obtain 
Ap=Sot2nR, 
A,= (S1—S3)/2u,:+2nR/(1—4,’), 
A;= (S3+53— 2S>2) Qui?+ 2nR/(1 —)’), 

(1—o) (1-7) Mo(uo+ un) 


pee sa “1 


— ae 
2nuo (uo? — 1) | Qu 
(0? — [41’) F 


meres ee > 


uy? 


Mo(Mo— M1) a 
S 


— 


V3 


. 2ur 
Summarizing this result as A;=)>0; 0,;S;, we see that 
the error matrix for the parameters is simply 
(6A (0. | A) = > bsxbj (5S 6S )) = z: b44b;(6S 22), (4) 
kl x 
where the last equality holds only if the errors in the 
cross section measurements are uncorrelated. 

In order to reveal the dependence of the error on 
angle in its simplest form, we assume the same absolute 
error in the cross section at each of the four points, 
giving 

v 137 (1—po) 
(6R?)! = g?~(60")- ———F (uo,m), 
c 2+ so 


(5) 
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take the 90° value of the cross section as representative, 
this ratio at 100, 150, and 200 Mev is plotted in Fig. 3. 
We see that the percentage error in R can be made 
comparable to the percentage error in the 90° cross 
section by going to angles of about 15° c.m. 

It would seem at first glance that by going to still 
smaller angles, we could gain enormously in precision, 
but this is illusory. Recall that F is calculated assuming 
the same absoluie error at each point, which means we 
have assumed that we have measured the small angle 
points to a greater percentage precision than the large- 
l l | angle points. This assumption is justifiable as long as the 
70° 20° Joe errors are primarily statistical, since the same absolute 
MINIMUM ANGLE error in the small angle cross sections can be maintained 
simply by increasing the counting time by the square 


“ey 


Ge 


MINIMUM F CAM) 











Fic. 1. Variation of the minimum value of F (yo,u:) as a function 
of the minimum angle of observation 6. 





S 
8 


where 
(1—y1’) 30? (uo?— par”) |! 
F (10,41) = 1+ | ° (6) 


4 


(uc? — 1°) 4uy 


If we now minimize F with respect to the intermediate 
angle of observation @;, we find this minimum value to 
be the slowly varying function of @ given in Fig. 1; the 
corresponding optimum intermediate angle is plotted in 
Fig. 2. The ratio of the percentage error in R to the 
percentage error in the cross-section measurements is 


clearly 
6R do vo 17137(1—po) 
wvtYiast 
R o ch*@R 230 


and we note that the energy dependence is vo/c\*R : l l | 
4. 


while most of the dependence on the minimum angle of 70° 20° Jor 
observation is given by the factor 137(1—0)/2'yo. If we MINIMUM ANGLE 


RATIO OF PERCENTAGE ERROR 











60 Fic. 3. Ratio of the percentage error in the forward scattering 
6, amplitude to the percentage error in the 90° cross-section measure- 
ment at 100, 150, and 200 Mev. Assumed values of R and Ao are 
given under Fig. 4. 





root of the ratio of these cross sections to the 90° cross 
section. But at small enough angles the error comes 
primarily from the variation of the cross section across 
the angular acceptance of the counters, beam crossover, 
electron contamination, etc., rather than statistics. In 
this case the limiting error comes from the small angle 
cross section, and we should multiply the curves in 
Fig. 3 by the ratio of this cross section to the 90° cross 
section. This ratio is given for reference in Fig. 4. We 
conclude that in all likelihood there will not be much 
gain in precision in R by going to angles smaller than 
15° c.m., although this should be looked at in detail in 
; ) planning a specific experiment, as can easily be done 
2d\. - > ‘ 3 using Eqs. (3) and (4). 
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Fic. 4. Ratio of the cross section at the minimum angle of 
observation to the cross section at 90° for the following constants: 
E (Mev) A2Ao (mb) A2A1 (mb) A2A2 (mb) —2nK2R (mb) 
100 0.39 0.28 0.30 0.066 


150 0.8 0.45 1.6 0.037 
200 0.9 0.4 2.9 —0,031 
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APPENDIX 


We here derive the explicit Coulomb corrections to 
the total cross section and to the Coulomb interference 
term 27R/(1—). Since Solmitz® has shown that the 
singular part of the Coulomb amplitude has the non- 
relativistic form even at high energy, we can absorb all 
other corrections into our nuclear amplitude and write 


qfc= — ner) (1 —p) 


=>" (2/+1)e* sino :Pi(u), (A1) 


with 


(uw) =209—n Ind (1—p), 
MK 0 2 ( Mb (A2) 


n=te?/hr,p, 


oo=0.423n, o1—o1-1= tan (n/l) 


The elastic nuclear amplitude contains both a spin-flip 
part f;%, and a non-spin-flip part /,; if only states of 
angular momentum less than or equal to L are present, 
we can write that 


2L 
TL fa¥ (P+ | fe" |2J= DL Amn. 


m=0 


(A3) 


Since only the non-spin-flip part interferes with the 


2F, T. Solmitz, Phys. Rev. 94, 1799 (1954), 
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Coulomb amplitude, we need an explicit formula only 
for fx, which is 


L 
gf. = 7 er ittg ett, (A4) 


l=0 


If we write the amplitude in terms of states of total 
angular momentum J =/+4, we have 


aje’®=]et— sind; + (1+1)e!* sind. (AS) 
l 


Since the phase shifts appear only in e?/Av correction 
terms, we can approximate them by their charge- 
independent values; that is, for **+p we use (A5) with 
614-61,/~%, and for «+ we take one third of the 
amplitude for z* plus two thirds of (A5) with 6.4-5;4./™"'. 

In terms of the above notation we see that the correc- 
tion to the total cross section is simply 


S.= J d2( f° fy¥*+ fO* f,%) 


L 
= >} a; sina; cos(a;+o)), 
l=0 


which, due to the factor sing;, is of order e?/hv. 
observed angular distribution is clearly given by 


n* 
Amu™+— = on 


o(u) =X > 
| oe 


m=0 


where 


R=q Ref* (6=0)= & a; cos(a:+2c¢)), 


l=0 


L 
T=qImf* (6=0)= © ay sin(a:+2¢)), 


l=0 


and 
—2n L 

gA.(u) =—— Re © aye*(ot**90[ Pi (u)e- #4 — 1] 
1—u 1=0 


a, cosLa;+20:— y(n) [1— Pu) /(A—p) 
=t 


— 2n{sin[y(u) |/ 
—2 sin*[y(u)/2JR}/(1—w). 


=2n 


(A10) 


We note that the e*/fv phase-shift-dependent correction 
is nonsingular and vanishes for S waves, while the 
singular term contains only J and R with coefficients of 
order (e*/hv)* and (e?/hv)*, respectively. 
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Equation for Vertex Part Corresponding to Fermion-Fermion Scattering 
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Department of Physical Mathematic Sciences, U.S.S.R. Academy of Sciences, Moscow, U.S.S.R. 


(Received December 26, 1957) 


A system of equations is deduced whereby the vertex operator for fermion-fermion scattering and the 
Green’s function are expressible in terms of the sum of contributions from a subset of all irreducible diagrams 


for the process. 


N the following we obtain the equations for the vertex 

part I'(p4,p3; p2,p1) (represented by the diagram 
to the left of the equal sign in Fig. 3) corresponding 
to fermion-fermion scattering. Similar equations were 
obtained earlier’ for the vertex part corresponding to 
boson-boson scattering; they somewhat resemble the 
Bethe-Salpeter equation,? but here we present the 
method of the summation of the irreducible diagrams 
in two dimensions® instead of one as in the*Bethe- 
Salpeter equation. 

We consider a case where the operator for the 
fermion interaction has the form‘ 


V =2n'go f (POW) (YO w)d2, (1) 


the simplest diagram [Fig. 1(a) ] corresponding [within 
a factor (27)*igo which is omitted everywhere in the 
quantities corresponding to the vertex-part diagrams ] 
to the value 


ao= (O;) t4t2(O;) est: — (O;) 481 (5) t3t2=20( Es, £3; £2,£1), 


where £; are the indices of the spin, the states of the 
fermion energy, the charge, the strangeness, etc. 
Analogously, to the second-order diagrams, [see the 


e # 
n4 xe 
() (b) (c) 


1 For analysis of the role of diagrams corresponding to meson- 
meson scattering in the question of vanishing of the renormalized 
charge, see I. T. Diatlov and K. A. Ter-Martirosyan, Zhur. 
Exptl. i Teort. Fiz. 30, 416 (1956) [translation: Soviet Phys. 
JETP 3, 454 (1956)]. Pomeranchuk, Sudakov, and Ter- 
Martirosyan, Phys. Rev. 103, 784 (1956); Diatlov, Sudakov, 
and Ter-Martirosyan, Zhur. Eksptl. i Teoret. Fiz. 32, 767 (1957) 
[translation: Soviet Phys. JETP 5, 631 (1951)]. 

2 E. E. Salpeter and H. A. Bethe, Phys. Rev. 84, 1232 (1951). 

3 As a result each irreducible diagrarn in the equation gives rise 
to an infinite set of diagrams reducible in two directions. 

4 If the interaction between the nucleons goes through mesons, 
the operators O; will depend on the Green’s functions of the 
mesons; the operator O;XO; should possess the symmetry 
properties indicated by Critchfield and Wigner [C. L. Critchfield 
and E. P. Wigner, Phys. Rev. 60, 412 (1941); C. L. Critchfield, 
Phys. Rev. 63, 417 (1943)] if the fermions are neutral. 


Fic. 1. Simplest irreduc- 
ible diagrams. 


upper parts of Figs. 2(a) and 2(b) ] will correspond 


120 ; 
Fy (pats, psés; prinpit=— f aa(fubs ud) 


XGyr(D)Gyo(l')ao(v,o; &2,E1)d4l, (2) 


1 
P1( pata, Pats; Pats Pits) to f eal £>,) 
1 


XGyo(l! )aro(o,é3; v,£1)Gyy(L)d'4I, (3) 


where l'=),:+p2—-1, l”=l—potpa, d'l=dledl,dledl;/ 
(27)?, and G,,(l) is the Green function of the fermion; 
the repeated indices u, v, A, are to be summed over 
always. 

Among the infinite number of diagrams determining 
I there are some which consist of two parts connected 
only by two lines: of the type shown in Fig. 2(a), the 
two external lines coming up to one part of the diagram 
and coming out of the other, and of the type in Figs. 
2(b) and (c), where the fermion lines enter each part 
and come out of the same one they enter. We shall 
call these diagrams reducible and shall denote the 
sum of the contributions of all the diagrams of the 
Fig. 2(a) type by F(p4,p3; p2,p1) (“horizontal brick”’),° 
and of the diagrams of the type of Fig. 2(b) by ®(p4,p3; 
pop) (“vertical brick)’; we denote the sum of all 


Fic. 2. Simplest irreducible diagrams. 


5 The terms “horizontal” or “vertical” correspond to Fig. 2 
in which (as elsewhere in the following) the incoming fermion 
ends are arranged at the right-hand side and the outgoing at the 
left-hand side. 
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4 


Fic. 3. Graphical rep- 
resentation of Eq. (4). 





other irreducible diagrams (examples of such are 
given in Fig. 1) by TVo(p4,p3; p2,P1). These three 
quantities are represented by the second, third, and 
first diagrams, respectively, to the right of the equal 
sign in Fig. 3. Since any diagram is either reducible 
or irreducible, then 


l'(ps,p3; P2,P1)=T0( paps; pop t+F (paps; po Pr) 
+(ps,p3; P2,p1)—P( paps; Pisp2), (4) 


an equation whose diagrammatic equivalent is shown 
in Fig. 3. 

In analogy with the case of bosons, equations can 
be obtained by which F and ® (i.e., the whole sum I) 
can be expressed in terms of Ip. For this purpose 
consider an arbitrary reducible diagram and draw the 
line dividing it into two parts as far as possible to the 
left for horizontal diagrams [Figs. 2(a) and 4(a) ] 
and as far up as possible for vertical ones [ Figs. 2(b) 
and 4(b) }.° 

If all the diagrams of the type shown in Fig. 2(a) 
and 4(a) are summed, then to the left of the dotted 
line only diagrams of the type in Fig. 1 and Fig. 2(b) 
or 4(b) will appear [and analogous ones of the type 
in Fig. 2(c), in which the two incoming lines have 
changed places |, to which corresponds the value 


R( ps3; p21) =V o(pa,Ps; PoP) +P (paps; Prsp1) 
—P(p4,p3; Pi,p2)=T—F, (5S) 
while the aggregate I of all the diagrams will again 
be at the right. Therefore, in analogy to (2), 
. : \ igo , 
F ( psks, Paks; paksspits)=—- | R(pabaPat Iul’r) 


“ 


XGyur(DGro (UT (ly,l'o; poée,prérdl. (6) 


4 2 - 
Rp SN ge 
3 d 


Fic. 5. Graphical rep- 
resentation of Eqs. (6) 
(upper part) and (7) 


(lower part). 4 2 


» » 
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° 4 2 
btn 2 4 - l 
ee I 
3 { 3 | 
3 { 3 | 3 2 


Likewise, summing all the diagrams of Figs. 2(b)—4(b) 
type, we get, in analogy with (3), 


1 
P( pats, Paks; pote, pits) = “tof Ruled pote,l”’r) 
1 


X Gyo (LT (Uo, psks ; ly, prt: ) Gry (I)d'‘l, (7) 


where 


Ri (pass; P2,p1)=To( pas, ; Papi) +F (ps,p3; p2pr) 
—P(ps,p3; Pi,p2)=T —P( paps; p2,pr). (8) 


Fic. 4. Arbitrary 
diagrams _ showing 


method of division. 


These equations are represented graphically in the 
upper and lower parts, respectively, of Fig. 5. Together 
with the Dyson-Schwinger equation for the Green’s 
function, 


9 


gor 
(—iy:p—m):-—— ao(u,e’; A,E)Gy-(l—1’) 
2 

XG (PHT (I-V, 0, p+l’, 0; ly, p) 


XG (Dla ane =p, (9) 


4 BB 4t r 
7 ~ fe hs 
Zot, get, / GurGyoe 
4 
a a 
ad A Gro Guu 
HM 2 


®Or, on the contrary, as far to the right and as close to the bottom as possible; the result will be the same. 
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Fic. 6. Graphical represen 
G tation of Eq. (9). 








_” 


In conclusion the author wishes to acknowledge his 
indebtedness to I. Y. Pomeranchuk for valuable dis- 
cussions. 


(the graphical equivalent of which is shown in Fig. 6), 
they are a closed system, making it possible to express 
r and G in terms of To. 
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Variational Methods in Scattering Problems 


MitpreD Mor* anp Davin S. SAxont 
University of California, Los Angeles, California 
(Received April 9, 1958) 


Modifications of the Hulthén-Kohn variational principle are introduced with the hope of increasing the 
usefulness of variational methods. Although no simple formulation of general utility is found, it is shown that 
there exists a great variety of stationary expressions which make possible a greater freedom in the choice of 
variational principles than has hitherto been demonstrated. Some criteria for the selection of special forms 


are discussed. 


I. INTRODUCTION 


ONSIDERABLE attention has been given in the 
past to the development of variational principles 
for scattering problems.'~* However, the utility of these 
principles is limited by the difficulty of finding good 
trial functions and evaluating the necessary integrals, 
particularly so for the total scattering amplitude In 
Schwinger’s variational principle, the impediment is the 
evaluation of the double integral containing the Green’s 
function. Even for plane waves, which are the simplest 
trial functions, this integral is not easy. On the other 
hand, the Hulthén-Kohn variational principle, which 
involves simpler integrations, is limited by the difficulty 
of finding adequate trial functions. The structure of this 
variational principle is such that it requires better trial 
functions than Schwinger’s principle. For example, plane 
wave trial functions, which give a result similar to the 
second Born approximation in the Schwinger case, yield 
merely the first Born approximation in the Hulthén- 
Kohn case. 
Our main purpose in the present paper is to discuss 


* Present address, The Ramo-Wooldridge Corporation, Los 
Angeles, California. 

¢ Supported in part by the National Science Foundation. 

1L. Hulthén, Kgl. Fysiograf. Sallskap. hund Férh. 14, 257 
(1944); Den 10 Skandinaviske Matematiker Kongres (1946), p. 
201; Arkiv Mat. Astron. Fysik 35A, No. 25 (1948). 

2 J. Schwinger, lectures on nuclear physics, Harvard University, 
1947 (unpublished) ; H. Levine and J. Schwinger, Phys. Rev. 74, 
958 (1948). 

3 W. Kohn, Phys. Rev. 74, 1763 (1948); 84, 495 (1951). 

4H. Feshbach and S. I. Rubinow, Phys. Rev. 88, 484 (1952); 
S. I. Rubinow, Phys. Rev. 98, 183 (1955). 


what might be done to overcome these difficulties. As 
we shall show, the Hulthén-Kohn and Schwinger prin- 
ciples are not the only stationary expressions for the . 
scattering amplitude. There is a limitless number of 
other forms which may be obtained in a simple way. 
However, we have been unable to exploit this freedom 
sufficiently to construct variational principles entirely 
free of the troubles mentioned above. In any case, the 
existence of this great variety of forms is of independent 
interest. 


II. FORMS OF THE VARIATIONAL PRINCIPLE 


Schrédinger’s equation for a two-body interaction can 
be written in the dimensionless form 


[V?+k?— V(x) (x) =0, (1) 
where 

x=r/a, RP =2m°E/h’, 
and 


V (x) = (2ma?/h*) V (ax). 


Here m is the reduced mass, £ is the energy in the 
center-of-mass system, Vo is the potential energy of 
interaction, and a is a characteristic length associated 
with the range of the potential. 

The well-known integral equation corresponding to 
Eq. (1) is 


Yu(x) = ei f G(x,x/)V(x'Wilx’)dx’, (2) 
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where the Green’s function is 


etkix—x’| 
G(x,x’) =———_—_. 
4r|x—x’| 


The subsciipt k on ¥x(x) means that the incident wave 
is along the direction of k. At large distances from the 


scattering center, we have 
etkez 


Wu (x)ove™*+ f(kk)\—, (3) 


x 


where k’ is the propagation vector of the scattered 
wave. The amplitude for scattering from the direction 
along k to that along k’ is given by 


1 
f(kk’) = —— J eV ()a(x)dx’. (4) 


4r 


When the potential is spherically symmetric, expan- 
sion of the wave function in spherical harmonics yields 


L(1+1) 


@? 
[—+#- V(x)— Juucesyo, (S) 
dx? : 


where the «;(kx) are the radial wave functions. The 
corresponding integral equation is 


ui( ba) =haju(ks)— f Gi(x,x’) V (x’)ur(kx’)dx’, (6) 


where 
Gi(x,x") = — Rex’ ji(kx<)ni(kxs). 


Here x< is the smaller and x, the larger of x and x’ and 
ji and n; are the spherical Bessel and Neumann func- 
tions. The function «;(kx) must satisfy the usual 
boundary condition 

u1(0)=0, 
and, for x, 


ui(kx)osin(kx—}lr)+tand, cos(kx—$lr), = (7) 


where 6; is the phase shift of the /th partial wave. The 
usual expression for tané; is found by letting « approach 
infinity in Eq. (6), 


tand.=— f x ji(kx)V (x)ur(kx)dx. (8) 
0 


Instead of starting from the differential equation (5) 
to form (6), one can start from the integral equation (2) 
and, by expanding the wave function in spherical 
harmonics, obtain an integral equation for a slightly 
different radial function, w;, namely, 


1 
wi(kx) = ba i(k) = k 


xf eulnal)V (herbs (9) 
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where 
gu(x,a’) =ikji(ke<)hi™ (kx>), 


and where /,")(kx) is the spherical Hankel function. 
The function w;(k«) satisfies Eq. (5) and the condition 


Wi (0) =0, 
and, for x, 


tand; 
_—g i(kz—}lz) 


1—7 tand, 


w (kx)-sin(kx—3lr)+ (10) 


The relationship between the two radial functions is 
thus seen to be 


u,(kx) = (1-1 tand;)wi(kx). (11) 


In either case, the scattering amplitude is given in 
terms of the phase shifts by 


1 tand,; 
f( kk’) =- >> (2/+1) ——P,;(cos@), (12) 


k i=0 1—7 tanéd, 


where 6 is the scattering angle; that is, the angle be- 
tween k and k’. 

The Hulthén-Kohn principle is based directly on the 
Schrédinger equation (1). In Kohn’s form of the prin- 
ciple, it is required that the trial wave functions have 
the correct asymptotic form; that is, that 


Wu (x)ove*® *+ fi, (kk )ei**, x, (13) 


and | 
Pn (x)ovem "+ fo(—k’k'e"**/x, 


where f; and fo are trial scattering amplitudes in the 
indicated directions. Then Kohn’s variational principle 
states that the expression 


4a f (k->k’) =4rf, (k-k’)+/, (14) 


where 
r= feo @lrte— V (x) Wx (x)dx (15) 

is stationary for independent variations of yx and y_» 
about their correct values as given by Eq. (1). 

Observe that this variational principle depends on the 
amplitudes of yx and y_y-. Evidently, it might be 
advantageous to rewrite this result in such a way that 
it is independent of the amplitudes of the unknown trial 
fields. One way of accomplishing this is the following: 
let the trial functions be expressed as 


Wu (x) =e 2+ U(x), 
W.-0 (x) =~ "+ W (x), 


(16) 


where U(x) and W(x) are scattered waves which must 
have the asymptotic forms given in Eq. (13). Notice 
that U and W then become the trial quantities which 
enter into Kohn’s principle. To find a form which is 
independent of the amplitudes of U and W, assign 

amplitudes a and 5, respectively, to them. The integral — 
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(15) may then be expressed as 
I =4rfp(k—k’) —4raf,(k-k’)+0A'+bB'—abC’, 


where fg is the Born approximation scattering ampli- 
tude, 


4 fp (k—k’) = — few av(eemrds, (17a) 


and where 


—4rfi(kok)= f-* [+B ads, (17b) 


A'= — fem VU aa, (17c) 


B= — [Wav ae*rdr, (17d) 


c=- [wart V(x) JU(x)dx. (17e) 


Then Eq. (14) becomes 
dor f (k—>k’) = 42 fp (kk) +0A'+0B’—abC’. 


Making this stationary with respect to independent 
variations of a and 8, we obtain 


4x f(kk’)—4afp(kk’)=A'B'/C’, (18) 
which we shall call the amplitude independent form of 
Kohn’s principle.® 

Now, as has been mentioned, the difficulty in using 
the Hulthén-Kohn principle is that of constructing ade- 
quate trial functions. The utility of amplitude-inde- 
pendent forms in this connection is indicated for the 
Schwinger principle by Gerjuoy and Saxon.® For con- 





-{ V (a)wot(hs)de— f 
0 0 


~ 





k(coté;—i) = 


AND 
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venience we briefly describe the method. Recali that 
Schwinger’s principle is 


4m f(k-k’) = A,B,/C,, (19) 


where 


A= = few Vv e@ncoads, 


— f eV (x)y_u-(x)dx, 


and 


C,= - f nix V (x) (x)dx 
-f frcoraeax ver ye (x’)dxdx’. 


Instead of choosing yy and y_» simply as plane waves, 
one can construct more elaborate trial functions from 
generalized sets of partial waves as follows: expand px 
and y_» in a set of functions ¢,* and ¢,~* which are 
eigenfunctions of some symmetry operator which com- 
mutes with the Hamiltonian’ ; for example, the spherical 
harmonics or the eigenfunctions of the parity operator. 
When it is required that Eq. (19) be stationary with 
respect to variations of the coefficients of the ¢’s, 
Schwinger’s principle takes the form 


N A vale n 
4 f(k-k’) = + — 
n=! On 


(21) 


where A,,, Bsn, and C,, are the same as A,, B,, and C, 
but with y, and y_,- replaced by ¢,* and ¢,*’. In case 
the ¢’s are the spherical harmonics, (21) becomes the 
usual infinite sum (12) over the angular momentum 
states in which the phase shifts, 5;, are to be evaluated 
by Schwinger’s principle for the phase shifts: 





| wy(kx) V (x) gi(x,x") V (x )wi(kx’)ax'dadx’ 
0 


I-f jilkx) V(se(ha)ade] 


Now, if such generalized sets of partial waves are to be 
utilized in Kohn’s formulation, it is helpful to establish 
the connection between the principles for the scattering 
amplitude and phase shifts as was done in the Schwinger 
case. The Kohn principle for the phase shifts requires 
that the radial trial functions «; have the correct 
asymptotic form 


uy(kx)~sin(ka—}lr)+tandy, cos(kx— lr), (23) 
5 This form was found independently by H. E. Moses, New 
York University Report CX-27, July, 1956 (unpublished). 
* E. Gerjuoy and D. S. Saxon, Phys. Rev. 94, 478 (1954). 


where 6; is a trial phase shift. Then one obtains the 
expression 





k tand;=k tandy+/, (24) 


where 


» a? L(l+1) 
a f 4,(kx)| —+—V(x)—-— = utd 
0 dx? So 


is stationary for variations of «; about its correct value. 
The amplitude-independent form of this, corresponding 


7R. J. Finkelstein and M. Moe, Phys. Rev. 100, 1775 (1955). 
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to Eq. (18) for the scattering amplitude, is 


IN SCAT 


f kx j (kx) V (x) t1( ks)ds| 
0 
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9 





k tané,;=k tanéd;g— 


+1) 


at he Ll 
f Us1 (en —+k—V(x)- ——} i(kx)dx 
0 dx? ; 


where 


k tanédi;zp= -{ [kxji(kx) PV (x)dx, (26) 
0 


which is just the Bonn approximation, and where 


U1(Rx) =u1(kx) —kxji(kx) (27) 


is the scattered part of the radial wave function. 

To find the relationship between Kohn’s principles for 
the amplitude and phase shifts consider first Eq. (15). 
Expand the trial functions in spherical harmonics; viz., 


» wy(kx) 
Wu(x)= > a-——P,(cos6,), 
l=0 x 


2 wy(kx) 
v_« (x)= > 8B-——P,(cos6.), 
: ' 


=0 x 
where 
cosé,; = (k-x)/kx, 
and 
cos, = (—k’ -x)/kex. 


The condition that the wave functions must approach 
the correct asymptotic form (13) means that the radial 
wave function w, must satisfy (10) with 6, replaced by 
6;, and that the constants a; and 6; must be i'(2/+1). 
Equating coefficients of the spherical harmonics in 
Eq. (14), we obtain 


k tandn ——e 
= —+ f w (kx) 
0 


1—itand, 1-7 tandy 


k tand,; 





9 


dx? x 


& id+1) 
x |—+ k?— V(x) -—— fet kx)dx. (29) 


In terms of 1, this is 





T,+(1—i tané,)k tand 


tané;=— (30) 
il, +k(1—7 tanén) 
This is a stationary form for tané;, but it is not the same 
as Kohn’s form (24). Thus, we have two different 
variational principles for tané; in terms of the same 
quantities, tané,, and J;. Note also that Eq. (30) has the 
undesirable feature that it gives complex approxima- 
tions to the phase shifts. This means that probability is 


Bed 


not conserved. How can we arrive at a more satisfactory 
variational principle for the phase shifts? An obvious 
procedure is to try the amplitude-independent form 
(18), rather than Eq. (14), as the basis for the expansion 
of the scattered fields in spherical harmonics. After 
some manipulation, it can be seen, however, that there 
again results a (different) complex approximation for 
the phase shifts. To obtain a method which does work, 
it is first necessary to construct a modified amplitude 
independent form of Kohn’s principle as follows: let us 
choose trial functions y_y(x) and U(x) and make Eq. 
(14) stationary with respect to independent variations 
of their amplitudes. We obtain then 


4 f(kk’) = AB/C, (31) 


where 


A= dor fi k—k’), 


B= - free V (x)e** *dx, 


C= = few) lV +e V(a)]U ade, 


Now the expansions in spherical harmonics can be 
written in the form 


x w y2o(Rx) 
v_. (x)= > b-———P (cos), (33) 
1=0 


kx 


: oy. We (kx) 
U (x)= > i'(2/+1)a-————P (cos), 


1=0 kx 


(34) 


where the trial function wi. does not have to approach 
the correct asymptotic form,’ but w,; must asymp- 
totically approach 
vy neee-tln) 
where 
tand 1 


Sine, (35) 
1—7 tand;, 

The requirement that Eq. (31) be stationary with re- 

spect to arbitrary independent variations of a; and }; 


8 It is easy to show that in the Kohn variational principle, only 
the function appearing on the right of the differential operator, 
namely yx, need satisfy the correct boundary condition at infinity. 
Here we take advantage of this freedom in the choice of y_,. 
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leads to Eq. (12) in which the phase shifts are given by 


tand; 
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hoes f xjr(kx) V (x)wi(kx)dx 
0 





x > 


1(1+-1) 


i—# tand, ; , ? 
f Wy2(Rx) — V(2)——— forn( sia 
dx? 


0 
or, in terms of the ,, 


x a 


f wales] 


k coté;= ~ 


ax 


x 


L(+) 
ae RP—V(x)—-— un (kx)dx 
Boa 





tandu f xji(kx)V (x)uw(kx)dx 


This gives real approximations to the phase shifts. 
Furthermore, this variational principle for the phase 
shifts may be obtained from Kohn’s principle (24) by 
making it independent of the amplitudes of #72 and #1. 
Another interesting observation is that Schwinger’s 
principles for the total amplitude and phase shifts may 
be obtained directly from Eqs. (31) and (36) by choosing 
trial functions 


W_x: (x) =y_x-(x), 


U(x)= = [Gx x)V (a Wale ae, 


and 
w2(kx) =w (kx), 
2 (39) 
wen (kx) = -xf gi(x,x’) V (x’)wi(kx’)x'dx’. 


0 


III. MORE GENERAL VARIATIONAL PRINCIPLES 


We have seen in the above discussion that there are 
different stationary expressions for tané, in terms of the 
same quantities. For example, Eqs. (24) and (30) are 
completely different variational principles for tané; in 
terms of the specific quantities k tand;, and J;. To see 
how this is possible, note first that the stationary 
property of Kohn’s principle (24) is a consequence of the 
relation 


5(k tand) =—6/ (40) 


for permissible variations of u; about the correct wave 
function, that is, variations such that «#; has the 
correct asymptotic form. Now consider a functional 
H(k tané1, I) which satisfies the conditions that for the 
correct “;, H reduces to k tané;, and that H is stationary 
for permissible variations of u;. Evidently, such a 
functional provides a stationary expression for k tané;. 
The second condition means that 


oH | oH | 
ee a(tandnx)+—| 61,=0, (41) 
O(k tandz) |o OT i\0 


where the subscript zero denotes evaluation at the 
correct wave function. Upon using Eq. (40), this condi- 


tion becomes 
OH 


_ —| 


A(ktanbn)|\o OT; ;, 


OH 
(42) 


Since there are many functionals H which satisfy these 
conditions, it is to be expected that different starting 
points could well lead to different variational principles 
for the phase shifts. 

The preceding remarks apply equally well to the 
scattering amplitude. To make them more general, let us 
consider variational principles for a quantity Q which 
we write 
(43) 


* Zn). 


QO=H (21,20, °* 


The quantities z; are usually integrals which are linear 
or bilinear in the trial functions. These might be the 
k tand;, and J; which appear in Kohn’s principle, or 
they might be the A’, B’, C’, A, B, or C which appear in 
the amplitude independent forms for the scattering 
amplitude. For variations of the trial functions about 
their correct values, the 2; will have corresponding 
variations 62;. Let H be chosen such that, for the correct 
trial functions, 


H (210,220, - - -,2n0) =Qo, (44) 


where (> is the correct value of Q. If, now, it is required 


that 
n H 
60= > (— iss) =0, 
0 


i=l 02;| 


(45) 


H becomes a stationary expression for Q. Of course, the 
6z,; are not all independent and it is just the relations 
between them which provide conditions for the determi- 
nation of H, as in Eq. (42), for example. 

We now show how to construct some generalized 
variational principles using these ideas. Consider first 
the total scattering amplitude, Q=42/f(k—k’). One 
way of choosing the 2; is to take 


ti=g=4rf(k-k’), 


and 


a om J pv (®VE H— V(x) We(xd. 
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The variations of g and / are related by 6g= —S/. It is 
easy to verify that a general form for H, satisfying Eqs. 
(44) and (45), is 


H=g+I4T*4F,(g,1)+Fa(J), (46) 


provided that a>0, Fi(g, /=0) is bounded, and that 


lim [F2(7)/T=0). 
I-0 


A special case of Eq. (46) is 
H =4nf(k-k’) =g+-/, 


which is just Kohn’s form (14). Equally possible forms, 
however, are for example, 


H=g*/(g—1), (47) 


H =ge!'s, (48) 


and, of course, there is no a priori basis for choosing 
among them. 

Other variational principles for the scattering ampli- 
tude may be found by taking the z; to be the quantities 
A, B, and C of Eqs. (32). It is easy to show that, for the 
correct wave functions, we have 


Ao=By=Co=4r fo( kk’), 
and that for variations about these values, we have 


6A+6B=6C. (49) 


Thus we seek functionals H such that 
H(A 0, Bo,¢ ‘o) = 4 fo(k—k’), 
where, from Eqs. (45) and (49), 


dH| 0@H|  aH| 


—| =—| = —|. 
0A | OB 0 ; 0 


A general form for H which satisfies these requirements 
is 


H(A,B,C) =G,(A,B,C) 
+(A—C)G2(B)+(B—C)G;(A), (50) 

where G, can be any function which reduces to 42 fo for 

the correct fields, and where G, and G; are given by 


0G; 0G;| 
G2(B)=—| +-- + Ge 

OB \anms:cmp OC |ans-c=B 

0G, 0G, 
G;(A)=—— 

OA B=A;CeA dC 


BeA;C=A 


Some simple special cases are 


H=A+B-C, 
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which is again Kohn’s form, and 
H=AB/C, 


which is the amplitude independent form (31). 
Still other principles can be constructed in the same 
way from A’, B’, and C’ which have the properties 


Ag =By =Co = Ar fo( k—k’) — fri kk’), (52) 
and 
6A’+6B’ =6C". 


The amplitude-independent form of Kohn’s principle, 
H =4n[_f( kk’) — fp(k-k’) ]=A’B’/C’, (18) 


is an example. 

Even more complicated variational principles can be 
constructed by introducing additionally the trial scat- 
tering amplitude f,(k—k’). A particularly interesting 
example is the form 

(4ar f,B’)? 
H =4r f(k—k’) = -——————————__,_ (53) 
, C’[ 4x f pC’ +B’ (A’— 8x fi) J 

which is stationary and independent of the amplitudes 
of the trial scattered waves, U and W. The existence of 
mere than one amplitude independent form is a new 
feature; the amplitude-independent form of the 
Schwinger principle is unique. 

Variational principles for the phase shifts are com- 
pletely analogous to those for the scattering amplitude. 
For example, the form for the phase shifts corresponding 
to Eq. (53) is 

[k tané By’ P 
k tané;= ——— — 


- - ~, (54) 
C/[Crvk tand;p+B/'(A '—2k tand;1) | 


where 


A= -f kxji(kx) V (x). (kx)dx, 


0 


Bi=—f kx ji( kx) V (x) Us 12(kx)dx, 


0 


and 


xg & W(1+1) 
C;'= -f tan(s| + 8 on ineaio unter 


dx? oe 


IV. CRITERIA FOR THE SELECTION OF 
SPECIAL FORMULATIONS 


It is clear from the preceding discussion that we are 
free to choose among many variational expressions. We 
now consider the possibility of exploiting this freedom. 
Ideally, one would like to find forms which, in some 
sense, give the best possible approximation for given 
trial functions. An obvious measure of the accuracy of 
an approximation is the size of the higher variations. 
Can one control these quantities by choosing suitable 
stationary expressions? As far as we can tell, the 
answer is no. We have been unable to find any varia- 
tional principles which decrease the higher variations 
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for any physically reasonable class of trial functions.® 
As an alternative, one might look at just the second 
variation with the hope that it could be made positive 
(or negative) definite. If so, a systematic approach to 
the correct solution, which would be an extremum, 
would be possible as in the Rayleigh-Ritz method. 
Unfortunately, the quantities 2; which enter into the 
construction of the variational principles are such that 
the second variations cannot be made to take on a 
definite sign.° 

A second approach to the problem of choosing ap- 
propriate variational principles for the scattering ampli- 
tude is the following: one can try to select them in such 
a way that the general characteristics of scattering 
processes are not violated. Specifically, it seems reason- 
able to require that reciprocity and the unitarity of the 
scattering be maintained. The former is automatically 
built in to many of the variational expressions and in no 
case does it cause a serious problem. As far as the latter 
is concerned, the situation is more complicated. We have 
already seen that unitarity is generally not satisfied. 
Indeed, we found it difficult to construct variational 
principles, for appropriate trial functions, which gave 
real phase shifts and therefore conserved probability. 
By appropriate, we mean trial functions which are ex- 
panded in spherical harmonics, the coefficients of which 
are variationally determined—as in the derivation of 
Eq. (37). Since such functions contain a set of parame- 
ters, each of which is variationally determined, they 
must be regarded as very special trial functions. We 
shall call these trial functions “‘variationally best.” 
Actually, it is possible to construct formal expressions 
for the scattering amplitude which satisfy unitarity 
regardless of the form of the trial functions, as discussed 
by Lippmann and Schwinger.!® This was accomplished 
by introducing the so-called reactance matrix. However, 
the relation between the reactance matrix and the 
scattering amplitude is sufficiently complicated that the 
method cannot be easily used." About the best we can 
do is to choose a variational form, like that of Eq. (31), 
which conserves probability at least for those trial 
functions which are “‘variationally best.” Presumably 
such a form is better than one which violates unitarity 
under all conditions. 

This seems to be about as far as one can go with 
criteria based on the general properties of scattering. 
Further criteria might, however, be based on more 
practical considerations. The property of amplitude 
independence is obviously useful in this respect, as has 
already been discussed in connection with the Schwinger 
principle.* Incidently, we might remark on why the 
Schwinger form is such a good one. Besides being 
amplitude-independent, it preserves probability when 


°M. Moe, thesis, January, 1957, University of California at 
Los Angeles (unpublished). 

10 B. A. Lippmann and J. Schwinger, Phys. Rev. 79, 469 (1950). 

1 See reference 9 for discussion of a high-energy approximation 
to the reactance matrix formulation. 


MOE AND D. S. 


SAXON 


the “variationally best” trial functions are used and it 
automatically satisfies reciprocity. In addition, if re- 
garded as a special case of Eq. (31), it uses the 
Schrédinger equation itself to generate the trial fields. 
From the practical standpoint, however, the Schwinger 
form has a serious disadvantage, the difficulty of 
evaluating the integral containing the Green’s function. 
Thus, only the simplest trial functions can be used. This 
brings us to our final consideration in the choice of a 
variational principle, the ease of evaluating the inte- 
grals. A formulation which is theoretically inferior to 
Schwinger’s but which allows more complicated trial 
functions might still give a more useful approximation 
to the scattering amplitude. For example, if we wish to 
calculate a correction to the Born approximation, the 
form 
4a f =4af p+ A’B'/C’ 


is a good one because it is amplitude-independent. It 
does not, however, preserve probability when the 
“‘variationally best” trial functions are used. Equation 
(31) which does preserve probability for such trial 
functions might be a better form to use. Of course, we 
must find trial functions which are simpler than those of 
Eq. (38) which lead to Schwinger’s form. For instance, 
we might try choosing 


Vn (x) =e, 


and a trial scattered field U which behaves asymptoti- 
cally like the Born scattered wave, namely, 


etkz 
U(x)~fa(kok")—, xn. 
x 
Then (31) becomes 


4 f 52(k—k’) 





ftk>k’) = (55) 


dr fa(kok’)+ fe-w-av(ayt ’(x)dx 


The advantage of this form is that, next to the first 
Born approximation, it is one of the simplest formulas 
for calculating the scattering amplitude. In general, it 
gives a nonzero imaginary part in the forward direction 
(unlike first Born) and so may be used with the cross- 
section theorem to provide a simple estimate of the total 
cross section. We have tested the utility of this form by 
calculating scattering amplitudes for neutron-proton 
scattering by the Yukawa potential at intermediate 
energies. With a trial scattered wave of the form 


eikz 


U(x) = (1-e-*) f(k ok”) —, 
x 


the numerical results’ appear roughly comparable to 
those obtained in the second Born. 

We have also tried using other modifications of the 
Kohn principle. The results of some systematic though 
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crude calculations show that it is difficult to obtain good 
approximations from the formulations for the total 
scattering amplitude. The formulations for the phase 
shifts are much easier to use and, as noted by others, 
give fairly good answers. Scattering amplitudes calcu- 
lated from these phase shifts automatically conserve 
probability. The only disadvantage in using the phase 
shifts is that, at intermediate and high energies, one 
must calculate large numbers of them to obtain the 
scattering amplitude. 

In closing, it might be worth mentioning a method 
which removes some of this difficulty and gives good 
results in an essentially closed form. It can be obtained 
by combining the Born scattering amplitude with a few 
variationally determined phase shifts. This is done by 
re-writing the Born scattering amplitude, fs, given in 
Eq. (17a), in the form 


a) 


> (2/+1) tand;2P1(cos6), 


k i=0 


f(9) Ss (56) 
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where tané;, is given by Eq. (26). Subtracting Eq. (56) 
from the usual phase shift expansion, Eq. (12), we have 


tand,; 

fO— f2(@)= 1+1)] —————— tané zz | P1(cos6). 
1—7 tanéd, 

Since the Born phase shifts are not far from the correct 
ones for the higher / values when the phase shifts be- 
come small for most potentials, the right side converges 
satisfactorily. Even if only one or two terms are retained 
in the sum, the results are surprisingly good.’ Conse- 
quently, only one or two phase shifts need be deter- 
mined and for that purpose, variational methods are 
quite satisfactory. 
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The relativistic generalization of Pauli’s equation for the electron has recently motivated Feynman and 
Gell-Mann to propose a specific form of universal Fermi interaction. Particles satisfying this equation 
are studied from the viewpoint of their electromagnetic interaction. It is found that an anomalous magnetic 
moment similar to the Pauli moment violates the Hermiticity of the theory, and that only vector and 
axial vector interactions lead to simple two-component equations, even with parity conservation. Rules 
for calculation in quantum electrodynamics are developed which have definite advantages over the usual 


Dirac formulation. 


Y considering a description of the known fermions 

in terms of two-component spinors satisfying the 
relativistic generalization of the Pauli equation and 
requiring that only direct (nonderivative) couplings 
act in the weak interactions, Feynman and Gell-Mann! 
have been led to a universal Fermi interaction which 
is essentially unique? and which has a considerable 
measure of agreement with experiment. While the 
solutions of the Dirac equation even in the presence of 
the electromagnetic field are exactly equivalent to 
those of the relativistic Pauli equation, the latter 
equation is more restrictive in several useful ways: 
it is CP-invariant, but not separately C- and P-invariant 
(though electromagnetic effects have the full invariance) ; 
it does not permit the simple addition of an anomalous 
* Work supported in part by the National Science Foundation. 
tisaes P. Feynman and M. Gell-Mann, Phys. Rev. 109, 193 


2R. E. Marshak and G. Sudarshan, as well as J. J. Sakurai, 
and others, have also proposed this interaction. 


intrinsic magnetic moment; it leads to a unique Fermi 
interaction when derivative couplings are excluded. 
It leads to simple interaction forms only of the vector 
and axial vector types, even for parity-conserving 
interactions (though this is not certain to be an 
advantage). 

The present work is mainly concerned with a detailed 
formulation of the electromagnetic interaction of the 
two-component fermion and its relation to the Dirac 
formalism. New physical results do not, and should not, 
appear since the present predictions of quantum 
electrodynamics are in substantial agreement with 
experiment. However, one is led to calculational 
methods which are simpler; also, well-known results 
can be exhibited with a transparency which is sometimes 
clouded in the Dirac formalism. For example, the 
parity-conserving property of electromagnetic interac- 
tions will be seen to follow from a symmetry between 
the fermion spinor and a certain derivative spinor or, 
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more simply, from the velocity dependence of the 
interaction. 

For brevity we shall restrict ourselves to the essential 
features of the theory, to the extent of treating only 
the c-number formalism. One of the advantages of 
the two-component theory is that, unlike the Dirac 
equation, it is susceptible to treatment by the path- 
integral method as well as by the standard quantum 
field-theoretical techniques. However, such a develop- 
ment is not considered in this paper. 


I. NOTATION, ETC. 

The theory is most conveniently formulated in 
terms of 2X2 matrices which have properties similar 
to the 4X4 p=p,7, introduced by Feynman. Accord- 
ingly, we define® 

pt=poto-p=<é,p,, (1a) 


p= po—o- p=o, py. (1b) 


Here », is an ordinary four-vector having components 
(po,p) and we adopt the metric goo=1, g11=22= 833 
=—1. 01, 2, 03 are the usual Pauli matrices, always 
taken in the standard representation, and we may 
regard ¢, as the matrix four-vector (1, —@) while o, 
is (1,0). We have, therefore, 


FO. = ut My», 
= , 
opo»= Sut hw ) 


where g,, is the metric tensor, and the antisymmetric 
tensors h,, and /i,,’ have 


hor= —hio= —ho! =hio' =0;; 
ann (2c) 
hiyj=h, =—}(c0@j;—0,0;); 1, 7=1, 2, 3. 
From the above it follows that for ordinary four- 
vectors Ry, Ju; 


ktqg-+qtk- =k qt+q-kt=2k,qu=2k-q; (3) 


while for p,=1i0/dx, and A,, the electromagnetic 
potential (times the electric charge), 
prA-+Atp-=p-A+A-ptihwdA,/dx,. (4) 
We can also write 
ih, ,0A,/dx,=}ihyF »=io- (E+7B) (Sa) 
while 
Lily’ F w= —io-(E—1B). (5b) 
Thus, with Il,=p,—A,, and 1l+=p*— A+, we have 
Mth =11,11,—fihpF », (6a) 


WWI = 11,1, — daltys Py. (6b) 


We take #=c=1 throughout. 


3 Matrices of this type have been used for the representation of 
relativistically invariant quantities by many authors, especially 
by B. L. van d. Waerden, Die gruppentheoretische Methode in der 
Quantenmechanik (Verlag Julius Springer, Berlin, 1932); and by 
H. A. Kramers, Quantum Mechanics (Interscience Publishers, 
Inc., New York, 1957, translated by D. ter Haar). 
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II. CANONICAL FORMALISM 


It is our purpose to formulate a description of a 
relativistic fermion of mass m in terms of a single 
two-component spinor y¥. For convenience, however, 
we introduce a second two-component spinor 2, which 
at the outset will be independent of y but which we 
will shortly relate toy in such a way that the observables 
of the theory will be Hermitian. 

Our Lagrangian density is (' denotes Hermitian 
adjoint) 


L= mm (TQ) (IY) — mn". (7) 


We note that II* and II- are Hermitian operators and 


use 
5 f ear=0 


Wy = my, 
WI = m2, 


to obtain 


and their Hermitian adjoint equations. 

We will discuss the invariance properties of the 
theory in more detail below. For the present we remark 
that 


o2(II-M+)*o.= (I+) ¢, (10) 


where the subscript Cc means the sign of the charge is 
changed. On the other hand, 


Prr=iIr", (11) 
where P is the parity operation. Therefore, the equations 
of motion (8) and (9) transform into each other under 
C or P but are unchanged, except for the sign of the 
charge, under “combined inversion” CP. 

The fields canonically conjugate to y and {2t are 


OL 
xt=———_= (i/m) (I1*9)*, 
0(dy/dt) 


aL 
y=———-= — (i/m) II-y. 
4(ant/dt) 


(12) 


(13) 


From Eqs. (8) and (13), 
(14) 


(15) 


imII*t o= my, 
I-Il* g=m’¢. 
Similarly, 


IIttI-x =m’. (16) 


A comparison of (16) with (8) suggests the identification 


ix=y. (17) 
If we now operate on both sides of Eq. (17) with II 
and use the adjoint of (12), as well as (9) and (13), 
we deduce that 


ig=Q. (18) 
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The last two equations can now be rewritten as [using 
(12) and (13) ] 
(19) 


(20) 


Q= my), 
y= mQ, 
which expresses the relation between y and 2 that will 
make the observables Hermitian. It is important to 
note that we can consider y to be obtained first by 
solving Eq. (8); the auxiliary spinor 2 is then obtained 
by the operation indicated in Eq. (20). 
Equations (19) and (20) can be written as a single 
Dirac equation‘ 


Q 
(IIo—a- nm) ( )= 
v 


—o 0 ae 
OE a OP 
0 ¢ YQ 
For y,= (8,8a) and ys=7y1yzvs7o we then have 
O- -@y 1 0 
) (i) 
0 0 —-1 


The standard form of the Dirac equation is obtained 
from Eq. (21) by the unitary transformation 


(21) 


(22) 


(23) 


1 


1 0 -% 
S=exp(ipor/4) = a: (1+%p2), p2>= ( ). (24) 
v2 0 


That is, 
Q\ 1 7~+o 
s( )-5( ) 
¥/ v2\y-2 
satisfies the usual Dirac equation. 

Returning now to the two-component formulation 
and Eqs. (17) and (18), we write the Hamiltonian 
density 

oy ant 


KH=x'—+—¢— £, 
ot at 


(25a) 


oy ant 
semi( yi 2) —m(yin—aty). (25b) 
ot at 


Using (19) and (20) to eliminate dy/dt and 02/dt, we 
obtain 


H=m(PQ+Qy)+Yy'A Pta'd Q 


+y'o-Ty— (@-112)'2, (26) 


which is evidently Hermitian. This is also true of the 
current density 
S,= —1(0L/dp,)W+ 10" (AL/dQ,*) 
=Ployt+n'e,Q. (27) 


4A different representation of the Dirac matrices is used in 
reference 1. See also Appendix IV. 
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The current, of course, obeys the continuity equation as 
ids,/dx,= — (Pw + py— (prayta+artpta, (28) 


and since 
Py=m0+ Ay, etc., 
we have 
10s,/0x,=0. (29) 


The component 


so=Wy+nre (30) 


is positive definite and must therefore be interpreted 
as the particle density, not the charge density, despite 
the equations being second order in the time. 


III. FREE-PARTICLE STATES 
Setting A=0 in Eq. (8), we obtain as elementary 
solutions: 


W(%) =e? **. (31) 


y is an arbitrary constant two-component spinor. [In 
(31), and hereafter, in referring to free-particle states 
we shall mean a constant spinor whenever no explicit 
argument is written. ] Particle and antiparticle states 
have po respectively positive and negative; the four- 
momentum of an antiparticle is —p. The auxiliary 
spinor (2(x) is then, from (20), 


Q(x) =Qe-*? “7, (32) 
with 
Ppy=mQ, prQ=mp). (33) 


On substitution of (31) and (32) in Eq. (26) with 
A=0, we obtain the energy density: 

E= po(f'y+a'g) = Poso. 
States of negative energy are to be reinterpreted as 
antiparticle states of positive energy according to the 
method of Feynman. 


We next consider the normalization of the particle 
density. We use (33) to write Eq. (30) as 


Sso= my! (m?+ p- py. 


(34) 


(35) 
Since 
m+ p-p- = port p’+ m*— 2poe: p= 2pop, 
we have 
So= (2po/m?)p' p-y = (2po/m)y'Q= (2po/m) Qty. 


Setting so=1 corresponds to the Dirac normalization 
(u'u)=1. A more convenient normalization, however, 
is to take 


(36) 


(37) 


yiQ= QTY = po Po = é. 
This results in 


So= (2po/m) «= 2) po| /m. (38) 


Transition amplitudes are then proportional to matrix 

elements of the form (Qr(«), ¥r(x)). 
Now introduce normalized spin 
5 Note that in the free particle case ¥(x) may be chosen as an 

eigenfunction of spin in an arbitrary direction, unlike the Dirac 


case. However, the direction of the momentum is still the most 
convenient choice for most purposes. 


eigenfunctions® 
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X,=X. such that 
o-Xp,=5X,, 
Then if w 
Q=m""(po—s| p| W=m(pots |p|) y. 


From Eqs. (37) and (39), we obtain 


a,X,, we find 


, 


€=m(pots|p))\a,'” 
and therefore, in accord with (37), 

a,=e'| (pots|p|)/m|}. 
In summary of this paragraph, we have 
Q=a (43) 


y=4a,X,, Xs, GA_.=€. 


To calculate the probability of transitions between 
plane wave states caused by an interaction matrix M, 
we frequently have to evaluate the sum over spins of 


(Q2,My;) = (Q21My) (WiiM Qo). (44) 
While >> s:W:¥1' is not very simple, we can make use of 


DLWi2yt = PO = (XX +-XX) = al, (45) 


8] 81 


where / is the unit matrix, to write 


> | (Q2,My,) |2=¥ (Q.t My) (Qi My») 


bd | 


= €] (Qf MMy.), 


(46) 
with 


M=m-pM 'p--. (47) 


Similarly, on summing over the final spins, we obtain 


DX | (Q2,My1) |?= eee Tr MM]. (48) 


#1,82 


To obtain results for particular spin situations, one 
inserts the conventional spin projection operators,° 
e.g.,}(1to-p). The usual “energy” projection operators 
are noi required. It may appear that they are already 
contained in the definition of M, but we shall see in 
the next section that this is not the case. 


IV. QUANTUM ELECTRODYNAMICS 
We write Eq. (8) in the form 


(p?—m*)p (x)= dp (x), (49) 
with 


§=p'A+Atp —AtA, (50) 


where p,=i0/dx, and for A+tA~ we can equivalently 
write A®. The corresponding integral equation, 
W(x) =Yo(x)+ (p?—m) "Ip (x), 


can be interated and transformed to momentum 
representation, yielding the usual S-matrix formulation 
of the Klein-Gordon equation except that the “vertex 
interactions” are given by (50) instead of the usual 


(51) 
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(o’) (bd) (b') 


Fic. 1. Diagrams for the second-order interaction. The interac- 
tion matrix is the sum (superscripts have been omitted) of 
(a) (p’*— mm?) (poAot+ Aop’) (p’ Ait Aips); (a’) — AA); (b) 
(p'"?—m?)“"(p2Ait Aip”) (p" Art Aspi); (b’) — Ai Ad. 


(in the Klein-Gordon theory) scalar form. For compari- 
son with the diagrams usually drawn for the Dirac 
equation (see Fig. 1) it is convenient to associate 
with each fermion line containing successive single 
vertices (say, in the order A,, As) a double vertex at 
which the interaction is —A,+A;. As there will 
always occur the corresponding diagram with the 
“single” interactions in the reverse order, the two 
“double” interactions will yield 


—A,+As-— Ast Ay = —2A,:Ao. 


(52) 


Although the notation is rather cumbersome, it will 
be seen shortly that the superscripts + can safely be 
omitted and that transition probabilities will assume 
a simple form. 

Consider the “single” vertex interaction 


M = pot A-+ Atpr. (53) 


Since p.*, A™, etc., are Hermitian matrices, we have 
M“t= A-pot+ pr At. (54) 

From Eq. (47) and pr= p=’, we get 
M%=pA+Atps. 


That is, M“ is M“ with the factors written in reverse 
order and with superscripts plus and minus inter- 
changed. This is, indeed, the general rule for writing 
M for an M of any order. (The proof of this “backwards 
rule” is contained in Appendix I.) Thus in writing M, 
M or Tr{MM] there is a uniform alternation of 
“plus” and “minus.” We can therefore omit the 
superscripts. Furthermore, the traces are evaluated by 
successive applications of 
bg +q'p =2p-4, 
which does not spoil the alternation, and since these 
are precisely the algebraic relations for the Dirac 
p,q, the procedures for evaluating traces are unchanged. 
A further simplification, as well as additional physical 
insight, can be gained by introducing into (53) the 
momentum transfer g= p2— p1: 


M”=3(qtA-— Atq-)+ (pit p2)-A. 


It can be seen that M in the form (55) exchanges 


(55) 


(56) 


(57) 
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subscripts 1 and 2 in M‘”. But this is equivalent to 
writing (57) in reverse order and exchanging super- 
scripts. The “backwards rule” is thus valid also for 
the form (57) and one need not apply the definition (47). 
The same remark applies to the term —A*+A™ (see 
proof,in Appendix I). 

In momentum representation the interaction 4g 
consists of $¢-+9s where the “charge” or Klein-Gordon 
interaction is 

Ic=(pitpe)-A—A?’, (58) 


and the “spin,” or additional Dirac, interaction is 


Ss=3(QtA —Atq ). (59) 


This separation of the interaction can be useful for 
approximate calculations. Evidently only 9¢ contributes 
for small momentum transfers. 9s can also be written as 


Ss=q'A —q:A=—Atg + q:A, (60) 


which is useful as g-A is often zero (e.g., for free 
photon interactions or potential interactions). Je is 
merely a number and does not enter in the calculation 
of traces. Since there are no “energy” projection 
operators and only momentum transfer and polarization 
vectors occur in Js, traces are always simpler than 
those written in a straightforward way from the Dirac 
theory. Examples are given in Appendix IT. 


V. ANOMALOUS MOMENT AND 
OTHER INTERACTIONS 


In the terms of the preceding discussion one is led 
to inquire whether it is possible to consider an arbitrary 
mixture of “charge” and “spin” interaction. That is, 
can we write 


I=Ict(1+A)Is? (61) 


If so, this would correspond to an intrinsic anomalous 
magnetic moment Ae/2m having different dynamical 
properties from the familiar Pauli addition to the 
Dirac Hamiltonian. [It can be seen by reference to 
Eq. (6a) that (61) is equivalent to multiplying the 
term h,,/*,, by (1+), and that such a term cannot be 
formed by interation of the Pauli-Dirac Hamiltonian. | 
Like the Pauli addition, it violates what Gell-Mann has 
called the principle of minimal electromagnetic interac- 
tion. In this sense a theory in which it would be 
impossible to add such a term would be distinctly 
advantageous. This appears to be true of the two- 
component theory.® 


6 This situation has been discussed from a somewhat different 
point of view by R. P. Feynman [Phys. Rev. 84, 108 (1951), 
Appendix D]. There the iterated Dirac equation is considered 
from the standpoint of the path-integral formulation and the 
connection with the classical limit. It is pointed out that transition 
probabilities are positive definite only if \=0 (fermions) or \= —1 
(bosons). Thus \#0 for fermions would violate not only the 
Hermiticity of the theory but the connection between spin and 
statistics as well. The conclusion made in the above work that 
projection operators are necessary does not hold in our case, but 
arises there from the fact that the iterated Dirac equation has 
four components. 
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To obtain this interaction let us add to the Lagrangian 
density a term Q19s'f, where by Js’ we mean (A/m) 
X ih, ,,. Equations (8) and (9) become 


T+ (x) = (m?— 93')¥ (x), (62) 


T-TI+O. (x) = (m?— 93')Q(x) (63) 
contains differential operators, the 
canonically conjugate fields (12) and (13) are 
unchanged. Consequently, Eqs. (12) and (13) hold and 


Since gx’ no 


imIIt o(x) = (m?— 9 5')W (x), (64) 


ITT g(x) = (m?— 35’) e(x)+ (i/m) (II, 9s’ W(x). (65) 
Thus g(x) and &(x) satisfy the same equation only if 
the commutator of I and gs’ vanishes (e.g., for 
constant fields), and we cannot in general identify 
them. Similarly, we cannot identify x(x) with Y(«). 
However, if we examine the Hamiltonian density, 
Eq. (25a), using only Eqs. (12) and (13) to eliminate 
the time derivatives, it reads, for Ao=0, 


= m(xt ety) —ixte-My—i(e-HQ)ty. (66) 


There is essentially only the choice previously made: 


ix=y, =(), (67) 


iy 
to make (66) Hermitian. That is, we must take \=0,' 
since other values are excluded by (65). 

It is tempting to try to generalize the above conclu- 
sion and to see what other interactions, for example 
with meson fields, have a natural place in this theory. 
Clearly the exclusion of the interaction 9s’ is connected 
with our inability to factor the second-order equation 
into a pair of equations of first order in the space and 
time derivatives, i.e., to write it as the Dirac equation. 

Conversely, we may ask which of the relativistically 
invariant interactions possible in the four-component 
theory lead to simple linear second-order two-compo- 
nent equations. By consulting Eq. (23) one sees that 
the vector and axial vector interactions are represented 
by “odd” Dirac operators and scalar, tensor, and 
pseudoscalar by “even” Dirac operators. Thus only 
the V and A interactions can be written simply in the 
two-component form.* This conclusion holds even for 
the strong parity-conserving interactions. (In the next 
section we show that the class of parity-conserving 
interactions contains only those which are symmetrical 
to exchange of w with 22.) 

For example, the axial vector interaction with a 
pseudoscalar meson field ¢ gives (with ¢,=id¢/dx,) 


Q(x) Q(x) 
(Pa—insenlad ral )=m( ). (68) 
: v(x) y(x) 


7 There is, of course, the possibility \= —1 with y=Q. But this 
is just the Klein-Gordon theory. 
8 This has been remarked previously by R. P. Feynman. 
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From Eq. (23) we get 
(p- —ig™ (x) W(x) =mQ(x), 
(p+ +igt (x))Q(x)=mp(x), 
(pt+igt)(p —te (x)= my (x). (71) 
On the other hand, the pseudoscalar interaction gives 
ron ) =ontineon(” ), @ 
¥(x) (x) 
P(x) =(m+ie(x))Q(x), 
pt2(x) = (m—i¢(x))p(x), 
pt (m+i¢) p(x) = (m—ig)p(x). 


(73) 
(74) 


and 
(75) 


Similarly the true Pauli anomalous moment (or other 
tensor interaction) will introduce the fields unpleasantly 
in the denominator. 

This suggests the postulate that only V and A 
interactions occur in quantum theory. At each vertex 
either V (electromagnetic) or A (meson) interactions 
occur. When V and A interactions can occur simul- 
taneously with a given field, parity nonconservation 
results. 

VI. INVARIANCE PROPERTIES 


We have noted before [Eq. (10) ] that charge conjuga- 
tion C consists of complex conjugation followed by 
the unitary transformation S=o.. Thus, under C, 


Eqs. (8) and (9) become 
(IE-TI*) cow* (x) = m?oal* (x). (76) 


(IIHT) co 0* (x) = mo 0* (x), (77) 


where Cc means that the sign of the charge is changed 
(or A,>—A,). We can express this result by defining 
2° (x)=anf* (x). (78) 
A theory will be invariant under C if its physical 
consequences are independent of the exchange of 


¥(x) and Q(z). 
Similarly, under the parity operation P, 


Pat="-, Pu-=mt. 


¥°(x)=00* (x), 


(79) 


That is, Py(x) satisfies the 2 equation and P(x) 
satisfies the y equation. The theory is P-invariant if it 
is invariant under ¥<>2. Electrodynamics is C- and 
P-invariant since 


(Q2,My,)*= (Q1,My2). 
Under YQ, ¥20Q, the results will be unchanged 
except that “plus” and “minus” superscripts are 


exchanged, which has no physical consequences. 
Under combined inversion CP, Eq. (8) becomes 


(T+) cep? (x) = mp? (x), 


(80) 


(81) 


M. 
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where ¥°?(x)=oo*(x), and we need not refer to Q; 
y°? (x) describes the antiparticle. Of course we did not 
really need to introduce Q(x) for discussing parity 
conservation; it is merely a convenience. Instead we 
could have referred to w(x) and its “derivative 
function.” 

The Feynman-Gell-Mann proposal can now be 
briefly stated. It is that the parity-nonconserving weak 
interactions are to involve only one of the pair ¥(x), 
(x), and no derivatives. In the Dirac formulation, since 


(.)-(;) 
»(,)--() 


using © only, say, is equivalent to writing everywhere 
for u the expression }(1+-y5)w. 


(82) 
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APPENDIX I. PROOF OF “BACKWARDS RULE” 


Consider two of the diagrams for an mth order 
process, as in Fig. 2. We can write the corresponding 
part of the interaction matrix (omitting superscripts) 
as 


M = --+ (ps@2t+@opo)K (poe: t+eipi)—---e2€; (Al) 


with x= p.’—m?. Then, by Eq. (47), we have 


M =m-~(pi(eipot pier)x (C2ps+ pres) : ‘py 


—pieie2--- py}. (A2) 


At the position of x! in (A2) insert Popo/p’ and 
multiply one factor fp, to the left, one to the right 
(and use p;?=m’): 


M=m-((prerp2+m’erps) (xp2) 


X (PoeoPst pores): -  py— pieiea: - ‘py ). (A3) 


Fic. 2. Two diagrams 
for higher order process. 
The circle represents a 
vertex interaction of 
arbitrary complexity. 
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For m? in the first bracket insert po?—x«: 
M=m C (pieiteipo)x'(preopst pres): - - py 
—€(@2ps+ pr.) - - - py— preie2- - - py]. 
Now in the first term of (A4) write «+m? for p.° 
The term from « cancels the last term and part of the 
second term of (A4) and we obtain 
M =m > (pieiteips )K 1( po@op3+ me») °° “py 
—€ Cops: 


(A4) 


‘py. (AS) 
The second bracket of the first term of (A5) has now 
a form similar to the first bracket of the first term of 
(A3) and the same procedure can be continued (includ- 
ing now the term containing the double vertex @2€;, etc.). 

To see what happens when the last fermion line 
p; is reached, let py= p3. Then as p?=m’, we find 


M = (piei4 ei p2)k l( Po@o+ @op;) —e 12. (A6) 


This completes the proof that M is M written in 


reverse order. 


APPENDIX II. CALCULATIONS IN QUANTUM 
ELECTRODYNAMICS 


We give here two short examples of calculations 
with the methods described in the text. Naturally, the 
advantages of the method are better exhibited in 
longer examples, such as the bremsstrahlung problem. 


a. Compton Scattering with Photon Polarization 
Vectors Parallel (Fig. 3) 


€,= €.=e= (0,e); initial electron at rest. 
e-p,=0, by momentum wea 
Oo ky)? — m* 


Assume 
Then, as e-k,;=e-k 
tion e- po=0. Since (pi+hi 

= — 2m, the terms of Fig. . 


)?— m? = 2mod), 
3 contribute 
(1) (2mw)~(— Roe) (Rye) = (2mw)~!(— Rok), 
(II) '( Rye) (R:e) = Rik», 


(III) —2e-e=2. 


(2mws) (2mws) 


The Klein-Gordon result is entirely contained in (III). 

Adding, squaring, and taking the spin average [the 
only nontrivial trace is Tr(kikokiR,)=4(k;-k2)*], we 
obtain 


1— we) (ky Re) 
— 4) w2(k1- ke)? ]+4. 


(2mww2)*{ Sma we (w 


(A7) 


po, > 











(I) (1) (mq) 


Fic. 3. Diagrams for the Compton effect. 
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Fic. 4. Diagrams for 


the self-mass. 








(a) 


As ky: ko the result is 


= m(wW1—We), 


4+ (w1w2)!(w1— we)? =w1/wotwe/wit+2. (A8) 


b. Self-Mass 


To illustrate the interaction with a virtual photon, 
consider Fig. 4. The contribution of diagram (a’) is 
— ,0,= —4, where the sum is taken over four directions 
of polarization of the virtual photon of momentum &. 
The single vertex operator at the upper vertex of (a) 
is pe+e(p—k), which is replaced by 2p,—6,k for 
summing over the polarizations; similarly at the 
lower vertex. The mass correction Am is then (e?/2mz1) 
times 


(2p.— ~ Ro) | 
ii 


ft 2p. 


tie k)? —m° 


se +k? ~? a 
=4] — pea 
(p—k)*—m?* 


= af (p-k+m) 


where in the last step we have put ~?=m?*. This result 
is equivalent to the usual result and can be treated by 
the usual convergence techniques. Note, however, that 
no matrices are left in the result (A9). 


2p-k)“\dyk/k?, (A9) 


APPENDIX III. STRONG V AND A INTERACTIONS 


In view of the possibility that only V and A interac- 
tions occur in nature, it is interesting to see how this 
suggestion can be motivated starting with the free- 
particle Dirac equation 7¥y¥(x)=m(x«) which is 
usually considered to have elementary solutions 


V(x)=ue"'?"*, with pu=mu. (A10) 


However, this is not the most general solution which is 
characterized by the four-vector p,, but rather 


v(x) = ue ms 


since pysu=— mu. 


“+ aysue'?** (Al1) 


with @ arbitrary, Symmetry con- 
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siderations’ suggest a=+1, and to be definite let us 
choose a= 1. 

For a local interaction with any boson field ¢ (of 
any tensor rank, with indices suppressed) we have, say, 


(A12) 


I= f sl2)0V4(2))- oa)ar 


and using (ysu)= — ys, we get 


IT={(O — (y:sO75 }- ¢'5(po— pi—q) 


+{ (Ovs)— (ys0)}- 96 (pot pi-—q). (A13 


We have assumed ¢(x)= ¢’e~%** and let (#Ou,) = (O), 
etc. Evidently 7=0 unless O and v5 anticommute. 
Thus V and A are selected. Momentum conservation 
insures that in any given interaction only one of the 
brackets of (A13) will contribute. Therefore parity is 
conserved. If, on the other hand, we could write 


w(x)=(1+y5)ue7*? “7, (Al4 


then we could have both V and A and maximum parity 
nonconservation would follow. But (A14) does not 
solve the Dirac equation with m0, for 


IVY (x) = mx (x)A~ mp (x), (A15) 


and 


1Vx(x)= my (x). (A16) 


For m=0, (A14) is a solution and this is the basis of 
the two-component neutrino theory, since (1+7s5)u 
has a two-component representation. However, (A14) 
solves the relativistic Pauli equation even for finite 
mass, which is the basis of the Feynman—Gell-Mann 
theory. 


APPENDIX IV. UNIQUENESS OF TWO- 
COMPONENT REPRESENTATION 


As it may appear that some of the foregoing conclu- 
sions have been based upon a rather special representa- 
tion, we shall study here the possible equivent two- 
component representations. 

It is hardly necessary to remark that as the matrices 

* For example, we might require symmetry under mass reversal, 
or that ys be equivalent to y. 


M. 
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@ appear only in rotational invariant forms, they are 
subject to their usual transformation group without 
disturbing the formalism. As this is necessary, we are 
restricted to Dirac matrices 6 and a of the form 


B=o-:ut+m, a=(0-V+20)¢, (A17) 


where pi, p2, p3 are the 4X4 anticommuting matrices 
introduced by Dirac, having properties similar to 
o1, 02, 73 and commuting with the latter; also u» and 
vp are real numbers and u and v are real numerical 
vectors, their reality being demanded to make @ and a 
Hermitian. As 8*=J, where J is the unit matrix, we 
must have either #)=0 or “;=#.=0, using the standard 
representation of the p;. Similarly we show that either 
vo=0 or 1;=02=0. However, the required anticommuta- 
tion of 8 with a component of @ eliminates three of 
these four possibilities, leaving only m=%=0. We 
have, therefore, that 


8=o0-'U=p,, a=o-Vvo=p,e (A18) 


with u and v orthogonal unit vectors. Define also 
w=uXv. Then 


1 = Ba= io: Wo= ipwo. (A19) 


The possibility of describing a Dirac particle by a 
spinor having two components zero in all coordinate 
frames connected by proper Lorentz transformations 
rests on the fact that y; can be written in diagonal 
form. We consider, therefore, the possible choices of 
vy and yo=8 under the assumption that ys=p;3. As 


V5 = 1010203 = 1), 10203 = — pr, (A20) 


we have that v= (0,0, —1). Since u-v=0, u= (1,m,0) 
with 2+ m?=1: also w= (—m, 1,0). Thus, with c=/—im, 


0 Ko 
w=( ) ( ) : 
- 0 
The Dirac operator II,y, applied to (Q,)) then yields 


(A22) 
(A23) 


K 0 


A21) 


0 —x*o 
*TI+0O — 

I Q= my, 
KIDy=mQ, 


which give, on substitution, precisely Eqs. (8) and (9) 
of the text. 
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Reduction of Primary Constraints in Generally Covariant Field Theories 
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Generally covariant field theories have associated with them, in the canonical formalism, a series of 
primary and secondary constraints. For a large class of these theories it is proven that there exists a trans- 
formation which will reduce the primary constraints to the form of a set of momenta equal to zero. The 
transformation which accomplishes this reduction is exhibited explicitly for the case of general relativity. 


INTRODUCTION 


N the canonical formulation of a generally covariant 

field theory, the field variables and their canonically 
conjugate momenta are not all linearly independent of 
each other. In fact, there exists a number of relations 
between them which are free of the time derivatives of 
these variables. These relations group themselves into 
two classes which have been referred to in the past as 
primary and secondary constraints.' The existence of 
these constraints is a common feature of all theories 
which are invariant in form with respect to a group of 
transformations whose elements are specified by one or 
more space-time functions. 

The situation is quite familiar in electrodynamics 
with its gauge group. Here the single primary constraint 
is of the form 

(1) 
where ‘is the momentum density canonically conjugate 
to the scalar potential ¢. The corresponding secondary 
constraint is 

V-x=0, (2) 


where x is the vector momentum density canonically 
conjugate to the vector potential A. Because of their 
simple form, the constraints of electrodynamics do not 
occasion any great difficulty. Their main effect is simply 
to remove from consideration as physical variables the 
scalar potential and the longitudinal part of the vector 
potential. 

For a generally covariant field theory, such as general 
relativity, the constraints are unfortunately no longer 
simple functions of the canonical field variables. It is 
this complexity of the constraints which has led, in one 
form or another, to most of the difficulties which one 
encounters in the general theory of relativity. It is, 
therefore, not unreasonable to attempt to eliminate 
these difficulties by discovering a series of transforma- 
tions which will reduce the constraints to a form 
analogous to Eqs. (1) or (2). In this paper we will show 
that, for a wide class of generally covariant theories 
including general relativity, it is possible to reduce the 
primary constraints to the form of Eq. (1). While no 
general prescription for effecting this transformation has 


! For a general discussion of the properties of these constraints, 
see J. L. Anderson and P. G. Bergmann, Phys. Rev. 83, 1018 
(1951). 


as yet been found, we shall exhibit it explicitly for the 
case of general relativity.’ 


PRIMARY CONSTRAINTS 


In what follows, we will consider a theory whose 
Lagrangian density is of the form 


L= A448 4 YB, »; (3) 


where the yu are the field variables and A4#¥” is some 
function of them. In the face of a general infinitesimal 
coordinate transformation, 


bx*= £#(x), (4) 


we shall require that the field variables transform ac- 
cording to the law 


=—VA gt”, (3) 


where the C4,” are functions of undifferentiated field 
variables and the & are the descriptors of the trans- 
formation. As a consequence of the generalized Bianchi 
indentities associated with this transformation, it can 
be shown that 


C4,th4484=0) (6) 


holds as an identity. 
Momentum densities are defined for the theory in the 
usual manner to be 


ri=oL oy 14=— AAtBay ue 


If we multiply Eq. (7) by C4,‘ and make use of 
identity (6), we obtain 


Cay (x f— AAtBey " ) =(). 


These equations, free of all time derivatives, are 
primary constraints of the theory. 


REDUCTION OF PRIMARY CONSTRAINTS 


As they stand, it is not necessarily true that one can 
reduce the primary constraints to a form analogous to 
that in Eq. (1). However, in what follows, we shall 


2 B.S. DeWitt, at a meeting at Stevens Institute of Technology 
in January, 1958, presented a report in which, using a parameter 
formalism, he transformed the constraints into pure momenta for 
the case of general relativity. If it is possible to eliminate the pa- 
rameters then his results should agree with those presented here. 
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assume that 
(9a) 
(9b) 


det |C.,*| #0, a=1, 


. a5, ---, N, 
where .\ is the total number of field variables. Such an 
assumption allows us to construct an inverse to C,,‘ and 


hence to take, as primary constraints, the equations 


ri—AMBey, ,=(). (10) 


The constraints as a whole have the property that the 
Poisson bracket between any two of them vanishes 
either outright or by virtue of the constraints.’ In 
particular, the Poisson bracket between any two pri- 
mary constraints must be a linear combination of 
primary constraints. However, the Poisson bracket 
between two primary constraints of the form (10) will 
obviously be free of terms containing momentum den- 
sities and hence must vanish identically. This assertion 
can also be verified by direct calculation with the help 
of the Bianchi identities. Now Lie* has shown that the 
necessary and sufficient condition that a given set of 
functions of coordinates and canonically conjugate mo- 
menta can serve as new momentum variables is that the 
Poisson bracket between any two of them must vanish. 
Hence, we can expect that there exists a canonical 
transformation in which the new primary constraints 


are of the form 
(11) 


The canonical transformation which will effect the 
reduction to the form indicated in Eq. (11) will have as 
its generator a functional of the form 

e= f tour 40ey,, des, (12) 
where I'4” is a function of undifferentiated field vari- 
ables. The transformation is then given by**® 


de 

, 
VA =—— 
ss Dr’4 


de oy 8" ora’ 
aa'4+(- ss is Jy. (13b) 


gi=— 
OVA Oya OYp 


(13a) 


3S. Lie, Math. Ann. 8, 215 (1857). 
4 The symbol d employed in Eq. (13) is the functional derivative 
and is the appropriate mathematical extension of the ordinary 
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The quantity '4* must then be chosen so that 
or oy’ 
——_— ——__-=A A4Br 
0 7 A Oy B 
APPLICATION TO GENERAL RELATIVITY 
In general relativity, the primary constraints have 


the form 


hi — A (wAdd(K "ge r=0, (15) 


where 
At 4(ix)r— 1 (—g)*{g'*(guigtt— gery) + 2gtigtxgur 
ee ere: 


The quantity I“ is then given by either 


(16) 


[C08 = (17a) 


(—g)} 
. |e" 2 


2 


g*g"e"" 
cee 


44 
g 
or 


giigttg”s 


a4 


. (17b) 


(—g)! 
[oor ; | 2 — gigs — gg —2 


g 


CONCLUSIONS 


The reduction of the primary constraints, as outlined 
here, is a first necessary step in the general problem of 
dealing with the constraints. In this paper we have 
made no mention of the secondary constraints of the 
theory. From all indications, they appear to present a 
much more difficult obstacle to overcome than were the 
primary constraints. However, the reduction effected 
here in the primary constraints will undoubtedly be 
reflected in a simplification in their form. It is hoped 
that the problem of the secondary constraints will be 
discussed in a future paper. 


derivative to the continuum case. It is defined through the 


equation 
"(oF dF. ,) 
= | < —ébyat+ —jir4 > déx. 
bya 4" bet” f 
In the case that F is of the form /Fd*x, then 
oF SF dF OF 
dys bya’ Dx4  Gxr4” 
where 6 is the more familiar variational derivation. 

5 Since our transformation is a phase transformation, its net 
effect is to add a complete divergence to the Lagrangian density 
and hence to leave unchanged the Lagrangian form of the equa- 
tions of motion. Hence the invariance properties of the theory 
remain unchanged. 
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Hypernuclear Binding Energies and the A-Nucleon Interaction* 


R. H. Dauitz, Enrico Fermi Institute for Nuclear Studies, University of Chicago, Chicago, Illinois 


AND 


B. W. Downs, Laboratory of Nuclear Studies, Cornell University, Ithaca, New York 
(Received March 11, 1958) 


A phenomenological analysis is made of the binding-energy 
data for light hypernuclei in terms of a two-body A-nucleon 
interaction, in which account is taken of the empirical information 
available on the structure of light nuclei. It is found that the ob- 
served binding energies can be interpreted in terms of a spin- 
dependent A-nucleon interaction; the agreement obtained is 
adequate for any force-range between 0.4 10~ cm and 0.7K 10™" 
cm (for Yukawa shape) and any exchange character for this 
interaction. From observations on ,jH* decay it is argued that 
the 4H‘, ,He* doublet has zero spin, which requires that the 
singlet A-nucleon interaction be more attractive than the triplet. 
The well-depth parameter for the singlet A-nucleon interaction 
has values from 0.90 to 0.85 for ranges between 0.4 10~“ cm and 


1. INTRODUCTION! 


HE established hypernuclear species have been 
listed in Table I. The values given there for the 
binding energy B, of the A particle are based on the 
world survey of r~-mesic decay events recently reported 
by Levi Setti ef al.? For several species, ,H* and ,He? in 
particular, the number of clearly identified events is now 
quite considerable, their B, values being correspond- 
ingly well determined. It is the purpose of this paper to 
discuss a simple interpretation of the observed By 
values in terms of an elementary interaction between a 
A particle and a nucleon. This work extends the simple 
calculations which were reported earlier,* which were 
based on a representation of the A-nucleon interaction 
as a spin-dependent 6-function potential. In the present 


* This work was begun at the Department of Mathematical 
Physics, University of Birmingham. At the above institutions, it 
has been supported by the U. S. Atomic Energy Commission at 
the University of Chicago and by the joint program of the U. S. 
Atomic Energy Commission and the Office of Naval Research at 
Cornell University. 

1In this article, the units have been chosen such that A=c=1. 

2 Levi Setti, Slater, and Telegdi, Proceedings of the Seventh 
Annual Rochester Conference on High-Energy Physics, 1957 (Inter- 
science Publishers, Inc., New York, 1957), Vol. 7, Sec. 8, p. 6. 
The difference between the Ba values of Table I and those given 
by Levi Setti et al. arises mainly from the use of a larger Q value 
for the free A decay: Q,=37.22+0.22 Mev. This value is the 
average (weighted by the number of events) of two determina- 
tions: Q,=36.75+0.2 Mev [given by W. Slater, University of 
Chicago dissertation, 1958 (unpublished)] for 9 of the events 
reported by Friedlander, Keefe, Menon, and Merlin [Phil. Mag. 
45, 533 (1954) ] analyzed on the basis of the range-energy relation 
used in the world survey; and Q,=37.45+0.17 Mev given for 
18 events by Barkas, Giles, Heckman, Inman, Mason, and Smith 
[University of California Radiation Laboratory Report UCRL- 
3892, 1957 (unpublished) ]. Additional shifts in By for ,Li? and 
ALi’ are due to the incorporation of new events. Further changes 
in Qa (by AQa) will give rise to a change AQ4 in each of the Ba 
values. 

3R. H. Dalitz, Proceedings of the Sixth Annual Rochester Con- 
ference on High-Energy Physics, 1956 (Interscience Publishers, 
Inc., New York, 1956), Vol. 6, Sec. 5, p. 40; Reports on Progress in 
Physics (The Physical Society, London, 1957), Vol. 20, p. 163. 
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0.7X10-" cm, the triplet interaction being also attractive but 
only one-half to one-third as strong. Spin values are assigned to 
the light hypernuclei, and the angular correlations which could 
provide a check on these values are discussed. The absorption of 
K~ mesons in helium is discussed; it appears that the selection 
rules for the production of A =4 hypernuclei in this reaction may 
be confused by the existence of an excited state ,H**, ,sHe**. A 
number of uncertainties in the phenomenological analysis of the 
heavier hypernuclei are pointed out; the present data do not 
disagree with the conclusions based on the analysis of the lighter 
and better-known hypernuclei with A <5, but they add little 
weight to these conclusions 


work more realistic assumptions are made about the 
range of the A-nucleon interaction, and the analysis is 
extended to include recent data on the heavier hyper- 
nuclei. The qualitative conclusions of the present work 
remain the same as those reported earlier,’ however, 
and disagree with the conclusions reached by Brown 
and Peshkin‘ on the basis of the same assumptions as 
those of our earlier report. 

The A particle is now known to be an isotopic-spin 
singlet (T=) state. Charge symmetry for strong inter- 
actions then requires that the A-neutron and A-proton 
interactions be identical. That strong support for this 
situation can be derived from the approximate equality 
of the By, values for 4H‘ and ,He* has been discussed 
previously*®:® (see Sec. 2). 

The major contributions to the A-nucleon interaction 
can be expected to arise from the exchange of pions 
and/or K mesons between the A particle and the nu- 
cleon, at least for sufficiently large separation. These 
contributions can be discussed in the following way: 

(a) The exchange of pions alone. Since the emission 
of a single pion by a A particle is forbidden so long as 
charge symmetry holds (A+A+7°), this part of the 
A-nucleon interaction can only result from the transfer 
of two or more pions between a A particle and a nucleon; 
for example. 


A+N—-At+a+2+N—-A+N. (1.1) 


This transfer gives rise to an ordinary (nonexchange) 
interaction of range 1/2m,~0.7 fermi [1 fermi (f)=1 
X10-" cm] between a A particle and a nucleon. The 
form of the interaction generated by (1.1) and by more 
complicated pion exchanges has been discussed in 
some detail by Lichtenberg and Ross® and by Dallaporta 


4L. M. Brown and M. Peshkin, Phys. Rev. 107, 272 (1957). 
5R.H. Dalitz, Phys. Rev. 99, 1475 (1955). 
*D. B. Lichtenberg and M. Ross, Phys. Rev. 103, 1131 (1956). 
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TaBLE I. Parameters for the identified hypernuclei. 


No. of 
events 


Hyper- 
nucleus 


Ba Mev 


0.6+0.4 


U2=500(+10) 
(U;=600(+10) 
\U;=695(+10) 

U,=695(+25) 


aH’ 9 
aH! 1.80.3 21) 
aHe* 2.0+0.3 9) 
aHe® 2.9+0.3 15 
ALi? 4.5+0.4 3 
ALi® 5.4+0.8 1 


6.2+0.6 1 
6.4+0.4 3 


aBe® 
ABe® 


and Farrari’ for the particular case where the emission 
of pions by the A particle follows from successive ele- 
mentary interactions of the Yukawa form A2+z, 
YA+r7, the baryons being treated only in the static 
limit. 

(b) The exchange of a single K meson, with or with- 
out the transfer of additional pions. The simplest 
exchange of this type is 


At+-N-N+K4+RoR+A, (1.2) 


which gives rise to an interaction of range 1/mx~0.4 
fermi. The form of this interaction due to the exchange 
of a single K meson has been discussed by Wentzel.* 
The exchange of a K meson and a pion will, however, 
generate an additional interaction’ with a range very 
little shorter [1/(mx-+m,)~0.3 fermi], which will 
generally have quite different form. These additional 
terms have recently been examined in detail by Lichten- 
berg and Ross.” The outstanding characteristic common 
to all these processes is that they involve transfer of 
“strangeness” from A particle to nucleon; consequently, 
they lead to an exchange interaction whose sign (for a 
given spin state of the particles) is proportional to the 
parity of the relative motion of the interacting A 
particle and nucleon. 

(c) More complicated processes, involving the ex- 
change of two or more K mesons with or without addi- 
tional pions. The corresponding terms in the A-nucleon 
interaction will represent exchange or ordinary inter- 
actions depending upon whether the number of K 
mesons transferred is odd or even. Since these are con- 
tributions of very short range (1/2mx~0.2 fermi, or 
less), however, their calculation can have very little 
reliability at the present stage of the art. 

The calculations in this paper were carried through 
for two ranges of the A-nucleon interaction potential, 
that corresponding to the exchange of a K meson and 
that corresponding to the exchange of two pions. The 
analysis discussed in the body of the paper is based on 
the assumption of an ordinary interaction, the possi- 


7N. Dallaporta and F, Ferrari, Nuovo cimento 5, 111 (1957). 

8 G. Wentzel, Phys. Rev. 101, 835 (1956). 

9R. H. Dalitz, Mid-West Conference on Theoretical Physics, 
Iowa, 1957. 

10D. B. Lichtenberg and M. Ross, Phys. Rev. 109, 2163 


(1958). 


Un (Mev f*) for «=m 


U,=1220+200435 
U;=1230+200+65 


Un (Mev f*) for x =2m Remarks 


795(+20) 
820(+20) 
915(+25) 
910(+45) 

1450+ 200+ 50 

1480+ 200+85 


See reference 16 
R;=1.38 f 
R;=1.58 f 


Errors quoted are due to 
(i) uncertainty in R, 
(ii) uncertainty in Ba. 


bility of distinguishing the exchange character of the 
A-nucleon interaction being discussed in Appendix C. 

There is the possibility that many-body forces be- 
tween a A particle and nucleons are important. These 
may arise, for example, from the emission of two pions 
by the A particle, one of these pions being absorbed by 
each of two neighboring nucleons: 


M+A+MN N+ (#+A+m) +N -N+A4MN. (1.3) 


Other many-body interaction mechanisms are also 
possible. Many-body forces among nucleons are, of 
course, also possible; these have been investigated by a 
number of authors." From the fact that an adequate 
description of binding energies can be given both for 
the light nuclei and for bulk nuclear matter in terms of 
two-body interactions consistent with nucleon-nucleon 
scattering data, it has generally been concluded, how- 
ever, that many-body forces among nucleons are rela- 
tively unimportant in nuclei. The introduction of 
many-body forces involving the A particle into the 
phenomenological analysis of hypernuclear binding 
energies would also involve more parameters than could 
be determined from the data at the present stage. For 
simplicity, our discussion of the light hypernuclei will 
therefore be based on a two-body interaction between 
a A particle and a nucleon; many-body forces involving 
the A particle are not discussed further in the present 
work. 

It will be assumed that the A particle has spin 3, 
this being the most likely value on the basis of the 
available data on angular correlations in A decay" and 
on the internal conversion coefficient for nonmesonic 
hypernuclear decay.* The A-nucleon interaction may 
depend on the relative orientation of A and nucleon 
spins. The triplet interaction potential will be denoted 
by V,; the singlet, by V,. With this notation the inter- 


1 E.g.: S. D. Drell and K. Huang, Phys. Rev. 91, 1527 (1953); 
E. M. Gelbard, Phys. Rev. 100, 1530 (1955). 
2D. Glaser, Proceedings of the Seventh Annual Rochester Con- 


ference on High-Energy Physics, 1957 (Interscience Publishers, 


Inc., New York, 1957), Vol. 7, Sec. 5, p. 24; Alvarez, Bradner, 
Falk-Variant, Gow, Rosenfeld, Solnitz, and Tripp, Nuovo cimento 
5, 1026 (1957); T. D. Lee and C. N. Yang, Phys. Rev. 109, 1755 
(1958). 

8M. Ruderman and R. Karplus, Phys. Rev. 102, 247 (1956); 
Schneps, Fry, and Swami, Phys. Rev. 106, 1062 (1957). 
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action potential can be written 
3+o,4:¢ 
V= —V» 
4 4 


1—o,-o 


a (1.4) 





where the coefficients of V, and V, are the spin projec- 
tion operators for the states of total spin 1 and 0, 
respectively. The triplet interaction may include tensor 
force terms. Since the centrifugal barrier effective in a 
relative D state will prevent the very close A-nucleon 
approach necessary for the short-range tensor force to 
be effective, it is expected that any A-nucleon tensor 
force will be indistinguishable from an additional central 
potential; consequently, V, and V, will both be repre- 
sented by equivalent central potentials whose low- 
energy scattering characteristics are the same as those 
of the correct interactions. 

The binding energies B, given in Table I are usually 
less than the corresponding neutron binding energy By 
for the stable nucleus of the same mass number; on this 
basis, the A-nucleon interaction appears to be less 
effective in binding than are the corresponding neutron- 
nucleon interactions. A quantitative measure of the 
relative strengths of these interactions is given in 
Sec. 3. The exceptions to this statement are ,H*, ,He’, 
and ,Be’, the nuclei H‘ and He?® being unstable against 
neutron emission, while By for Be® is only 1.67 Mev. 
These exceptions illustrate the operation of the Pauli 
principle for neutrons in nuclei; the A particle, being 
distinct from the nucleons, is not subject to the restric- 
tions of the Pauli principle and can occupy the s state 
of lowest energy appropriate to the potential well 
provided by its interaction with the nucleons of the 
core nucleus. This last remark, in fact, is sufficient to 
lead to a qualitative account of the general trend of By 
values with increasing mass number A. Since the depth 
of the potential experienced by the A particle within 
nuclear matter depends primarily on the density of the 
nuclear matter (for given A-nucleon forces), the satura- 
tion property of nuclear matter implies that, in heavy 
hypernuclei, the A particle will see a potential well 
whose depth D is roughly independent of the mass 
number A but whose radius increases as roA!. Estimates 
of this depth D, ranging from 30 to 40 Mev, are given 
in Sec. 4. Since the energy of the lowest s state for the 
A particle decreases with increasing radius of the well, 
it is natural to expect that By, should ultimately in- 
crease monotonically with A, reaching quite large 
values [D—1/(2Mr.?A!)] for sufficiently large A. 


4 There is, at present, no empirical evidence available on this 
well depth D for large hypernuclei. Knowledge of D would provide 
an important independent parameter bearing on the A-nucleon 
interaction. F. C. Gilbert and R. S. White [Phys. Rev. 109, 1770 
(1958) ] have pointed out that a lower limit on this parameter 
may be obtainable from the upper limit observed for x~ energies 
resulting from K~ capture by heavy nuclei, the most energetic 
pion resulting from the capture reaction K~+-n—+A+-7~ where the 
A particle remains bound in the ground state of the residual 
hypernucleus. Such events would be very rare, of course, on ac- 
count of the high density of excited states of the residual system; 
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Although this asymptotic region lies far beyond the 
identified hypernuclei, this trend in binding energies 
already appears and is due primarily to this effect; 
this general trend, however, could well have been 
upset in detail for light hypernuclei by special features 
of the core nuclei (for example, the feature that ,Be’® 
has a core nucleus with no stable ground state). The 
saturation property of nuclear matter, therefore, has 
the consequence that the binding energy values for the 
lightest hypernuclei can be expected to have a more 
sensitive dependence on the detailed properties of the 
A-nucleon interaction than do the By, values for the 
heavier hypernuclei. For this reason, and also because 
the By values of the lighter hypernuclei are known with 
greater certainty, the analysis of the data for the hyper- 
nuclei with A <5 is discussed first, in Sec. 2. 

The data given for ,He* and ,He'® in Table I sug- 
gested a qualitative argument® that the A binding is 
not due to a spin-independent, two-body A-nucleon 
interaction. The closeness of their B, values, 2.0 and 
2.9 Mev, respectively, and the expectation that the 
spatial extension of the He* nucleus should be com- 
parable with (or larger than) that of He* together imply 
that the potential well seen by the A particle in ,He® 
has a depth comparable with (or less than) that seen 
by the A particle in ,He*. A spin-independent, two- 
body <A-nucleon interaction would require a_ well 
depth proportional to the number of nucleons (for the 
same spatial extension); that is, a well depth for ,He® 
about 4 that for ,He*. This would lead to a considerably 
larger By value for ,He® (about 6 Mev at least) than for 
sHe’; this is obviously contrary to the observed situa- 
tion. This argument is developed in a more quantita- 
tive way in Secs. 2 and 3. 

It is appropriate to emphasize here that the limited 
extent of our understanding of the structure of nuclei in 
terms of the elementary nucleon-nucleon interactions 
necessarily implies a corresponding roughness in our 
estimates concerning the detailed structure of hyper- 
nuclei, particularly for the form of their wave functions, 
It may well be that the presence of a A particle with a 
strong, short-range attraction to nucleons will result 
in considerable distortion of the core nucleus. This may 
be the case especially for the heavier hypernuclei where 
the core nuclei have low-lying excited states and for 
aH? where the core nucleus is lightly bound. The most 
favorable case in this respect appears to be ,He', 
which has a tightly-bound core and has no excited 
states below 20 Mev. It seems reasonable to anticipate, 
however, that our conclusions about the strength of the 
A-nucleon interaction should be relatively insensitive 
to these distortions of the core nucleus. The strength 


since as much as 40 Mev additional energy may be gained by the 
pion in this way, however, a useful lower limit for D may ulti- 
mately be obtained in this way, many low-lying levels being 
available for the residual hypernucleus within 5 Mev of the ground 
state. An estimate of the well depth D(=) seen by a * particle 
in nuclear matter has already been obtained by the above authors 
in this way. 
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U,, of the total A-nucleon potential corresponding to a 
given energy By, of binding of a A particle to a core of 
n= (A—1) nucleons is related to the hypernuclear wave 
function through a minimum principle. The value 
obtained for U’,, should, therefore, deviate from the true 
value only by terms of second order when the wave 
function has deviations of first order. This remark is 
illustrated in Sec. 2 by a discussion of a particular type 
of nuclear distortion (radial compression). 

The nuclear parameters (for an undistorted core 
nucleus) to which U, is most sensitive are the radius 
and shape of the nucleon density distribution. From the 
analysis of the electron scattering experiments of 
Hofstadter and collaborators'® at Stanford, the proton 
distribution is now known empirically for many of the 
relevant core nuclei (although the parameters obtained 
are not well understood in terms of the nuclear forces) ; 
the neutron distribution is assumed to be the same, 
an assumption which seems reasonable for these light 
nuclei. The outstanding case where the nuclear struc- 
ture is reasonably well known is the hypertriton ,H’, 
which has a deuteron core. On account of the low total 
binding (~2.8 Mev) of this system, its properties can 
be expected to depend mainly on the low-energy 
scattering characteristics for each pair of particles, 
being otherwise quite insensitive to the detailed forms 
of their interactions. This is also the hypernucleus for 
which distortion of the relative motion of the core 
nucleons by the A particle is expected to be most severe. 
The ,H* system has, for these reasons, been discussed 
in some detail separately,’® the results being sum- 
marized here in Sec. 2. 

A phenomenological analysis of the data relevant to 
the hypernuclei with A <5 is given in Sec. 2. The re- 
sults of this analysis are discussed in terms of spin 
dependence for the A-nucleon interaction in Sec. 3, 
where some of the consequences of the conclusions are 
followed through. Consideration is given to the struc- 
ture of hypernuclei with A 2 6 in Sec. 4, a discussion of 
the sensitivity of the analysis to the presence of an 
exchange component in the A-nucleon interaction being 
given in Appendix C. 


2. DISCUSSION OF THE HYPERNUCLEI 
WITH A<5 


It is the information on the lightest hypernuclei 
which can be expected to reflect most sensitively any 
detailed properties of the A-nucleon interaction, such as 
its dependence on the A-nucleon spin state. The 
hypernuclei with A <5 are the most firmly established 
of those listed in Table I; they are also the simplest, 
in that their core nuclei are almost pure S configura- 
tions. For this reason, and also because of the low 
binding energy B, for the A particle in these nuclei, the 
A-nucleon interactions which take place are almost 


15 R, Hofstadter, Revs. Modern Phys. 28, 214 (1956). 
16 R. H. Dalitz and B. W. Downs, Phys. Rev. 110, 952 (1958). 
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entirely s-wave interactions. This means that a pure 
exchange force will give almost as much attraction in 
these nuclei as would the ordinary force which gives the 
same S-wave interaction ; it is shown in Appendix C that 
the difference between these two extreme cases is far 
less than the other uncertainties in the analysis. 

The A-nucleon interaction being represented as a 
spin-dependent central potential, the wave function 
of the hypernucleus will consist of the product of a spin 
wave function and an orbital wave function. The 
orbital wave function obtained here corresponds to the 
motion of the A particle in an average potential pro- 
vided by the interaction between the A particle and the 
nucleons of the core nucleus (which is assumed to 
suffer relatively little distortion). This average poten- 
tial in which the A particle moves is given by the 
expectation value 


| A~1 
uin=(s LX Vans(|r—a,|)o(ri/R)dsr, s) (2.1) 


in the spin state S$ considered for the system; p(r/R) 
denotes the density distribution of a nucleon in the core 
nucleus, and the sum is over the n= (A —1) nucleons of 
the core nucleus. If both V, and V, are assumed to have 
the same shape 2(r), this potential can be written 


UiN=Ua fo |r—r’! )p(r'/R)dsr’. (2.2) 


If v(r) is normalized to unity for integration over all 
space, then U’,, denotes the total volume integral for all 
the A-nucleon interactions in this state S. Two ranges 
are considered for the potential shape o(7). These ranges 
are chosen to correspond to intrinsic ranges for this 
shape which are the same as those for a Yukawa poten- 
tial e~*"/xr where: (i) 1/e=1/2m,~0.7 fermi, and (ii) 
1/x=1/mx~0.4 fermi; these ranges (for a Yukawa 
potential) correspond to the two physical mechanisms 
which may contribute most to the A-nucleon interaction. 
For convenience in computation, the potential shape 
2(r) has been taken to be of Gaussian form'’ 


2.0604 \ ! 
x)= ( ) exp(— 2.0604r°/b?), (2.3) 


T 


where the intrinsic range 6 is related to the range param- 
eter by 6=2.1196/k. 


17 The physical conclusions reached in this paper are quite 
insensitive to the shape assumed for the A-nucleon potential 2(r) 
and to the shape assumed for the nucleon density distribution 
p(r/R) (provided the rms radius R is adjusted to lead to a form 
factor for the nuclear charge distribution which provides an 
adequate fit to the empirical data!’). For example, calculations 
made with a Yukawa shape for o(r), the core nucleus being repre- 
sented by the appropriate “modified’”’ exponential form,’ have 
led to results for the volume integral which deviate from those 
obtained assuming Gaussian shapes by less than the errors quoted 
herein. Similarly, calculations on the A-nucleon interaction re- 

uired to account for the binding of the hypertriton have given 
see reference 16) a volume integral for this interaction whose 
value was not sensitive to the shape assumed for o(r). 
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Hypernucleus ,He*’.—This appears to be the most 
favorable case for a simple discussion. The core alpha 
particle has a spin-saturated structure with high total 
binding energy, and its distortion by the weakly bound 
A particle can be expected to be rather slight. Its shape 
and radius have been well determined by the Stanford 
experiments'’; a Gaussian shape for its charge distribu- 
tion with an rms radius of 1.61+0.05 fermi provides a 
good fit to the Stanford data. Since the proton charge 
distribution is known to have a finite size, the electron- 
proton scattering data being well fit by a Gaussian 
shape of rms radius R,=0.72+0.05 fermi for the proton, 
the nucleon distribution p(r/R) in the alpha particle 
corresponds to a Gaussian shape with rms _ radius 
R=R,=1.44+0.07 fermi: 


r 3 i 3r 
(ea) 2) 
R 2rR? 2R? 


Since the alpha-particle core has zero spin, ,He°® 
will have spin }, as does the A particle itself; the volume 
integral U, of the total A-nucleon potential in this 
system is obtained by summing the volume integral of 
the interaction (1.4) between a A particle and a single 
nucleon over all spin states for the core nucleons. This 
leads to 


(2.4) 


Us 3V,+V.. (2.5) 


The potential seen by the A particle is then 


Uaplr Rj’) 2.6) 


vf lr—r’|)p(r’/R,)dsr’ = 


where Ry’ = (R?+36?/4.121)?. From the known binding 
energy B,y=2.9+0.3 Mev for the A particle, the 
strength U’, of the potential (2.6) can then be deduced 
from the solution of the Schrédinger equation for the 
motion of the A particle relative to the alpha particle. 
Numerical integration of this equation leads to the 
values U,y=925445 and 715425 Mev f* for the 
parameters x= 2m, and mx, respectively. The statistical 
error given arises mainly from the uncertainty in R,, 
the random error in B, being relatively unimportant. 

A mode of distortion for the alpha-particle core of 
aHe® which can be considered quite readily is a uniform 
radial compression. The compressed core will have a 
nucleon distribution p(ar/R,), which leads to a po- 
tential well for the A particle of form p(r/R) with 
R={(Rs/a)?+3b?/4.121}'. The energy of the dis- 
torted core will be higher than that of the undistorted 
core. If the compression of the core is relatively small, 
this energy increase AE(a) is given by the quadratic 
approximation 4K (a—1)* Mev, where K is termed the 
stiffness of the core. For a given a, the volume integral 
U4(a) obtained for this well shape must correspond to a 
A energy —[B,x+AE(a) ] Mev. Values of a<1 always 
lead to a value of U4(a@)>U4(1). As @ increases from 1, 
AE(qa) increases slowly at first whereas R decreases 
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rapidly, so that U4(a@) decreases at first. Later, for 
larger a, AE(a) increases rapidly while R approaches a 
constant value, so that U4(a) ultimately increases 
rapidly with a. The optimum value of a, at which 
U’s(a) has its minimum value, depends on the value of 
K; expressions for the position and value of this mini- 
mum are given in detail in Appendix A. Calculation of 
U4(a) for K=280 Mev'* shows that the optimum com- 
pression is 3% (a=1.03) for k=2m,, the minimum 
value of U, being 910445 Mev f*, 1.5% lower than for 
the undistorted alpha particle. With the shorter range 
interaction, k=mkx, it is natural to expect more severe 
distortion ; the optimum compression is found to be 6%, 
U, being reduced by 3% to 695+25 Mev f* from the 
value given above. The improvement obtained for the 
value of U, in this way is at most comparable with the 
uncertainties in the problem; this is in accord with our 
general expectations discussed in the introduction. 
Hypernuclet ,5H*, ,He*.—The only empirical informa- 
tion bearing on the size and shape of the core nuclei H* 
and He’ of these systems is the He’ Coulomb energy 
€=0.76+0.01 Mev, which is deduced from the differ- 
ence in total binding energy between H* and He’ 
under the assumption of charge symmetry for nuclear 
forces. In the absence of empirical information bearing 
directly on the shape of the charge distribution for 
these nuclei, it seems reasonable to assume a Gaussian 
shape for H* and He’, as is known empirically for He’. 
A convenient form of wave function which may be 
assumed for these nuclei and which leads to a Gaussian 
shape for their nucleon distributions is 
V=N expl—4A (ni? +1e3?+131) J. ° (2.7) 
The parameter A is then chosen to give the correct 
value of the Coulomb energy @ for He*; under the 
assumption of charge symmetry the same value of \ 
will be appropriate for H® also. The nucleon distribution 
corresponding to (2.7) then has the form (2.4) with 
R=(3d)~*. In the calculation of the Coulomb energy 
the finite size of the proton should be taken into ac- 
count; with Gaussian shape and rms radius R, for its 
charge distribution, the wave function (2.7) leads to 
the following expression for the Coulomb energy of He’: 


e/2\} Ry 
C(t) 
R\xr R 


‘8 This estimate was obtained from a calculation of the Het 
energy by J. Irving [Phil. Mag. 42, 338 (1951)]. It is given by 
the curvature of the total energy E(a) at a=1, when parameters 
are chosen to give a minimum energy E(1) close to the observed 
Het energy, the nuclear forces (Yukawa shape) being chosen to 
fit the low-energy scattering data. This value of K can be com- 
pared with other estimates for the stiffness of bulk nuclear matter. 
From semiempirical mass formulas, A. E. S. Green [Revs. Mod 
ern Phys. (to be published)] has obtained values between 175 
and 218 Mev, while A. G. W. Cameron [Can. J. Phys. 35, 1021 
(1951) ] found K =302 Mev. A recent theoretical calculation by 
K. A. Brueckner and J. L. Gammel [Phys. Rev. 109, 1023 (1958) ] 
using hard-core potentials leads to the value 172 Mev. Our results 
are, however, insensitive to variations in the value of K in this 
range. 


(2.8) 
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With R,=0, this expression leads to R3=1.49 fermi; 
the finite proton size reduces this to R;=1.38 fermi. 
The radius value 1.38 fermi is smaller than the 
known rms radius R,= 1.44 fermi of the alpha particle. 
Variational calculations based on conventional nucleon- 
nucleon potentials of Yukawa or exponential forms have 
always led to wave functions which give a larger radius 
for H* and He* than for He*. With these potentials, 
this result appears closely associated with the tight 
binding of He‘ relative to that of H*, He®. The radius 
calculated for He* from these wave functions is, how- 
ever, much smaller'® (by 25% or more) than the ob- 
served radius (even after inclusion of some of the D 
states, due to tensor forces), so that these theoretical 
calculations do not necessarily reflect the true situation. 
Similarly, the Coulomb energy computed for He*® from 
these wave functions is generally of order 30% too 
large, indicating that they correspond to a nucleon 
distribution which is more compact than the physically 
correct one. It is now generally believed that the 
nucleon-nucleon interaction includes a strong short- 
range repulsion, a hard core with a radius of order 0.5 
fermi, which has not been included in these calculations; 
this additional repulsion would certainly have the effect 
of increasing the mean radii for these systems. This view 
has been given support by recent calculations for H’, 
He* by Kikuta ef al.” and Ohmura e¢ al.,!’ who find 
that it is possible to obtain the correct Coulomb energy 
and about the correct binding energy with the use of 
central potentials fitting the two-body data, provided 
there is a hard core of radius about 0.5 fermi. No 
corresponding calculations have yet been reported for 
the He‘ system. If the radii of these nuclei are more 
closely associated with the density permitted by the 
hard-core repulsions between nucleons than with the 
total binding energies, it is not impossible that the Hi’, 
He® systems should have a radius smaller than does 
He‘. On the other hand, our estimate of R; from the 
He* Coulomb energy would be rather sensitively affected 
by any deviation from charge symmetry between the 
n-n and p-p nuclear forces. From Irving’s calculation!* 
of the binding energy for H*, we can deduce that a 
0.1% increase in the well depth for the n—n interaction 
would increase the binding energy by 0.03 Mev; from 
this it follows that a 0.1% difference between the well 
depths for n-n and p-p nuclear forces would contribute 
0.03 Mev to @ (calculated with the assumption of 
exact charge symmetry) and would modify the estimate 
of R; from (2.8) by 4%. It is not well known empirically 
just how exactly charge symmetry holds for nuclear 
forces but, even with a charge symmetric pion-nucleon 
interaction, it is reasonable to expect deviations from 
charge symmetry of relative order e/hc~0.7% as a 
result of virtual electromagnetic effects in nuclear forces. 
In view of these uncertainties in our knowledge of the 
19 Kikuta, Morita, and Yamada, Progr. Theoret. Phys. (Japan) 


15, 222 (1956); Ohmura, Morita, and Yamada, Progr. Theoret. 
Phys. (Japan) 17, 326 (1957). 
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nuclear structure of the H*, He’ systems, calculations 
have been carried through for two values of the rms 
radius R3, for R3=1.38 fermi and for R;=1.58 fermi. 
Comparison of these two cases then allowssome estimate 
of the variations associated with the uncertainty in this 
parameter. 

There are two possible values for the spin J of the 
aH*, ,He* doublet, depending upon whether the spins 
of the A particle and the unpaired nucleon couple in the 
singlet or triplet configuration. In the former case one 
has J=0, and the volume integral U;(J=0) of the 
total A-nucleon interaction is 


U;(J=0)=4U 4-0, 
where UL’, is given by (2.5). In the latter case one has 
J=1, and the volume integral U;(J=1) is 

U;(J=1)=3U,4 J,. 

If the H*® (He*) core is considered to be rigid, the 


potential seen by the A particle in the hypernucleus 
aH* (,He*) takes the form 


(2.9a) 


(2.9b) 


Usf x = r’!)p(r’, R;)d3r’ = l 3p(r, R;'), (2.10) 


where R;’= (R?+30?/4.121)', and U; has the appro- 
priate form (2.9). Since the A binding energies for ,H', 
aHe* are required by charge symmetry to be equal,” 


* A difference between the Ba values for 4H‘ and ,He* may 
arise from violations of charge symmetry in a number of ways. 
The most important of these stems from the possibility that an 
interaction A~A+7° may result from virtual electromagnetic 
effects. For example, with strict charge symmetry, the two terms 
resulting from the sequences 


yo J P+ K+ pt K | 
A) n+R° n° +n+R° J 


will cancel precisely. There are clearly electromagnetic interac- 
tions possible between the particles in the upper sequence, how- 
ever, which have no counterpart in the lower sequence, so that 
this cancellation will not be exact. The effective coupling strength 
for this interaction A—7°+A wil] be at most of order (e?/hc)G, 
where G is the pion-nucleon coupling strength. Exchange of a 7° 
meson between a A and a nucleon will contribute a A-nucleon 
interaction of opposite sign for proton and neutron. In the singlet 
A-proton state, this interaction will have the form of the proton- 
proton interaction with strength reduced by about 1/137; in the 
triplet state it is repulsive and weaker by a factor 3, so that the 
spin average of this interaction vanishes. This interaction may, 
therefore, contribute a difference of about 14 Mev f* between the 
U;(J=0) for H® and He’; this contribution is relatively large 
as a result of the longer range associated with single pion exchange. 
This effect could therefore contribute as much as 0.2 Mev to the 
difference between the two Ba values. 

Some decrease in B, for ,He* may result from change in the 
Coulomb energy of the core nucleus. If the presence of the A 
particle causes compression of the core nucleus by a factor a, 
then @ will increase to a@, and it seems reasonable to expect an 
increase of order 0.1 Mev in @, from the numbers given in Table 
II. This would lead to a decrease in By by the same amount. 
Deviations from charge symmetry for the n-m and the p-p nu- 
clear forces could also give rise to minor differences in structure 
between H® and He*® which would also be reflected by small 
differences in By, for tHe‘ and 4H‘, but this effect is probably 
smaller than those discussed above. 

All of these deviations from charge symmetry can only lead to 
effects which are somewhat smaller than the present experimental 
uncertainties in the B, values for 4H‘ and ,Het. 


+A 
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TABLE II. Phenomenological analysis for 4H‘, ,He*. The volume integral U; Mev {is given for By =O and 1.85+0.3 Mev for R;=1.38 
and 1.58 fermi. Columns (i) and (ii) refer to x=mx and 2m, respectively; the bracketed numbers specify a at minimum where this is 
appropriate. The errors quoted are only those arising from the uncertainty in By. 


Ba =1.85+0.3 Mev, and K = 


(i) (ii) 
660+ 15 855425 


R;=1.38 fermi 
1.5 780+20 965+30 


R= 8 fermi 


we have chosen to treat these two cases together, the 
mean value of By being 1.85+0.3 Mev. The correspond- 
ing values of U’; are given in Table II in the column 
K=o. The values of U;(B,=0) for the potential 
(2.10) have also been given in this table since these 
provide an estimate of the strength above which the 
total A-nucleon interaction between a A particle and 
H® (or He’) is sufficient for the formation of a bound 
state for this system. 

The effect on U of allowing radial compression for 
the nuclear core is calculated in the same way as it was 
for Uy. An estimate of K=60 Mev is obtained for the 
stiffness of the core nuclei H*, He* by the method de- 
scribed above,!® based on Irving’s calculation of the 
energy of H*® with Yukawa nucleon-nucleon forces. 
The values U;(a) calculated for a nucleon distribution 
p(ar/R;) have been plotted in Fig. 1 for a particular set 
R;, By as function of a; curves are also shown for K = 40 
and 80 Mev in order to indicate how the final results 
depend upon the value chosen for K. The minima ob- 
tained for U;(a) are tabulated in Table II for the two 
values of R; previously mentioned. The optimum dis- 
tortions are quite large for the shorter range 1/mx 
(a 20% reduction in radius with K=60 Mev), although 
the corresponding change in LU’; is somewhat smaller 
(a 10% reduction), for the reasons given in the 
introduction. It is natural to expect that a strong short- 
range A-nucleon interaction should result in quite 
strong correlations in position between the particle and 
the individual nucleons, especially for a nuclear core 
whose stiffness is as small as 60 Mev, and it is possible 
that, with a range parameter kx=mx, correlations in- 
volving more complicated modes of distortion which 
take less energy from the A-nucleus relative motion may 
lead to further significant reductions in the value of U3. 
For the longer interaction range 1/2m,, however, the 
optimum distortions are considerably less (about 10% 
reduction in radius for K=60 Mev) and involve much 
less reduction (about 5%) in U3. For this case, it seems 
reasonable to expect that no really significant improve- 
ment in U; should result from consideration of more 
complicated distortions and correlations. 

Hypernucleus ,H*.—The hypertriton is believed to 
be an isotopic singlet (7=0) state. The theoretical 
reasons for this belief have been given in some detail 
recently'® and depend primarily on the fact that the 
s-wave nucleon-nucleon interaction is most strongly at- 
tractive in the 7=0 configuration. In this configuration, 
the neutron-proton system forms a triplet spin state, 


K =60 Mev Ba =0 (K >Km) 


(i) (ii) (i) 
600+ 10(1.2 
695+ 10(1.2! 


.24) 820+ 20(1.11) 461 
5) 915+25(1.12) 517 


and there are two possibilities for the spin of ,H’. 
If the A-nucleon interaction is stronger in the triplet 
state, then the hypertriton will have spin 3, the volume 


integral U's of the A-nucleon interactions being given by 
U2(J=3)=2V ». (2.11a) 


If the A-nucleon interaction is stronger in the singlet 
spin state, the hypertriton will have spin 3 and 


U2(J=43)=3V.+3V,. (2.11b) 


Description of the hypertriton by a product wave 
function in which one factor represents the relative 
motion of the two nucleons, and a second factor repre- 
sents the motion of the A particle relative to the center 
of mass of the two nucleons, leads to a considerable 
overestimate of U's. Such a product wave function is 
inadequate here since it does not allow the strong 
A-nucleon correlations in position which can be ex- 
pected to occur in this weakly-bound system as a 
result of the short-range A-nucleon attractions. This 
shortcoming is present already in the wave functions 
discussed above for the A=4 and 5 hypernuclei, of 
course, but it is much more serious for the hypertriton 
where the energy of relative motion between the nu- 
cleons is relatively little affected by the existence of 
A-nucleon correlations which distort this relative mo- 
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Fic. 1. The volume integral U’3(K,a) of the A-nucleon interac- 
tions corresponding to a binding energy B,x=1.44 Mev for a 
A particle to H’, He’ is plotted as function of the core compression 
factor a (with radius R;=1.38 f for the undistorted core), for 
three values of the stiffness K for the core nucleus, the A-nucleon 
potential range being taken as 1/2m,. 





974 aR. 2: DADYEZ 
tion. The hypertriton is, however, a sufficiently simple 
system that trial functions which include such correla- 
tions can be investigated without undue labor by mak- 
ing use of triangular coordinates (r1,72,r3), where rz 
denotes the neutron-proton separation and 17, ro the 
A-neutron and A-proton separations. A trial function 
with these features, for which variational calculations 
can be carried through conveniently, has already been 
suggested!®: 


Y= N(e-°! + xe ©") (€-972-+ xe 2) (#34 ye Fr8), (2.12) 


Upper bounds for U's, based on a simple version of 
(2.12) with x=y=0, have recently been reported.'® 
With By=0.6+0.4 Mev, these calculations led to the 
value? U.=795 Mev f* for x=2m,, the values for 
Yukawa and exponential shapes” lying within +20 
Mev f* of this value through the allowed range for By. 
With x=mx, a value Us=500 Mev f* was obtained, 
with a corresponding uncertainty of +10 Mev f*. 

The absence of empirical evidence for a bound 7=1 
hypernuclear state A=3, which would be exemplified 
by aHe* or ,n* decay events, appears consistent with 
the low By value observed for ,H*. In this case, accord- 
ing to calculation with the simplified version of (2.12), 
the weakness of the nucleon-nucleon interaction in the 
T=1 state (about 68% of the T=O interaction) is 
sufficient to insure that no such T=1 state should be 
bound. 


3. SPIN-DEPENDENCE OF THE A-NUCLEON 
INTERACTION 


The volume integrals U, for the total interaction be- 
tween the A particle and the n=(A—1) nucleons of 
the core nucleus, listed in Table I, would be expected to 
be proportional to if they were due to an elementary 
two-body <A-nucleon interaction which is spin inde- 
pendent.” That this proportionality does not hold is 
clear from the fact that U’, has been found to be much 
larger than $U’y. The use of a more complicated wave 
function for ,4He® might even lead to further reduction 
in U4, but already the present value }U,=455 Mev f* 
for x= 2m, is so far below LU’, that there is no possibility 
that further refinements in the calculations for ,H* 


21 Preliminary calculations carried through for the wave func- 
tion (2.12) for the range parameter x= 2m, have led to a reduction 
of about 10% in this value, the improved value being about 700 
Mev f* with the optimum choice for all six parameters. 

2In order to justify later comparison of these values of U2 
with the values U,, obtained above with Gaussian shape for the 
A-nucleon interaction, it is appropriate to remark here that the 
volume integral of a Gaussian potential is only 1.5% larger than 
that of an exponential potential of the same well-depth parameter 
and intrinsic range. This difference is less than the uncertainties 
in these U,, arising from the uncertainties in the initial data and 
in the form of the wave functions assumed for these hypernuclei. 

% This is strictly true only if the interaction has no exchange 
component. For an exchange interaction of range as short as 
1/mx, the largest value reasonable on physical grounds, the 
deviations from this proportionality should not exceed several 
percent for n<4, according to the calculations discussed in 
Appendix C. 
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could bring agreement between U, and 3U 4.4 This 
same remark also holds true for the case k=mx. The 
most direct interpretation of this result is that the 
A-nucleon interaction is spin-dependent, since Eqs. 
(2.5) and (2.11) show that different spin combinations 
contribute to Us and to U,. 

The values given for U; in Table I similarly suggest 
that the A-nucleon interaction is spin-dependent. Even 
for the smaller radius R;=1.38 f, the values of U’; are 
considerably larger than the corresponding values for 
{U4; and it seems unlikely that consideration of dis- 
tortions of the core nucleus more elaborate than the 
radial compression discussed in Sec. 2 will lead to a 
reduction in L’; large enough to bring it into agreement 
with $U’,. As we shall see below, the values for L’; are 
not in disagreement with the values expected from the 
degree of spin dependence indicated by the comparison 
of Us and Uy. At the present time, however, there is no 
reason to exclude interpretations considerably more 
complicated (for example, interpretations which in- 
volve many-body forces) than that of a spin-dependent 
two-body interaction between the A particle and each 
nucleon of the hypernucleus. 

The expressions for U» and LU’; in terms of a and V, 
depend on whether V, or V, is the more attractive, 
whereas the expression for U’, always has the form (2.5). 
As soon as it is specified whether V,>V. or V.>V,, 
the values of V,, and V, can be deduced from any two 
of these volume integrals. As discussed in Sec. 2, there 
is considerable uncertainty concerning the value of U’;, 
resulting from our lack of empirical knowledge of the 
H*, He® radius. For this reason, the spin dependence 
of the A-nucleon interaction will be deduced from the 
values of U, and U4, and the results of this analysis 
will then be compared with the values of U’; obtained 
in Sec. 2. There are now two possible situations to be 
considered : 

(a) V,>Va, the triplet A-nucleon spin state having 
the more strongly attractive interaction. In this case, 
,H® will have spin $ and Eqs. (2.5) and (2.11a) lead to 


V ,=4U,, V.=U,—3U>. (3.1a) 


The values of V, and V, obtained from (3.1a) with the 
values of U» and LU’, given in Table I are listed in Table 
III. The triplet potential V, is relatively well de- 


termined whereas V, (being the difference between two 
large numbers) is relatively poorly determined. For 
both ranges considered for the A-nucleon potential, 


* To emphasize this point, we may note that the potential {U, 
corresponds to a well-depth parameter s=0.40 for «= 2m, (s=0.54 
for x=mx). In Appendix B, however, a lower limit (0.36) for the 
value of s in the A-nucleon spin state giving the stronger attrac- 
tion is obtained, with only the assumption that three-body forces 
may be neglected; if the A-nucleon potential is further assumed 
to be central and of Gaussian shape, this lower limit can be im- 
proved to 0.43+0.02 for x= 2m, (0.40+0.01 for x=mx). 

25 The volume integrals listed in Table III can be compared with 
the volume integral of the triplet nucleon-nucleon interaction, 
which has the value 1403 Mev f* for a Yukawa potential with a 
range parameter x=0.848 f"'. 
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TABLE IIT. Summary of results.* 


” D AH*® aH Us value Us value 
Va (Mev f® spin spin predicted predicted 


288+ 8 } 0 "4844-22 


636+ 12 
482+ 16 } 0 937423 597440 


e\. Vp (Mev f8) 


MK 136+10 
2m, 142+18 


292440 
173475 


598+13 
853425 


55+30 1 
— 282+55 1 


mK 250+ 5 
2m, 398+ 10 


* The errors quoted in Table III are only those arising from the statistical 
deviation in the Ba and Rn» determinations. 


the potential V, obtained corresponds to a repulsion in 
the singlet A-nucleon spin state. 

(b) V.>V,, the singlet A-nucleon spin state having 
the more strongly attractive interaction. In this case, 
,H® will have spin 3, and Eqs. (2.5) and (2.11b) lead to 
2U2—4hU,,. 3.1b) 


= $l —4 g Fa 


In this situation both V, and V, are quite well de- 
termined, their values being listed in Table IIT. An 
attractive interactior is found for both singlet and 


V. being 0.45 and 0.3 
1/2m,, re- 


triplet potentials, the ratio V, 
for interaction 
spectively. 

The values just obtained for V, and V, can now be 


ranges 1/x=1/mxK and 


used to predict values for l’;, following Eqs. (2.9). 
These predicted values can then be compared with the 
values of LU’; listed in Table I, which were obtained 
from the empirical data on the (,H*, ,He*) doublet as 
discussed in Sec. 2. As before, there are two cases to be 
considered : 

(a) V»>V..—The ground state of ,H*, sHe* will 
have spin 1 and U’; is given by expression (2.9a). For 
k= mx, this predicted value of U’; is 598 Mev f*; it is to 
be compared with the empirical values of 600 for 
R;=1.38 fermi and 695 for R;=1.58 fermi. Similarly, 
with «=2m,, the predicted value for U’; is 853 Mev f° 
compared with empirical values 820 and 915 for these 
two values of R;. There is no essential disagreement to 
be found in this comparison, but the agreement can be 
regarded as satisfactory only for a radius R; somewhat 
larger than 1.38 fermi. More elaborate calculations 
than those discussed in Sec. 2 are expected to result in 
a greater reduction for U’; than for U2 and U4, which 
means that the decrease in the predicted value of 
U’; will then be less than the decrease in the value of 
U’; calculated from the binding energy data. 

The volume integral U;*=3U4+V. appropriate to 
an excited state of the (,H*, ,He*) doublet with spin 0 
is only about 30 to 60% of U ;(By=0), the critical 
value required for a bound state of this system to exist. 
In the present case, there will be no bound J/=0 state 
for these hypernuclei; this is primarily a consequence of 
the repulsion present in the singlet A-nucleon interaction. 

(b) V.> V,. The ground state of the (,H*, ,He*) 
doublet will have zero spin, and the values of U’; pre- 
dicted by (2.9b) are 636 Mev f* for k=mx and 937 
Mev f* for x= 2m,. Considering the uncertainties of the 
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calculation, these values do not disagree with the values 
of U; listed in Table I, but the agreement is again satis- 
factory only for R; somewhat larger than 1.38 fermi. 

In the present case it appears that an excited state 
of the (,H*, ,He*) doublet might exist with spin J/=1 
since the triplet potential V, is attractive and U;*=}U, 
+V,,. For the case x=mx, U;* has the value 484 Mev f°, 
which is to be compared with the critical values 
U3(By=0)=461 Mev f* for R;=1.38 fermi and 517 
Mev f* for R;=1.58 fermi. For the longer range case 
x=2m,, however, U;* has the value 597 Mev f*; this 
is to be compared with U;(Bys=0)=554 Mev f* for 
R;=1.38 fermi and 603 Mev f* for R3;=1.58 fermi. It 
follows from these numbers that, if the /=1 excited 
state is bound, its binding energy B,* does not exceed 
0.1 Mev. The existence of this excited state would be of 
considerable importance for certain types of experi- 
ments (see below). Such a state would not be observed 
to undergo a characteristic hypernuclear decay, but 
would be expected to emit a photon of energy about 
1.8 Mev in an M1 transition to the /=0 ground state of 
this doublet. A rough estimate of the lifetime for this 
decay is given as function of By* by 


(ua—bue) ?(Ba* Mev)-?X 107 sec, (3.2) 


where ua, #- denote the magnetic moments (in nuclear 
magnetons) for the A particle and the core nucleus. 
This lifetime is much shorter than the hypernuclear 
decay lifetime. Even if this excited /=1 state is not 
bound, the values given above for U’;* imply that, if 
V.>V,, a low-energy resonance should exist in the 
triplet s-wave scattering of A particles by He*® or Hi’. 
Such a resonance would have a strong influence on the 
energy spectra for a reaction such as 


K~+ He*—>He®+A+7-, (3.3) 


for which this low-energy resonance would give rise to a 
strong peaking of the 7 energy distribution toward 
the upper end of its spectrum. 

Direct information on the interaction in a A-nucleon 
system is not yet available experimentally. Several 
events representing secondary A-proton collisions have 
been observed” in bubble-chamber studies of A-particle 
production processes, but it will be some time yet before 
scattering cross sections for such collisions are known 
as function of energy and angle. No unambiguous 
evidence has yet been reported for the existence of a 
bound A-nucleon system. The world survey of Levi Setti 
et al.* does list nine events which are compatible with the 
decay of a Z=1 hypernucleus, but which give a By 
value significantly lower than that for ,H*; some of 
these events could be due to the decay of a A—p 
system, but other interpretations are also possible for 
these events. On the basis of the present analysis, it 
appears unlikely that a A-nucleon bound state should 
exist. This is most clear for the case V,> V.., where the 


26 G. Puppi, (private communication, 1957). 
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triplet interaction is the more attractive. This is because 
the A-nucleon interactions effective in ,H® then refer 
only to V,; in fact U2=2V, according to (2.11a). This 
situation has been discussed in detail recently'*®; in all 
physically reasonable cases, the strength deduced for 
V, from the ,H*® data does not exceed 77% of that 
needed for binding of a A-nucleon system. For the case 
V.>V,, where the lowest bound state would have 


J =0, the analysis of ,H* leads to the quantity 3U,=4V. 
+17, so that a conclusion on A-nucleon binding must 
appeal to the data on other hypernuclei for the relative 
strengths of V, and V.. The largest well-depth param- 
eter obtained from 3U, is 0.77, corresponding to the 
shorter range 1/mx, so that the well-depth parameter 
for V, can exceed unity only if V, is repulsive. If this 
were the case, the A-binding observed for ,He® would 
be difficult to understand since Us=3V,+V.. depends 
quite strongly on the triplet A-nucleon potential. With 
the spin dependence which has been deduced from the 
values for U» and U,, the largest well-depth parameter 
found for V, is 0.88, corresponding to k=mx. The 
absence of evidence for A=2 A-hypernuclei therefore 
appears natural in terms of the interpretation pro- 
posed in this paper for the binding energies of light 
hypernuclei.”” 

It should be added here that the existence of spin 
dependence in the A-nucleon interaction strengths the 
argument against the existence of a bound ,He* or qn* 
state. Not only is the nucleon-nucleon interaction 
weaker in the 7=1 state than in the T=0 state possible 
for ,H*, but also the A-nucleon interaction U’,’ effective 
in this state is }U4, which is much weaker than the 
total A-nucleon interaction in the 7=0 ground state 
This spin-dependence also excludes'® the binding of 
T=0 excited states of ,H®. 

The comparison of U2, U3, and U4, made in this sec- 
tion clearly allows no decision to be made on the ex- 
change character or range parameter (in the physically 
reasonable region) appropriate to the A-nucleon inter- 
action. This comparison also does not distinguish be- 
tween the two spin-dependence possibilities discussed 
above. The existence of excited states ,H‘*, ,He** 
would require the singlet state to be favored, but it 
appears relatively difficult to establish the existence of 
these excited states. These spin dependences could be 
distinguished by a knowledge of the spin value for the 
ground state of 4H‘, ,He* or ,H*, which may be ob- 
tained from the observation of angular correlations 
between their production and decay processes or from 
the relative branching ratios for their various decay 


27Tf attractive many-body forces involving the A particle 
were to play a significant role in the binding of these light hyper- 
nuclei, this would allow the possibility of fitting the binding energy 
data by means of a two-body interaction with a stronger spin- 
dependence than has been found here, since these many-body 
forces would have a greater effect on U, than on U2. If a bound 
hyperdeuteron is ever established, this would appear to require 
that strongly attractive many-body forces should be effective in 
the hypernuclei A > 3. 
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modes. If the spin of the (,4H*, ,He*) doublet is zero, 
these systems cannot carry any information from their 
production processes; consequently, the observation of 
any spatial anisotropy for any decay product of ,H*, 
aHe‘ would require J =1 for these systems. Since about 
half of ,H* decay events follow 


sH*—r-+ He’, (3.4) 


it isnot inconvenient to confine attention to these events, 
especially as specific statements can be made for this 
decay process. Since both products have spin zero, the 
relative orbital angular momentum between them is 
l=0 or 1 according as /=0 or 1. This means that the 
final state in (3.4) has a definite partity, so that none 
of the features characteristic of parity nonconservation 
in A decay can appear in these decay events; there can 
be no up-down asymmetry of the final pions relative to 
the ,H* production plane, and the pion angular distri- 
bution relative to the ,H* production direction cannot 
be more complicated than (1+4A cos’#). The absence 
of such angular correlations (A =0), however, does not 
necessarily imply J=0. It was pointed out earlier® that 
the relatively simple production process 


K-+He*—,H'*+ 7° 


(3.5) 


is of special interest in this respect because the 7 

angular distribution from the subsequent ,4H*~2~+ He' 
decay (in the ,H* rest system) is predictable for K- 
capture from an atomic orbit of angular momentum /. 
These angular distributions have been given pre- 
viously,*:* but they will be summarized again here. 
Spin zero will be assumed for the K particle, this being 
consistent with all the available data on angular correla- 
tions in K decay and on the internal correlations in the 
r mode of decay. 

If ,H* has J=1, the values of the orbital angular 
momentum L in the final state of (3.5) are limited to 
I—1, 1, 14-1. For a pseudoscalar K meson (the parity 
being specified relative to positive parity for the A par- 
ticle), parity conservation for strong interactions allows 
only L=l. The value /=0 is forbidden by angular 
momentum conservation, since L=0 requires total 
angular momentum 1 in the final state, and ,H* pro- 
duction then cannot result from reaction (3.5) for 
s-wave capture of the K particle. Capture from higher 
atomic orbits can be expected to compete favorably with 
radiative transitions of the K particle to lower orbits. 
The m~ angular distribution in the subsequent two- 
body decay (3.4) is given by 


Li PD) {om | c(U11,0m) |?( Vm! (8))*}, 


where P(l) is a weighting factor representing the rela- 
tive probability for this reaction to take place from the 
orbit J. Since c(l11,00)=0, only terms with m=+1 


(3.6a) 


28M. Gell-Mann, Phys. Rev. 106, 1296 (1957); R. H. Dalitz, 


Brookhaven National Laboratory Report BNL-3405, 1957 


(unpublished). 
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contribute and the expected distribution is sin’@ re- 
gardless of the orbit from which capture takes place. 
For a scalar K meson only L=/+1 and /—1 are al- 
lowed. If a:, and a, denote the amplitudes for this 
reaction to proceed through these two channels after 
capture from the orbit /, the corresponding a~ distribu- 
tion has the form 


X: P(l) Sm |anyc(l+1 1 1, Om) 
+a,c(l—1 1 1, Om)|?| Y,'(0)|? 
=>), Pi{l(l+1)(Aun+Ac) sin’ 
+4[ (/+1)A1,—lAr } cos’6}, 


where Ap4=ar4[(2/+1241)(2/+142)}%. A 
tropic distribution is to be expected (cos’@ for capture 
from an s orbit) in general but it is possible for the 
amplitudes a;,, a: to be such as to give cancellations 
and a correspondingly weak angular correlation. 

If ,H* has J=0, the final orbital angular momentum 
L must equal /, and parity conservation can then be 
satisfied only if the K meson has the same parity as the 
pion and is therefore pseudoscalar. If it is found em- 
pirically that ,H* production never occurs as a result 
of K~ capture by He‘, this would imply that the K 
meson is scalar and that J=0 for ,H*. Before this con- 
clusion can be drawn, however, it is necessary to have 
some estimate of the relative frequency of ,H* produc- 
tion when this is allowed by all the selection rules; this 
question is considered in Appendix D. The converse 
conclusion, that observation of ground state ,H* decay 
following the K~+He? reaction implies that the K 
meson is pseudoscalar, can only be drawn (even when 
it is known that ,H* has spin 0) if it is established that 
no excited state’ ,H** exists, for ground state ,H* 
can still appear with capture of a scalar K meson 
through the sequence 


K-+He*r’+ ,H™, 


(3.6b) 


noniso- 


,H**¥—>,H!+-y. (3.7) 


It can be stated unambiguously, however, that with 
J=0 for the ground state of ,H‘, no angular correla- 
tions can ever appear for the (#~+ He‘) decay following 
the K~+ He? reaction. 

Spatial anisotropy for the ~ meson in ,H® decay is 
possible with either spin value. With spin 3, this possi- 
bility depends on parity nonconservation in A decay; 
an up-down asymmetry in the decay may be observed 
if the ,4H* system is produced in a state of polarization. 
With spin 3, an angular distribution (1+ A cos’@) for 
the x meson relative to the production direction of the 
aH® particle is possible in addition to the up-down 
asymmetry. For the two-body decay alone, 


sH®—He'+7-, (3.8) 


up-down asymmetry is possible only for spin 3, since 
spin 3 allows only p-wave pions in the final state; an 
angular distribution relative to production direction is 
possible only for spin 3. 


A qualitative argument which indicates J/=0 for 
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Fic. 2. The overlap integral G(Q,B,) of Eq. (D3) is plotted as 
function of recoil momentum Q Mev/c for five values of Ba. 
Values of G(Q,B,) for By <0.1 Mev can be obtained by multi- 
plying the values for Byj=0.1 Mev by (10B,)!. 


,H* (and therefore V,.> V,) can be derived from the 
large branching ratio observed for the two-body mode 
(3.4) for ,H* decay relative to other * modes. This 
depends on the fact that, since the A particle in ,H* 
moves in an s wave relative to the H® core, the s-wave 
pion of the two-body ,H* decay for J =0 can only result 
from the s-wave channel of A decay, whereas the p-wave 
pion of the two-body decay for J/=1 comes only from 
the p-wave channel. Both channels of A decay can con- 
tribute to the three-body modes of ,H* decay. The par- 
tial lifetime for all *~ modes of ,H* decay will clearly 
be very close to that for free r+ decay on account 
of the low binding of the A particle, the corrections due 
to the Pauli principle then being quite small. With 
J=1, not all of the p-wave emissions can possibly lead 
to the He‘ state for the nucleons. Quantizing along the 
outgoing pion direction, it is clear that only the m=0 
initial state can lead to Het; that is, at most 3 of the 
p-wave emissions give the correct spin configuration to 
allow He‘ formation. This is further reduced by a 
factor of about 2 when the sticking probability for the 
recoil proton (momentum ~100 Mev/c) to form He‘ 
is included (see Fig. 2 and Appendix D). A comparison 
of the ratio of the number of mesonic to nonmesonic 
hypernuclear decays” with the internal conversion 
ratios Q; calculated by Karplus and Ruderman® as a 
function of the orbital angular momentum / of the pion 
emitted in A decay next provides an estimate of the 
relative strengths of the p- and s-wave channels of 
A decay. With parity nonconservation in A decay, both 
s- and p-wave channels are generally effective in both 
mesonic and nonmesonic hypernuclear decay modes: 
these lead to final states of opposite parity, which do 


» Fry, Schneps, and Swami, Phys. Rev. 106, 1062 (1957). 
% M. Ruderman and R. Karplus, Phys. Rev. 102, 247 (1956). 
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not interfere in the total probability for each of these 
modes of decay. Denoting by x the proportion of free 
A decays which occur through the p-wave channel, the 
internal conversion coefficient Q(a~) takes the form 


O(r-) = (1—x)Qo(a )+x0i (4 ). (3.9) 


For ,He hypernuclei, Fry et al.” obtained an experi- 
mental value of about 1.5 for Q(#~), compared with 
the theoretical estimates Qo=1.1, Q:=20. There are 
appreciable uncertainties both in the experimental 
estimate and in these theoretical values, especially for 
the p-wave term* when x is small; but, allowing a 
factor 5 to cover all these uncertainties, the comparison 
indicates «$0.4. Similarly, for hypernuclei Z>2, Fry 
et al. obtain Q~43(+20) compared with theoretical 
estimates Qo=50 and (,=800; a similar safety factor 
requires «~0.2. Recent observations” on the up-down 
asymmetry in A decay have established that x must lie 
within the range 0.18 and 0.82 so that an estimate x~} 
seems reasonably consistent with all the data. Collecting 
these factors together, a reasonable estimate of the 
proportion of x decays of ,H* which lead to the two- 
body decay (3.4) is about 5%, if ground state ,H* has 
J=1. This is to be compared with the observed propor- 
tion of 12 two-body decays in a total of between 21 
and 27 ,H* decays in the world survey of Levi Setti 
et al.” On the other hand, with J=0, the two-body 
decays can occur through the s-wave channel of A decay, 
and the sticking probability is the main factor reducing 
the proportion of (7~+He*) decays; a reasonable esti- 
mate for this proportion is 0.5 (1—«)=0.33, which is 
consistent with the observed proportion. This provides 
a powerful argument favoring /=0 for the spin of 
aH‘, with the stronger A-nucleon attraction in the 
singlet state and the other consequences shown in 
Table III. 
4. CONSIDERATION OF THE HYPERNUCLEI 
WITH A26 


Although hypernuclei of charge Z23 predominate 
among the observed hyperfragments, relatively few 
have been identified unambiguously and have allowed 
a By determination. This is due largely te the high value 
of the internal conversion coefficient (Q for these heavier 
systems, energetic and relatively complicated non- 
mesonic modes predominating in their decay. Even the 
mesonic modes of the heavier hypernuclei are more 
difficult to establish because there are generally several 
heavy final particles whose identity and momenta must 
be established, and there is frequently the possibility 
that several neutrons may be emitted. 

No examples of A=6 hypernuclei have yet been 
established, although it is reasonable to expect a 


31S. Treiman (private communication, 1958). 

# Crawford, Cresti, Good, Gottstein, Lyman, Solmitz, Steven- 
son, and Ticho, Phys. Rev. 108, 1102 (1957); Plano, Prodell, 
Samios, Schwartz, Steinberger, Bassi, Borelli, Puppi, Tanaka, 
Woloschek, Zoboli, Conversi, Franzini, Mannelli, Santangelo, 
Silvestrini, Glaser, Graves, and Perl, Phys. Rev. 108, 1353 (1957). 
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bound state for the T=} doublet (,He®, ,Li®). The p; 
nucleon is known to have a strong attraction to an 
alpha particle, a resonance at 0.95 Mev being known 
for the neutron and at 2.1 Mev for the proton. The 
binding energy of a A particle to an alpha particle is 
2.9 Mev and, since the interaction between A particle 
and nucleon is known to be attractive (note that it is 
still the s-wave interaction which predominates in the 
interaction between the A particle and the p-shell 
nucleon; see Appendix C), it appears that there would 
be sufficient attraction in these systems for a bound 
state to be formed. With V,>V., this doublet would 
have spin 2 and the effective interaction would be 
U,+V,; with V.> J, its spin would be 1, the effective 
interaction being Us+(3V.4+3V,,). No detailed calcu- 
lations have yet been made to predict By values for 
these hypernuclear states. If it should happen that 
By for ,Li® (,He*) is less than it is for ,He*, then 
aLi® (,He®) would dissociate to ,He®+p(n) with a 
lifetime many orders of magnitude too short to allow 
the possibility of hypernuclear decay for ,Li® (,He‘). 
Owing to the additional Coulomb repulsions, ,Li® will 
have a By value less (by ~1 Mev) than that of He’; 
even if there is no bound state for ,Li®, a bound state 
leading to hypernuclear decay events is still possible 
for ,He®. Identification of ,He® decay events might 
often be difficult, however, because of the neutron 
emitted. If ,Li® is stable, the r~-mesonic decay mode 


aLi*a2-+ p+ p+ He'," 


should appear with relatively high frequency and 
could be easily identified. 

Three examples of ,Li’ have been established. This 
hypernucleus is almost certainly an isotopic spin 
singlet for the same reasons that were given for ,H*; 
the lowest state of the core nucleus Li® has T7=0 and 
allows parallel spins for the two nucleons so that the 
A-nucleon spin dependence can be effective. The 
radius and shape of Li® have recently been measured*® ; 
the conclusion is that a Gaussian shape is adequate, 
the rms radius of the nucleon distribution then being 
2.1+0.2 fermi. From these data and the observed 
By=4.5+0.4 Mev, the volume integrals U,.=1220 
Mev f* and 1450 Mev f* of Table I have been obtained 
for the range parameters k= mx and 2m,, respectively ; 
the relatively large uncertainty in Ll’, given in Table I 
is due primarily to the uncertainty in the radius of Li®. 
The values to be expected for Ls depend to some extent 
on the structure of the core nucleus and the degree to 
which its coupling scheme may be modified by the 
presence of the A particle. For the light p-shell nuclei, 
it appears that neither L—S nor j—j coupling give 
general agreement with the energy level data. For 
Li®, however, the magnetic moment agrees quite well 


%R. Hofstadter and G. R. Burleson, Bull. Am. Phys. Soc. 
Ser. II, 2, 390 (1957). 

*D. Kurath, Phys. Rev. 101, 216 (1956); D. R. Inglis, Revs. 
Modern Phys. 25, 390 (1953). 
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with expectation for L—S coupling with L=0. For 
this configuration the expected value of L’s is Uy+U2, 
the p-shell nucleons being in a deuteron configuration, 
with spin 3 or 3 for ,Li’ according as V,> Vor Vi< i. 
The values of Uy+U 2, 1195 and 1705 Mev f* for x=mx 
and 2m,, respectively, do not lie outside the empirical 
errors for U,; according to Appendix C, an exchange 
component in the A-nucleon interaction, would reduce 
the volume integral expected for the $-shell nucleons 
(here U,) by not more than about 10%, which would 
not modify appreciably the present degree of agreement. 
It is of interest to mention the other extreme, j—j 
coupling, for Li since the true situation is intermediate 
between these limiting cases. With the configuration 
(3), the expected value of Us is [Us+(5/3)V,4+4V a] 
with spin $ for ,Li? or [Us+(7/6)V,+8V.] with 
spin 4. In either case the value of U. for the ground 
state is Us=Uy+4(U44+ U2) (which is less than the 
value U4+U» for L—S coupling), the values being 1093 
Mev f* for k=mx, and 1478 for x=2m,. If the 2.19-Mev 
(spin 3) excited state of Li® also has configuration ($)°, 
the potential seen by a A particle bound to this excited 
state would be U,*=U 44 2V,, for the case V > V., 
the spin of the system being 3. This value of U’,* is 
larger than the value of lL’, just obtained for binding 
to the ground state of this (3)? configuration (for the 
present case L’,* is the same as the value of L's dis- 
cussed above for L—S coupling). For the longer range 
1/2m,, Us* is about 230 Mev f* larger than L’, for this 
configuration. On account of this stronger attraction, 
the A particle would have about 2 Mev greater binding 
to this excited state of Li® than it would to the ground 
state, and this would be almost enough to bring the 
J=} state below the J= % state just discussed in the 
j—Jj coupling limit. This example illustrates the point 
that it is not necessarily true that the ground state of a 
hypernucleus should allow description simply as the 
attachment of a A particle to the ground state of the 
core nucleus. As more data on the nuclear parameters 
associated with these p-shell hypernuclei become avail- 
able, possibilities of this kind will have to be investi- 
gated in more detail. 

The lightest hypernuclear triplet for which stable 
systems may be expected is ,He’, ,Li™, ,Be? with J =}. 
The nucleus He® is bound (By=0.93 Mev), and the 
A-nucleon interaction available has volume integral 
U6 =3U4, which is sufficient for binding of the particle. 
However the identification of this hypernucleus ,He’ 
would obviously be difficult since its decay would 
generally give rise to several neutrons (although a 
decay t+ p+He' could possibly be established from 
the beta-decay of the residual nucleus). The T= 
hypernuclear state ,Li™* would be unstable with re- 
spect to y radiation to the ground state of ,Li’ (and 
also for dissociation to ,He’+H? if By*<5.1 Mev), 
with a lifetime short compared to the A decay lifetime. 
Although Be‘ is not a known nucleus, a bound state is 
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possible for ,Be’ although no examples of this system 
have been unambiguously identified (,Be’ will be stable 
against dissociation to sHe'+p+p only if Ba>2.9 
Mev).; Even if there were any real possibility of es- 
tablishing B, for this 7=1 state of ,Li™*, comparison 
of the three By values for this isotopic triplet would 
depend only weakly on charge-independence for the 
A particle interactions; charge symmetry already re- 
quires the two-body A-neutron and A-proton forces to 
be the same, and charge independence gives rise to 
further conditions only when three-body forces involv- 
ing the A particle contribute to A-binding in hypernuclei. 

The hypernuclear doublet ,Li‘, ,Be* has been identi- 
fied. The By values of these hypernuclei listed in 
Table I agree within the large errors quoted, as is 
required by charge symmetry (after allowing for 
differences which may exist in the structure of Li’ and 
Be’ as a result of Coulomb forces). Electron scattering 
experiments have established that the shape of Li’ is 
approximately Gaussian, its radius!® being (2.50.8)% 
less than that of Li®. From these data, the volume 
integral U’; for ,Li® is calculated to be 1230 Mev f* and 
1480 Mev f* for k= mx and 2m,, respectively. The large 
errors given in Table I are due to the large radius un- 
certainty for Li’, but the errors in U's and U; from this 
cause are correlated because the ratio of Li® and Li’ 
radii is relatively well known. The effective potential 
U; expected for the A particle will depend on the coup- 
ling scheme appropriate for the core nucleus. The 
magnetic moment® of Li’ lies between the Schmidt 
value and the value for the T=} configuration (3)*, 
J=% implied by the j— 7 coupling model for Li’. The 
wave functions for the three p-wave nucleons can be 
written in the form 


(1—a?)W((v3)?7=0, (4$); J=3) 
) 


+ap((v3)?7=2, (w3); J=3), (4.1) 


where a=0 gives the Schmidt configuration and a=1/1/6, 
the T=}4 configuration. The calculation of the mean 
potential U; for the A particle can be carried out easily 
for the Schmidt configuration. The two neutrons con- 
tribute 2(3V,+1V,), their spins being randomly 
oriented, and the ; proton contributes V, if V,>V. 
(J=2 for sLi’) or (3V.+3V,) if Va<V, (J=1 for 


aLi’). The total interactions are then 
J=2 (4.2a) 


(4.2b) 


- for 


U;=32U +1 * 
"a0 +440, for 


J=1, 
For the general configuration (4.1), the separate con- 
tributions from the two neutrons and from the proton 
generally differ from those for a=0, but they lead to the 
same expressions (4.2) regardless of the value of a. 
With J=2, the values expected for U; are 1292 and 
1763 Mev f* for k=mx and 2m,, respectively. With 


35M. G. Mayer and J. H. D. Jensen, Elementary Theory of 
Nuclear Shell Structure (J. Wiley and Sons, Inc., New York, 
1955), pp. 157 and 247. 
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J=1, the corresponding U; values are 1280 and 1734 
Mev f*. The present empirical uncertainties preclude any 
possibility of distinguishing between these cases. With 
x=2m,, the comparison for both LU’. and U; would be 
improved if the radii of both Li® and Li’ were larger 
(but still within present uncertainties); on the other 
hand, the existence of some exchange component would 
reduce the p-shell contribution and also improve the 
agreement for this case. 

The presence of the low-lying (}—) state Li™ at 
0.43 Mev should also be mentioned. States with J=0 
and 1 can be formed by combination of the A particle 
with this configuration. With V.>V,, the ground state 
of ,Li® will generally consist of a linear superposition of 
this J/=1 state with the J=1 state discussed above; 
here again, it is no longer true that the ground state 
hypernucleus should be correctly described as a particle 
bound to the ground state of the core nucleus. It also 
appears likely from these remarks that ,Li* may have 
low-lying excited states; however, if these states are 
such as to give an energy release for hypernuclear decay 
appreciably different from that for ground state Li‘, 
they will necessarily have y-decay lifetimes short com- 
pared to the A decay lifetime. Finally, it can be re- 
marked that observation of the decay (7~+Be*) for 
aLi® would establish its spin as J=0 or 1 and exclude 
one of the possibilities mentioned above. 

Three events have established the existence of ,Be’ 
clearly, on account of its characteristic decay to 
x +p+Be', followed by Be‘—He'+ He’; its By value 
is quite reliably known. Discussion of this system is com- 
plicated, however, by the fact that its core nucleus Be* 
does not form a bound state. On account of the fact that 
aBe’® is strongly bound by an s-wave A particle, the 
structure of its nuclear core can be expected to be mcre 
compact than that for Be’, in which the core is (weakly) 
bound by a p-wave neutron. It seems unreasonable to 
assume, as Brown and Peshkin‘ have done, that the 
nucleon distribution in ,Be’ can be represented by a 
nucleon core with the same radius as that determined 
for the charge distribution of Be’ by electron scattering 
experiments. No reasonable estimate of Us can be 
made on the basis of the kind of analysis presented in 
this paper since nothing is known of the structure of the 
nuclear core of ,Be’; consequently this system is not 
included in the present discussion. 

In this section it has been emphasized that the 
analysis of the data on p-shell hypernuclei is obscured 
by uncertainties in the nature of these hypernuclear 


+ Note added in proof.—K. S. Suh (Phys. Rev., to be published) 
has now completed a discussion of ,Be*, assuming this to consist 
of a A particle and two alpha particles. The potential between 
the two alpha particles is taken to fit the low-energy alpha-alpha 
scattering, and Suh then finds that the observed Ba for ,Be® 
corresponds to a A-alpha potential whose strength agrees well 
with that obtained here from analysis of aHe', for both of the 
cases 1/mx and 1/2m, for the range of the A-nucleon potential. 
See also the calculation of H. Wilhelmsson and P. Zielinski 
[Nuclear Phys. 6, 219 (1958) ], who have neglected the nuclear 
potential between the alpha particles, 
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states, in the structure of their core nuclei and in our 
empirical knowledge of the nuclear parameters needed 
even for the simple discussion given here. These data 
do not lead to any conclusions inconsistent with our 
quantitative conclusions from the analysis of the hyper- 
nuclei with A <5, nor do they shed any additional 
light at the present stage on the detailed nature of the 
elementary A-nucleon interaction.f 

Finally, it is of interest to estimate the well-depth D 
of the A-nucleus potential for a A particle in a heavy 
nucleus. The proton distributions of many heavy nuclei 
have been determined by electron scattering experi- 
ments. They are adequately represented by the density 
function pp(0)[1+exp(4.40(r—c)/t) }-', where the pa- 
rameters c and ¢ have the values determined empirically 
by Hahn ef al.** and pp(0) normalizes the charge density 
to total charge Z. The assumption that the neutron 
density distribution has the same form leads to a mean 
central nucleon density 


p(0)=pp(0)+pn(0)=3A/[4rc(P+0.51P) |. (4.3) 


The value of p(0) is almost independent of the nucleus 
considered, the values obtained for nuclei from Ca to 


Bi lying within 5% of 0.17 f-*, the value for Bi. Since 
nuclear matter is spin-saturated, the average potential 
acting on the A particle has volume integral }U, per 
nucleon per unit volume; the well depth D is therefore 


given by 
D=}3p(0)U,. (4.4) 


With the above value for p(0), this estimate for D still 
depends on the range parameter x assumed for the 
A-nucleon interaction. With x=2m,, the volume in- 


t Note added in proof.—Recent measurements (private com- 
munication from R. Hofstadter) on the absolute cross section for 
electron scattering by Li® have shown that the Gaussian shape can 
no longer be regarded as an adequate fit for the charge distribution 
of Li®. An adequate shape for this, which is convenient for our 
numerical calculations, is provided by a composite shell model form 

p(r)~{ (3/a,3) exp(—r?/a:*) + (r?/a2°) exp(—r?/az*)}, 
with a;=2.65 f and a2=1.07 f. These parameters correspond to 
an rms radius 2.73+0.16 f for the nucleon distribution in Li‘, 
substantially larger than was used in the above work. The use of 
these new parameters leads to a substantial increase in the values 
U, and U;, as follows: 


U,=1650+140+ 45 Mev f°, 
U;=1665+140+ 80 Mev f°, 


U,=1915+145+ 60 Mev f, 
U;=1930+ 150+ 100 Mev f', 


where the uncertainties given are, in succession, those due to the 
uncertainty in nuclear radius and in Ba. Allowance for the dis- 
tortions of the core nuclei by the A particle may lead to some re- 
duction in these values of Ug and U;, perhaps by as much as 10%, 
but even with this allowance, these values are much larger than 
those predicted for Ug and U; above from the analysis of the s-shell 
hypernuclei, assuming a range 1/mx for the A-nucleon potential. 
However these values for Us and U; agree, within the errors 
quoted, with the values predicted assuming a range 1/2m, for 
the A-nucleon potential. This comparison therefore implies that 
the A-nucleon potential must have a range of order 1/2m, rather 
than of order 1/mx, and must arise predominantly from the 
exchange of pions. 

% Hahn, Ravenhall, and Hofstadter, Phys. Rev. 101, 1131 
(1956), 


xk=1/mkx: 


x=1/2m,: 
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tegral U’, of Table I leads to the well depth D=38 Mev; 
with x= mx, the corresponding well depth is D= 29 Mev. 
These estimates indicate that binding energies in the 
range 25 to 35 Mev appear reasonable for a A particle 
attached to a medium-weight or heavy nucleus. Modi- 
fications of these estimates will be necessary if the 
A-nucleon potential includes an exchange component, 
or if many-body forces involving the A particle con- 
tribute significantly to A-nucleus binding. For these 
reasons, an empirical estimate of D would provide 
independent information bearing on the nature of the 
nuclear interaction of the A particle. 


5. CONCLUSION 


By means of phenomenological analysis of the Ba 
binding energies observed for the A=3, 4, and 5 
hypernuclei in terms of a two-body A-nucleon inter- 
action, we have been led to conclude that this inter- 
action must be taken to depend on the spin-state of 
the A-nucleon system. By itself, this analysis still 
allows two possibilities for this spin dependence, with 
two corresponding sets of conclusions concerning the 
spin values for these hypernuclei. An argument from 
the branching ratios observed for the decay modes of 
aH‘, however, establishes spin zero for this hyper- 
nucleus; this means that the singlet A-nucleon inter- 
action is stronger than the triplet. The strength of this 
singlet interaction corresponds to a volume integral 480 
Mev f* for a Yukawa shape of range parameter x= 2m, 
or 290 Mev f* for x=mx. The neutron-proton *S poten- 
tial with range parameter x=0.848 f—! corresponds to a 
volume integral 1403 Mev f* for Yukawa shape; taking 
into account the shorter range of the A-nucleon interac- 
tion, it is clear, therefore, that the A-nucleon interaction 
must be the consequence of elementary interactions with 
coupling strength comparable to that for the pion- 
nucleon interaction. The weakness of the A binding to 
light nuclei relative to the neutron binding (see Intro- 
duction) must be attributed to the shorter range of the 
A-nucleon interaction rather than to any weakness of 
the elementary interactions generating the A-nucleon 
force. The triplet A-nucleon interaction is weaker than 
the singlet by a factor ranging from 0.3 to 0.45 as the 
range parameter « decreases from mx to 2m,. Some 
check on these conclusions may be provided in due 
course by observations on angular correlations in the 
decay of light hypernuclei (especially following K- 
absorption in He‘) or on the energy distributions of the 
final particles following K~ capture by deuterium or 
helium. 

This analysis gives no information on the range of the 
A-nucleon interaction within the range which appears 
physically appropriate. Nor does it allow any conclu- 
sion to be reached concerning the exchange character 
of the interaction. For the p-shell hypernuclei, the 
analysis can proceed at present only on a rather un- 
certain basis and has added relatively little so far to our 
knowledge of the nature of the A-nucleon interaction. 
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It is of interest to compare the conclusions reached in 
this paper with the limited theoretical calculations 
which have been made to date. There is general agree- 
ment with the estimate of the A-nucleon forces made by 
Lichtenberg and Ross* for the pion-exchange mechanism 
on the basis of a static model of the universal pion- 
baryon interaction proposed by Gell-Mann.”* With this 
model, the K-exchange process would contribute rela- 
tively little to the forces on account of its relatively 
short range unless the coupling strength for K mesons 
were unreasonably large.’® Lichtenberg and Ross con- 
clude that the singlet interaction should be the stronger, 
the triplet interaction having strength about 0.65 that 
of the singlet. The coupling strength required by the 
strength deduced here for the singlet A-nucleon inter- 
action corresponds to a pion-baryon coupling strength 
comparable with (perhaps a little larger than) the 
pion-nucleon coupling strength. This general agree- 
ment, therefore, provides evidence in qualitative sup- 
port of Gell-Mann’s proposal for a universal pion-baryon 
interaction. In this case, three-body forces arising from 
the pion exchange process (1.3) may be expected to 
contribute to the binding force between a A particle and 
a nucleus and a quantitative estimate of their influence 
on the binding energy analysis of this paper will now 
be desirable.§ 

Lichtenberg and Ross’ have also considered the 
forces arising from K exchange, including the addi- 
tional contributions implied by the _ pion-nucleon 
coupling but neglecting the pion-hyperon coupling. 
They found that neither scalar K nor pseudoscalar K 

§ Note added in proof.—Calculations of the three-body forces 
corresponding to the process (1.3) have now been carried out by 
H. Weitzner [Phys. Rev. 110, 593 (1958) ], by R. Spitzer [Phys. 
Rev. 110, 1190 (1958) ], and by G. Bach (private communication 
from E. Lomon). The forces obtained have complicated noncentral 
forms; however, their central part does not depend on the A-spin 
vector and is proportional to @,-@2 %1-%2, which takes the value 
—3 for two nucleons in relative s-wave motion. Spitzer and Bach 
find the central three-body potential to be attractive, but Weitzner 
points out that the slow variation of U, with n for n<4 could be 
due to the increasing effectiveness of a repulsive three-body 
potential, rather than to a spin dependence for the two-body 


potential, as considered here. With the above properties for the 
central three-body potential, the volume integrals U,, are given by 
U,=3V,4+V.+6W, 
U;=3V,+3V.+3(1—n)W, 
U2=4V,+3V.+(1-e)W, 
where W denotes the volume integral of the three-body potential 
for two nucleons with spatial correlation appropriate to He‘, and 
n, € are corrections due to the difference of the correlation functions 
for two nucleons in He’ and H? from that for He‘. The values of 
n and ¢ are estimated as 0<<0.1, e~0. The solution of these 
equations depends sensitively on the values of U’,, and is therefore 
rather indeterminate in view of the large uncertainty in U3. 
However Va(Us—4U,) still holds and V,>V,, still follows from 
spin 0 for 4H‘, so that the singlet potential cannot be appreciably 
stronger than has been derived here. In contrast, the triplet po- 
tential is almost undetermined, and the choice v,~0, with W 
repulsive is acceptable within present uncertainties, as pointed 
out by Weitzner, although the above work shows that W ~0 with 
V, considerably less than V, is also acceptable. At present, it 
appears that A-proton scattering data will be needed for the 
determination of the §S A-nucleon potential, before the contribu- 
tions of the two-body and three-body forces in hypernuclei can 
be convincingly distinguished. 
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leads to a A-nucleon interaction which corresponds even 
qualitatively to either of the spin-dependences suggested 
by the analysis given above; in each case the triplet 
A-nucleon interaction obtained is either repulsive or"so 
weak that if the coupling strength is adjusted to corre- 
spond to the By observed for ,H*, the attraction in the 
sHe® system is insufficient to account for its observed 
binding. 

Finally, we may remark briefly on the possibility of 
binding two A particles to a nucleus. This would be of 
particular interest insofar as it depends on the strength 
of the interaction between two A particles, an interac- 
tion of range 1/2m, or less. One simple possibility is the 
double hypernucleus ,,He*, which could result from a 
reaction of the type 


=-+Li7—,,He*+n. (5.1) 


Since the A— He‘ attraction is quite strong, binding for 
this ,sHe® system might occur even if there is a strong 
short-range A—A repulsion.|| The Pauli principle allows 
two s-wave A particles coupled to zero total spin, so 
that s,sHe® would have J/=0, T=0. The decay of such 
a system would consist of two steps; first, one A par- 
ticle would decay giving, possibly, the products 
a +p-+ He’; then, the recoil hypernucleus ,He® would 
undergo its normal mode of decay after coming to rest. 
This sequence of events, ,asHe® production (5.1) fol- 
lowed by its decay, would give rise to a triple-centered 
star, There are many other possibilities for such “double 
hypernuclei” and, with the artificial production of = 

particles now observed at the Bevatron, it seems ap- 
propriate to mention the possibility and interest of 
such objects. 


APPENDIX A. COMPRESSION OF THE 
HYPERNUCLEAR CORE 


The simplest kind of distortion which can be con- 
sidered for the core of a hypernucleus is a uniform radia] 
compression corresponding to a nucleon distribution 
p(ar/R), where a=1 refers to the undistorted core 
configuration. If both the core nucleon distribution and 
the A-nucleon interaction potential are of Gaussian 
shape (as for the cases considered in this paper), then 
the potential seen by the A particle is 


U /1.4354\3 r\? 
y=-—( ) exp ~ (1.43547) i (A1) 


ri b’ 
(A2) 


R\2)3 
y= |¥-+13736(—) f 
a 


where 0’ is the intrinsic range of this potential. With 
a=1+6, the energy of the distorted core is higher than 
that of the undistorted core by AE(6)=}K& Mev. 


|| With the “global symmetry” hypothesis of a universal pion- 
baryon coupling (see reference 28), the A—A force in the 1S state 
is predicted to equal the 1S A—p force, and therefore to be quite 
strongly attractive. 
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For a given 6, the potential (Al) must provide the 
effective binding energy B=B,+AE(5) Mev. The 
well-depth parameter s required for V to produce this 
binding is 


s=1+sintset- +, 


in terms of n= 6’ (2u,B)!, where ya is the A reduced mass 
and the coefficients s; have been given by Blatt and 
Jackson.*” In terms of this well-depth parameter the 
volume integral of the total A-nucleon interaction is 


(A3) 


; M 
U(a)=215.86—sb’ Mev f°, 
MA 


(A4) 


where M is the nucleon mass and Db’ is expressed in 
fermis. In order to show how the volume integral U (a) 
depends on the core compression, (A4) is now expanded 
in powers of 6. The expansion of b’ can be obtained 
directly from (A2); that for s is obtained from the 
MacLaurin series for s(6), with 


K 
=n 1 ~s8+| +42 aa - } (AS) 
4By 


where «= 1.3736R?/(b’+1.3736R*). The subscript 0 is 
used here to designate the value of the function at 
5=0. The expansion obtained for U in this manner is 


K 
U(6)= U.| 1 = 96+ (st Der ae , (A6) 
By 
with 
no dso 
y=zt+a——, 
So dno 


; no dso no dso 
by +322 — —+— —-—] " 
So dno So dnc 


To this approximation, U(6) has its minimum value at 
6=y/[2(s-+wK/Bs)], giving 


AU Umin—Uo y 


Seoh 4(s+wK/Bs) 





(A7) 


The derivation given above is not correct for By=0. 
In this case (A5) must be replaced by 


n= (usK)!)6/0’, (A8) 


and the expression for U (6) may be obtained by making 
use of the expansion (A3), 
U (6) =U {1 —x6 
+ (uaK) do's) 6 | ~2 (usK) bxbo's 16 | 5) 
+ ($4—}2?+paKsobo?)P+---}. (AY) 
37 J, M. Blatt and J. D. Jackson, Phys. Rev. 76, 18 (1949). 
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Just as in the general case B,>0, core expansion (6<0) 
leads to U(6)>U for By=O. In the case of core com- 
pression (6>0), however, a minimum for U (6) exists 
only if K<Kp,=2?/[ua(bo's:)?]; if K>Km, the least 
value of U(6) is Uo. For the case of the (,H*, ,He’*) 
doublet discussed in this paper, K,, has the values 15 
Mev for k=mx and 5 Mev for x= 2m,, when R;= 1.38 f. 


APPENDIX B. A LOWER BOUND FOR THE STRENGTH 
OF THE A-NUCLEON INTERACTION 


In this appendix a useful lower bound for the 
strength of the A-nucleon interaction will be obtained 
from the existence of the hypertriton ,H*, by extending 
an argument given by Nishijima.** In the center-of- 
mass system, the Hamiltonian can be written 


h? 
H(npA)= | - iis V (np) | 


| h?(2M+M,4) 

8MM, 
h?(2M+M,) | 
—V?+ V (An) [ 


Designating the least eigenvalue of the operator A by 
min (A), the inequality min (A+B) 2 min (A)+min(B) 
leads to 


min{H(npA)} 


Vet V(A) 


(B1) 


| 8MM, 


h? 
=— B,— By2>min ——-Vip+V (np) | 
| M 


h?(2M+M4) | 


+2 nie! Vet V (AN) ft (B2) 


| SMM, 


because the total energy — (Bi+B,) of the hypertriton 
represents the minimum value of H(mpA) with respect 
to all functions of three variables rp, r,, ra related by the 
center of mass condition 


M (r,+ rn) +Mara=0. 


The last two terms in (B1) have been set equal, follow- 
ing the requirement of charge symmetry. The two 
operators whose minima occur in (B2) are each func- 
tions of only two of the three variables rp, ra, ra, such 
that their minima are not affected by the restriction 
(B3). Since the first term on the right hand side of 
(B2) is just — Ba, it follows that 


W?(M+M,) 4(M+M,) | 
Penn ated FY V(AN) | 
2MM, 


(B3) 


2M+M, 
2(M+M,) 


2M+M, 
38K. Nishijima, Progr. Theoret. Phys. (Japan) 14, 526 (1956). 


min 


(B4) 
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Apart from the factor multiplying V (A), the Hamil- 
tonian in (B4) is just that for the A-nucleon system; 
consequently, (B4) provides an inequality for the well- 
depth parameter s of the A-nucleon system. Even if 
By is taken to be zero, this inequality is 


4(M+M,4) 


——__— 3}! 


(B5) 


that is, s20.364. This result holds regardless of the 
detailed form of V(A9U) and assumes only that three- 
body forces are unimportant in the hypertriton. If the 
interaction terms in (B1) are confined to central poten- 
tials, the inequality (B5) will hold even for the A-nu- 
cleon potential effective on the average in the spin 
configuration appropriate to ,H®*; insertion of the em- 
pirical value of Ba on the right of (B4) allows some 
improvement in the bound (B5) when the A-nucleon 
potential is assumed to have a given shape and range. 
For example, with Bs=0.6 Mev and a Gaussian poten- 
tial corresponding to x= 2m, for the A-nucleon interac- 
tion, the inequality (B5) can be replaced by s2 0.429. 
If spin $ holds for ,H*, this inequality refers to the 
triplet potential ; if ,4H*® has spin 3, the inequality holds 
for the mean potential (3V.+V,)/4. 


APPENDIX C. CONTRIBUTION OF EXCHANGE FORCES 
TO THE A-BINDING POTENTIAL 


Since it is the s-wave A-nucleon interaction which 
makes the predominant contribution to A binding in 
the hypernuclei considered here, a comparison between 
the potentials acting on the A particle due to an ordi- 
nary or an exchange interaction which give the same 
s-wave interaction between A and nucleon can be made 
by comparing their expectation values in the relevant 
hypernuclear configuration. For this purpose the A wave 
function will be approximated by a Gaussian form 
exp(—6r’), and the expectation value of the interaction 
of the A particle with an s-wave and with a p-wave 
nucleon will be considered. For the nucleon wave 
functions the forms exp(—ar’) for an s-wave, and 
r exp(—ar’) for a p-wave nucleon will be considered. For 
convenience the A-nucleon potential will be taken to be 
of the form 

V(r) =U (A/m)! exp(—?’). (C1) 

The interaction of the A particle with an s-wave 
nucleon is considered first. The two integrals which are 
to be compared are 


Ioa.= f valr)on(s)( r—S| )Wa(r)bn(s)dsrd3s, (C2) 


Fech.= J ¥a(r)bu(5)V (| 1—8|)¥a(sdonu(Phdsed, (C3) 


where Wa(r)=exp(—8r’), on(s)=exp(—as*), and V is 
given by (C1). These integrals can be evaluated by 
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use of the result 


fev(-ar— 2Br-s—Cs*)dsrd3s8 


=x*/(AC—B*)!, (C4) 


From this result the ratio 


Texch.* { (2a+A)(28+A)—d?)# 
(at8+r)—» J 


(CS) 





Tora.* | 


is obtained directly. This ratio reduces to unity in two 
cases of interest: (i) a= and (ii)A—«. In the first 
case exchange of the two particles leaves them each in 
the same wave function, which is possible because the 
Pauli principle is not effective between A particle and 
nucleon. In the second case, exchange of the two 
particles leaves the system unchanged because they 
must coincide in position (in the limit A) in order 
to interact. 


The most suitable Gaussian wave function to repre- 
sent the motion of a A particle in a Gaussian potential 
of the form U (¢/x)! exp(—or’) can be determined from 
a variational calculation of U for given By. From this 
calculation the appropriate choice for 8 is 


B={o+[o(o+ 162) }}/8, 


where z=2u,B, and ya is the reduced mass for the 
A particle. This leads to the estimate 


U = (Bs/z) (x*/28)*(1+28/o)?. 


It was explained in the introduction that only a short- 
range exchange force is physically reasonable; conse- 
quently, the comparison between an exchange and an 
ordinary force is made here for the range 1/mx. For, He’, 
(C6) and (C7) lead to 8=0.226 f-? and U=792 Mev f* 
(for an undistorted core), which is about 11% larger 
than the computed value Uy. For ,Li’, the correspond- 
ing values are 8=0.173 f-* and U=1288 Mev f*, which 
is about 6% too large. 

The parameter a indicated by the observed nucleon 
distribution in He* is a=0.362 f-*. For x=mx, the 
interaction parameter A=2.91 f- is relatively large. 
In this case the reduction factor (C5) is essentially 
{1—3(a—8)?/[4(a+8)A ]---}, which has the value 0.99 
for sHe®. In ,4He® even the difference between a pure 
exchange and a pure ordinary force is quite unimportant 
in comparison with other uncertainties; this is also the 
case for the s-wave nucleons in the 4Li hypernuclei. 

For interaction of the A particle with a p-shell 
nucleon, ¢,(s)=s exp(—as*). The corresponding in- 
tegrals (C2) and (C3) can then be obtained from suit- 
able derivatives of the integral (C4). The result for the 
ratio, 


(C6) 


(C7) 


(2a-+2)(28-+A)—d?} 4 
(a+8+))*—»? 


| neg A 
Tora? A+28 





» (C8) 
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then follows. This ratio will be evaluated for the Li 
p-shell nucleons, for which case® a=11/12R?, R being 
the rms radius of the nucleon distribution in Li® or Li’. 
In this case the expectation value of an exchange 
potential is appreciably less than that of an ordinary 
potential, the ratio (C8) having the value 0.90. Even 
if the A-nucleon interaction were entirely of exchange 
character, the strength of the potential provided by the 
interaction of the A particle with the p-shell nucleons in 
aLi would be reduced by at most 10% from that 
arising from an ordinary interaction of the same 
spin-dependence. 


APPENDIX D. HYPERFRAGMENT YIELD FROM K™ 
ABSORPTION IN HELIUM 


A brief discussion of K~ absorption in Het is given 
here in order to estimate the expected yield of ,H*, 
sHe‘ and their excited state (if any) from this reaction. 
Such an estimate is necessary before experiment can 
decide whether the production of this doublet is really 
forbidden if no hyperfragments are observed after some 
number of K~ absorption events. Only the simplest 
assumptions will be considered in the present discussion. 

Experimental evidence on the absorption cross sec- 
tion for slow K~ particles in hydrogen shows that this 
cross section rises steeply with decreasing K~ energy, 
the experimental determinations being consistent with 
a 1/v law. This evidence establishes that there is a 
strong s-wave absorption of A~ particles by protons 
(but does not exclude strong absorption also in other 
partial waves). In this preliminary discussion, we will 
consider only this s-wave interaction. This means that 
the reaction amplitude for 


K-+%—A+n (D1) 


has the form Ao-q, for a scalar K meson (parity speci- 
fied relative to + parity for A particle) or B for a 
pseudoscalar K meson. The impulse approximation will 
be made in this calculation, secondary scattering being 
neglected for the outgoing particles. In this approxima- 
tion three factors must be considered: (a) the relative 
frequency of A production in the elementary inter- 
action, (b) the proportion of final states in which the 
spins are suitably oriented for formation of the hyper- 
nuclear state, and (c) the sticking probability of the 
A particle for the formation of the recoil hyperfragment. 

With the assumption that K~ capture from atomic 
orbits in hydrogen occurs mainly from s states (not 
necessarily correct since they could be absorbed from 
p states before reaching an s orbit*), the first factor (a) 
can be estimated from the Berkeley data“ on the basis 


® This is based on a shell model wave function corresponding 
to an oscillator potential. This wave function leads to a proton 
distribution of the form (1+ $ar*) exp(—2ar*), which corresponds 
to an rms radius R?=11/12a. 

“R. Gatto, Nuovo cimento 3, 1142 (1956). 

41 Alvarez, Bradner, Falk-Variant, Gow, Rosenfeld, Solmitz, 
and Tripp, Nuovo cimento 5, 1026 (1957). 
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of charge independence. For absorption of K~ particles 
incident equally frequently on p and n, formation of the 
system (A+ 7°) is then expected for 3.7% of these inter- 
actions; (A+), for 7.5% of these interactions. As for 
the second factor (b), no spin flip occurs for capture 
of a pseudoscalar K~ meson so that the spin state reached 
is always appropriate for formation of ,He‘, ,H* with 
J=0. Capture of a scalar K~ meson, however, can only 
lead to a J=1 state of ,H*, ,He*; the assumption that 
this capture takes place from s orbits of the K~-helium 
atom means that the spins of the heavy particles after 
the reaction can sum to unity only for 3 of the transi- 
tions. The sticking probability (c) is given by F°(Q), 
where Q is the momentum of the recoil hypernucleus and 
F denotes the overlap integral 


F(Q)= f Yater(A,2; 3,4) 


XexpliQ: (314— re— r3— 14)/4] 


XWaHe(A,2; 3,4)dradrodr3d74. (D2) 
For the evaluation of F we have used the product wave 
function for (,H*, ,He*) computed as described in the 
body of this paper, and the wave function exp(3a4)_1;,7) 
with ag=9/(32R2) for He. Taking the H* core of ,H* 
to have the wave function (2.9), F(Q) can be written 
in the form 


4803014 
F(Q)= (— 
(3a3+4a,4)? 


(D3) 


i 
) G(Q,Bs), 


where the first factor arises from the,integration over 
the coordinates of the H* core, and G(Q,B,) denotes the 
overlap integral 


3a4\? 
G(Q,Ba) = (=) 


Tv 
sin(3QR) 
x f exp(—feaR!)— wal RaaR, (D4) 


4 


ua(R) being the normalized. wave function describing 
the A motion in 4H‘, ,He*. The overlap integral G has 
been plotted as function of Q in Fig. 2 for various values 
of By. For sufficiently small values of Ba, the form of 
u,(R) in the region contributing to the integral (D4) 
is independent of B,, while its normalization is de- 
termined almost entirely by its asymptotic form 


ua(R)~C exp —R(2uaBa)*)/R. 


In this situation, with By, less than about 0.1 Mev, 
G(Q,Ba) has the form 


G(Q,By)™(Ba) '6(Q), 


so that the sticking probability for given Q falls off only 
with By! as the binding energy By approaches zero. 


(DS) 
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The expected frequency of production of ,H* and 
aHe‘ per K~ helium absorption event can be estimated 
on the basis of the three factors discussed above. For 
pseudoscalar K~ mesons, formation of ,H* and Het 
with spin 0 is allowed by the selection rules; since it 
appears most likely that the ground state of this 
doublet has spin 0, only this case will be considered here. 
For capture from an s orbit, the production of ,H* and 
aHe‘ with spin 0 will have relative frequencies” of the 
order of magnitude of 6X10-* and 13X10-%, respec- 
tively, per K~ capture event. In this estimate, indirect 
hypernucleus production arising from secondary inter- 
actions of the recoil = particles with the other nucleons 
has been neglected. Aboyt 90% of the primary A- 
interactions can be expecte& to lead to = particles (of 
momentum about 150 Mev/c) which can interact with 
other nucleons transforming to produce additional A 
particles. This latter reaction, however, releases ~80 
Mev kinetic energy to two final particles (the A particle 
and the interacting nucleon), which will then each have 
momentum of order 300 Mev/c; the possibility that 
both of these particles fail to escape but stick to form 
an A=4 hypernucleus will therefore have negligible 
probability. 

It is of interest to discuss also the K~-helium absorp- 
tion for a scalar K~ meson. The formation of ,H* and 
aHe‘ with spin 0 is forbidden for this reaction (3.5) ; 
but if the excited states ,H** and ,He** with spin 1 
exist (as appears relatively probable), there is still 
the possibility of observing ,H*, ,He* decay events 
which occur following y decay of ,H**, ,4He** produced 
in this reaction. With binding energy By* (<0.1 Mev) 
for this excited state, F?(Q) has the value 0.15 (Ba* 
Mev)! for the relevant recoil momentum, and the fre- 
quency of formation of either ,H** or ,He* is of order 
5(Ba*)*X10- per K--helium interaction. For a reason- 
able value of By* (say 0.01-0.1 Mev), this rate is a 
little less than one order of magnitude below that 
estimated above for an allowed ground-state reaction. 
It must be emphasized that there is considerable un- 
certainty in the absolute value of these estimates be- 
cause the capture processes in He‘ may be quite un- 
related to the capture processes observed for K~ in 
hydrogen on account of the appreciable nuclear size of 

® ,H* production is also possible in the production reaction 

x +Het,H'+R°, 
which has selection rules closely related to those for the reaction 
(3.4); this was pointed out by J. J. Sakurai [Phys. Rev. 107, 
1119 (1957)]. The cross section for A production in #~—p colli- 
sions at 0.95 Bev is only about 0.6 mb, however, compared with 
the total cross-section of 47 mb. Taking into account the ~—n 
interactions also, the proportion of *~— Het interactions leading 
to a A particle will be of the order of 1%. At this x~ energy, the 
A particles are produced typically with momenta ~400 Mev/c 
in the laboratory system; the corresponding sticking probability 
is about 2%. These remarks indicate that, when it is allowed by 
the selection rules, 4H‘ production can be expected to occur in 


a~ — He‘ collisions of ~1 Bev with a frequency of the order ~10™ 
per x” interaction. 
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He‘ and the closer orbits of the K~-helium system ; both 
of these differences favor K~ capture from states of 
higher angular momentum than those which may be 
effective in K~-proton capture. Since the direct observa- 
tions necessary to establish whether or not a y ray 
accompanied an observed ,H* or ,He* decay event 
appear to be very difficult, the possibility of formation 
of ,H**, ,He** may lead to considerable confusion 
concerning the interpretation of any observations of 
the 4H*, ,He* hypernuclei following K~+ He‘ reactions. 
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Theory of the Internal Space* 
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It is postulated that fermions with identical space-time properties have to obey the exclusion principle 
unless they differ dynamically in their interaction with other particles. This postulate is formulated within 
the framework of a theory of the internal degrees of freedom. When all possible Yukawa-type couplings are 
examined, this postulate together with some other specification singles out the @- t interaction between pion 
and nucleon. Finally, when applied to electric interactions it requires the displacement of the nucleon center 


of charge. 


1, INTRODUCTION 


N important prediction of quantum field theory is 
that the quanta of one field are identical and obey 
the Pauli principle. By Pauli principle we shall mean 
more generally the requirement of symmetric or anti- 
symmetric wave functions for particles with integral or 
half-odd-integral spin, respectively. Different particles 
are conventionally represented by different fields and 
the formalism does not require the Pauli principle in 
this case. The difference between the particles may lie 
in their space-time properties like mass and spin or in 
internal properties like the electric charge. Nevertheless 
it is mathematically also perfectly consistent within the 
present theory to have several fields which differ in no 
respect. For instance, a theory characterized by 


L=1(0—M)yi+-¥n(8—M)yn 
+3(¢, ¢'—m')+edwvitdind (1) 


describes two kinds of fermions interaction with a 
scalar boson, the former having completely identical 
properties. Yet the theory asserts that the Pauli prin- 
ciple is not effective between them. Such a case does 
not seem to be realized in nature. As far as we know all 
particles with, for instance, unit electric charge, spin }, 
and mass of the electron actually obey the exclusion 
principle. This observation leads one to analyze the 


* This paper is part of the content of lectures given in summer 
1957 at the University of Washington. They were partially sup- 
ported by the U. S. Atomic Energy Commission. 


usual formulation of the exclusion principle more 
carefully. The statement “identical Fermi particles 
cannot occupy the same state” requires an explanation 
as to what identical particles are. One can adopt the 
two points of view: 

(A) Nonidentical particles differ in their space-time 
properties or in their interaction with other particles. 

(B) Identical Fermi particles obey the exclusion 
principle. The definition (B) leads to a circle and most 
people will agree that (A) makes more sense. However, 
conventional quantum field theory does not imply the 
exclusion principle in form (A) but only in form (B). 

We shall now sketch a formulation of the Pauli 
principle which implies (A) and makes it more precise. 
For this purpose we consider a theory with \, different 
kinds of fermions and NV, different kinds of bosons. 
Such a situation will be described by V;+.V, Hermitian 
fields. Now we imagine that in the Bureau of Standards 
they have V+, boxes, each containing one of the 
different kinds of particles. (For bosons the box may 
contain a piece of a static field instead of a particle.) 
Now we require that with the aid of this set of boxes 
we can determine to which of the V;+ NV, kinds any 
given particle belongs. We just do not permit to put 
for instance, a fermion into a box with fermions for this 
determination. For in this case we would use the exclu- 
sion principle as a criterion for identity. In other words, 
we shall not perform experiments in which the wave 
function of identical fermions (or bosons) overlap. If 
even with this restriction we can distinguish all par- 
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ticles we shall say shortly that the “distinction prin- 
ciple” is satisfied. The distinction principle is thus a 
formulation of the Pauli principle which uses explana- 
tion (A). For instance, in the above-mentioned theory 
characterized by (1) it does not hold since in an external 
Bose field the two kinds of fermions behave in exactly 
the same way. To satisfy the distinction principle it is 
not enough that a state with two I fermions is different 
from a state with one I and one II fermion. In one case 
the exclusion principle is effective and in the other not, 
so that in any case there will be a difference in the 
scattering cross section in the two states. Furthermore, 
conservation laws may affect the two states differently 
so that the annihilation cross section may also be 
different in the two situations. But the distinction 
principle requires more. For theories of the Yukawa 
type it asserts that different isolated fermions interact 
differently with the Bose fields. 

We have now to decide with respect to which group 
of interactions we want different particles to behave 
differently. By groups of interactions we mean the usual 
categories of strong, electromagnetic and weak inter- 
actions. Because of the fluid state of our knowledge 
about weak interactions we shall forget about them and 
about particles interacting only weakly. A little con- 
sideration shows that all other particles with identical 
space-time properties can be distinguished electro- 
magnetically.! Since there are no charged particles of 
the same sign with identical masses ([+ and E- ought 
to have the same charge but different masses) we have 
to consider only neutral particles. Now and #, A° and 
A°, >° and 5° differ in the sign of their magnetic moment. 
The neutral heavy mesons undergo the following virtual 
dissociations k°—> p+3+*, k®—> p++, so that their 
charge cloud will be different. We take the point of 
view that it is not a coincidence that the distinction 
principle holds if one considers only electric interactions. 
Of course, there is no logical necessity for this belief 
and we shall see that it is also possible to couple the 
electric field such that the distinction principle is 
violated. It will turn out that it is just the distinction 
principle which forces the displacement of the (pm) 
center of charge. 

Less obvious is the question whether also the strong 
interactions alone distinguish all particles. It is tempt- 
ing to conjecture this to be true since one knows that 
the internal degrees of freedom dominate the dynamics 
of the pion-nucleon system, at least at low energies. 
Thus it seems plausible that the strong interactions are 
the mechanism which shows the differences in the 
internal properties of particles. A detailed study of this 
question is the content of the present paper and with 
our present knowledge the answer will be that also the 
strong interactions separately satisfy the distinction 
principle. 

1 We shall discuss later in what sense this statement does not 


contradict the observations of Wick, Wightman, and Wigner, 
Phys. Rev. 88, 101 (1952). 
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A striking feature of the strong interactions is their 
high symmetry with respect to the internal properties 
of particles. This is reflected, for instance, by the great 
number of different particles having (at least approxi- 
mately) the same space-time properties. In fact, the 
guiding principle in the construction of interactions is 
usually to achieve maximum symmetry. This principle 
is, however, not too powerful since we shall see that the 
theories with maximum symmetry (which means that 
they allow for the largest invariance group) are not 
realized in nature. It is clear that by having too much 
symmetry the particles will lose their difference and we 
shall violate the distinction principle. In fact we shall 
see that the interactions we know to exist are such that 
they have the maximum symmetry which under the 
given circumstances is compatible with the distinction 
principle. It will turn out that for V;<4 and N,<3 
the only theories of the Yukawa type which do not 
violate the distinction principle, conserve fermions and 
give no mass splitting are the electric and the ¢-* 
interaction. By not requiring the distinction principle 
one increases the number of possible theories by a 
factor 10. In particular the neutral or the charged 
meson theory do not satisfy the distinction principle 
since they do not distinguish between nucleon and 
anti-nucleon in the required fashion. As a consequence, 
for instance, the forces between pn and pp are the 
same in those theories as long as pp do not touch each 
other so that they can annihilate. This is not the case 
in the ¢-7 theory for pseudoscalar mesons but would 
also hold in this theory with vector mesons. 

In the next section we shall develop the theory of 
internal degrees of freedom not connected with space- 
time. Although most of the material is well known it 
had to be included since there is no systematic account 
of it in the published literature.’ 

In the following section we shall investigate all 
possible Yukawa couplings for V;<4 and NV, <3. The 
reasons for choosing the couplings linear in the Bose 
field and quadratic in the Fermi field are not very deep. 
It is just that at present it seems that the dominant 
features of strong interactions (like single boson emis- 
sion) can be accounted for by them. We shall, however, 
not rely on arguments like renormalizability. One 
might hope that one can study the symmetry properties 
of the internal space independent of a possible modifica- 
tion of our space-time concepts at small distances. In 
fact, all our results would hold if we were to make the 
theory finite by, for instance, a nonrelativistic form 
factor. We shall use only the general features of rela- 
tivistic field theories like the connection between spin 
and statistics. Thus we do not necessarily consider the 
form of the interaction as something fundamental but 
rather as a phenomenological description of observed 


? This section is closely related in the corresponding part of 
J. Schwinger, Stanford Lectures summer 1956, mimeographed 
lecture notes. In the meantime this has been partly published in 
Ann. Phys. 2, 407 (1957). 
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processes. It is to be expected that our considerations 
could be carried over to a more detailed model where, 
for example, one replaces the bosons by bound states 
of an even number of fermions. 

In the last section we shall discuss the introduction 
of an electromagnetic field into the systems considered 
before. It turns out that the distinction principle elimi- 
nates some possibilities but does not lead uniquely to 
the actual form of the interaction. For this one has to 
add the requirement that the charge of a fermion is 
(—1,0,1) times the elementary charge. 

The investigation of systems involving more particles 
than considered here becomes very complex and had to 
be deferred to a separate paper. There the principles 
proposed in this work will be applied to other systems, 
mainly to the K-meson baryon couplings. It will again 
turn out that the distinction principle helps somewhat 
but does not uniquely lead to the observed picture. 
There are several theories with many particles which 
comply with the distinction principle and it requires 
another point of view to explain why only a particular 
one is realized in nature. 


2. GENERAL FORMALISM 


In this section we shall develop the concepts relating 
to the internal symmetry properties of a system con- 
taining V, kinds of bosons and NV; kind of fermions. 
We consider only the case where all Bose fields and all 
Fermi fields have the same transformation properties 
with respect to the full Lorentz group. The Fermi fields 
we take to have spin } and the Bose fields to have spin 
0 or 1. It is convenient to consider all Fermi fields y; 
as components of the Fermi field y and similarly for the 
Bose fields ¢. Since supposedly each field component 
represents only one kind of particle of given space- 
time property we require that the field components be 
Hermitian: 

Vit=Vn dt=o. (2.1) 
For spin 0, one field component will be represented by 
one Hermitian scalar field which is known to describe 
one kind of particle. In the case of spin 3, one com- 
ponent is represented by a four component Hermitian 
spinor field, that is to say by a Majorana field. This 
describes for given momentum two kinds of particles, 
differing by their spin direction. Here we need twice 
as many components for describing one particle since 
the Dirac equation is of first order. We shall usually 
suppress the labeling of spinor or vector components 
and be explicit only with respect to the internal space. 
A Hermitian vector field contains four kinds of par- 
ticles. One of them has a negative energy and has to be 
eliminated by ¢* ,=0. This will always be understood 
in the following without explicit mention. 

The free Lagrangian is a quadratic form of the Bose 
(and Fermi) field components. L° will for Bose fields be 
of the general form 


oKoiqi; with fKg=f g'—m’fg. 
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Since the energy must be positive definite, the quad- 
ratic form g must be positive. By a suitable rotation 
and scale transformation, it can be reduced to the unit 
form which we take as the convenient standard form. 
Thus we write L° as 


Ny Nb 

L9=)) ¥i(a,d"— MB)¥it+} X (¢:,.60*—m'o?). (2.2) 
i=1 i=1 

Here a and @ are the usual Dirac matrices in the 

Majorana representation: 


Qo=1, aj=101, a2=t02, a3=103; B=o2p3. (2.3) 


The canonical commutation rules are 
{Wi(x),v; (x’) } t=t’ = $5;;0(x— ¢ a 
[ox(x),; (x) Jone’ = 64 ;6(x— x’). 


The interaction we take of the Yukawa type, that is to 
say of the form 


(2.4) 


Ng Nb 


L'=g > rH VaM aT Wid, 


@,b=] i=! 


(2.5) 


where g is the coupling constant and M,,' is a set of 
numerical matrices which will be discussed below. The 
I’ are a set of y matrices corresponding to which of the 
5 types of space-time coupling we have. The scalar 8 
the pseudoscalar a;a2038 and the pseudovector (aa23, 
012013,0¢3041,0102) are in the Majorana representation odd 
whereas the vector a, and the tensor 83[ax,am] are 
even. We shall not consider mixtures of couplings which 
mix odd and even I’’s and have therefore? ['7==-T’, In 
view of the commutation relations we must have 
correspondingly 
M w'=FM,,.'. 


Furthermore, we shall take all the I'’s to be purely 
imaginary. Then the hermiticity of L’ requires the M’s 
to be purely real. The total Lagrangian L= L°+L’ and 
the commutation rules will be invariant under a group 
of linear transformatibns among the field components, 


Vi “oF AP ii, oi—- M3 ii;; A*=A. (2.6) 


For g=0 the invariance of L° and the commutation 
rules requires A7A=1 and AA’=1 respectively. Thus 
the A¥ and A® will be the matrices of the orthogonal 
group of Vy and N, dimensions respectively. L’ will 
destroy this invariance to some extent so that the A’s 
will constitute only a subgroup of the orthogonal group.‘ 

Let us first consider the case where this subgroup is a 
continuous group and the A(a,) depend on, say, n real 


3 This essentially excludes a scalar field coupled by a scalar 
and a vector coupling. 

‘That the study of the internal space is connected with the 
orthogonal group was first emphasized by A. Pais [Proc. Natl. 
Acad. Sci. U. S. 40, 484 (1954), and private conversation ]. Salam, 
d’Espagnat, and Prentki [Nuclear Phys. (to be published) ] have 
assumed that a theory can be invariant under a Lorentz trans- 
formation in the internal space. This does not seem to be possible 
since L° and the commutation laws are not invariant under such 
a transformation. 
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parameters a;. The elements in the infinitesimal neigh- 
borhood of the unit [=A(0) ] will have the form 


A8=14+D0a,7,8, AF=14+D a,7,', 


r=] r=] 


where 7,7=—T, and 7T,*=T7, so that AA7=1 holds to 
first order in a and A*=A. For the full orthogonal group 
(e.g., for g=0) the T constitute a set of }V(V—1) 
linearly independent odd matrices. It is convenient to 
take them as the generators of an infinitesimal rotation 
in a coordinate plane and label them by two subscripts 
indicating in which plane the rotation occurs: 


(i| T 5x | D= 5 5jO41— 9 i49)0. 


Correspondingly they obey commutation relations of 
the form, 


(Tix, T vm | = 8x21 im bim Ty bT im Siem wre 


(2.8) 


(2.9) 


For V=2 there is only one matrix 


0 1 
T12= iTo= ( ) 
=—1 0 


and a finite rotation is represented by 


iTqw 


(2:33) 


A(w)=e 


For V=3 we introduce a vector notation, calling 


T\2= €s, or generally 


(i| €x| 7) = sje. (2.12) 


A finite rotation depends on three parameters n and is 
given by 


A(n)=exp(n-e). (2.13) 


The familiar commutation rules 


[ €1,€2 ]= €3, etc., (2.14) 


show that e transforms like a vector under A(n). 

It is conventional to represent the four-dimensional 
rotations by the product of two independent three- 
dimensional rotations. By forming the combinations 


Ty2=Sst+13, Ti3=S52t+fe, T23= 5; +n1, 
Ty=S3—13, To=S2—-12, Tyuy=51—-N, 


(2.15) 


we see that the r and s obey the same commutation 


laws as the e 


[r.,8; ]=0, 


The representation (2.8) for the r and s can also be 
expressed in terms of two sets of independent Pauli 
matrices @ and 9: 


Erin; ]= esate, ([i,5;]= sje. (2.16) 


r= }ic2(p3,0202,p1), S=}ipe(o3,02p2,01). (2.17) 
A finite rotation depends on six parameters n and n’ 
A(n,n’)=exp(s-:n+r-n’), (2.18) 


and s and r transform like vectors. In this way of writ- 
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ing, a rotation around n say with an angle of 360° 
corresponds to A= — 1. In the following sections we will 
always use those representations of the orthogonal 
group. 

It is well known that to each infinitesimal trans- 
formation which leaves the action integral invariant 
there corresponds a constant of the equations of motion. 
In particular, transformations which are not connected 
with space-time yield invariants. By the latter we mean 
that they are given by an integral over a space-like 
surface and are in fact independent of this surface. 
Correspondingly we get » invariants 


(2.19) 


1.=i f dos[ta'TV+6"T,6], 


Being translationally invariant they commute with the 
Hamiltonian and can be simultaneously diagonalized 
with it. It is useful to redefine 7, by additional constants 
such that the ground state of the system |0) (vacuum) 
has eigenvalue zero: 


T,|0)=0. (2.20) 


For definiteness we shall now consider in more detail 
the case of highest symmetry, namely g=0. The modifi- 
cations for lower symmetry when the interaction is 
present will be obvious. With the representation (2.8) 
for the T we find that they obey the same commutation 
relations (2.9). 


[Tiny Tm |= Se2T im Sim T kt— 5itT ken — Sim T it- (2.21) 


Thus there will be no eigenstate common to all of them 
with eigenvalue ~0. To construct the eigenstates of T 
explicitly we start from the commutation relation 


[ TimW ]= iT in, [ T's? |= 17 ing. (2.22) 


iT jm has the eigenvalues +1, 0 and is diagonalized by 
the combinations (1/V2)(Witivm), Ye for R#1, m. Call- 
ing ¥ one of those combinations belonging to the eigen- 
value e of T we find 


T im |0)= ep Q). 


Thus the eigenvalues of T are eigenvalues of 7 and 
similarly for @ and 7%. Furthermore the sum of two 
eigenvalues of J is again an eigenvalue since the T are 
additive quantities. To show this we remark that the 
structure of the commutation rules (2.22) implies that 
if TH|0)=ep|0) and Ty’|0)=e'y’|0) then 


TW’ |0)= (e+e’)W’|0). 


This observation gives us a complete picture about the 
eigenstates and eigenvalues of the Tim. 

Some or all of the A may not be continuously con- 
nected with the unit. In the former case there is an 
ambiguity in the choice of the basic improper trans- 
formations since they can be combined with an arbi- 
trary continuous operation. Since there is no improper 
transformation in the infinitesimal neighborhood of 1 
we cannot use the usual procedure for constructing the 


(2.23) 


(2.24) 
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generator in terms of field variables. Nevertheless the 
invariance of the formalism under A; assures the exist- 
ence of a unitary operator U; such that 


U*u=A/y, UU =A;*¢, (2.25) 


even if we know only in special cases the explicit form 
of U. For instance every theory of the type we are 
considering is invariant under‘ 


It is not hard to guess that U is in this case expix 
[number of fermions]. However, since U; commutes 
with Z and therefore with the 10 generators of the 
Lorentz group it is an invariant like the 7), even if the 
number of fermions is not. We shall consider only those 
A; which obey A,*=1 so that the U; have the eigen- 
values +1, +7. Writing U as i® we see that Q can 
change only by multiples of four. Thus the invariance 
under finite transformations yields those characteristic 
conservation laws where certain quantities can only 
change by some integer amounts. A familiar example 
is the ° decay which can go only into an even number 
of photons. A multiplicative factor left arbitrary by the 
definition of U is conveniently normalized such that 
U|0)=|0). 

The structure of the relations (2.25) shows that the 
U’s are multiplicative quantities. Indeed, if y and y’ 
are eigenvectors of A; with eigenvalues e and e’ then one 
readily deduces 


Uw|0)=ep|0), U’|0)=e'y’|0) 
Uy’ |0)= ee’ |0). 


It can happen that Z is only invariant under a finite 
subgroup of the orthogonal group. We shall find many 
examples of this kind in the next section, in which case 
there are only multiplicative invariants.® 

To discuss the physical significance of our theory we 
assume as usual that the adiabatic hypothesis holds. 
Furthermore, we do not bother about renormalization 
because it has nothing to do with our problem and 
could be done easily. Accordingly we assume that a 
state |v) with one physical particle of a type » is given 
by applying the following limit of a Heisenberg operator 
to the physical vacuum: 


(2.26) 
and 


lor)= fim op f dxU (x)¥i(x)|0), 
t>—o 
(2.27) 


|?2)= lim vat f dxf(a)6u(x) 10). 


5 This trivial case will not be mentioned again in the later 
analysis. 

6 Case, Karplus, and Yang have considered theories of this 
type [Phys. Rev. 101, 874 (1956) ]. Similarly B. d’Espagnat and 
J. Prentki [Phys. Rev. 102, 1684 (1956)] tried to associate 
strangeness with a discontinuous operation to explain why there 
are no particles of higher strangeness. The present experimental 
data do not decide whether strangeness is an additive or the 
logarithm of a multiplicative quantity U with U‘=1. 
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Here vp‘ (or vg*) are a set of Ny (or Ny) complex num- 
bers which we normalize according to v‘v'*=1. U and 
f are solutions of the Dirac and Klein-Gordon equation 
with the renormalized masses. Since there are only NV; 
(or NV,) linearly independent v’s we have at most as 
many kinds of particles with the same mass as field 
components, not counting possible bound states. Par- 
ticles corresponding to v’s which are connected by a 
transformation A will have the same mass. To see this 
one has to apply the corresponding operation to |v) 
and remember that |0) is supposedly invariant. Hence, 
if the matrices A are an irreducible set under unitary 
(not only orthogonal) transformation, all fermions (and 
bosons) will have equal masses. For reducible A, par- 
ticles belonging to different invariant subspaces of the 
A will, in general, have different masses. Since the prob- 
lem of not being able to distinguish particles does not 
arise for particles with different mass we shall concen- 
trate on theories where the A are irreducible. There are 
exceptions to this rule owing to the fact that the self- 
energy does not depend on the sign of the coupling 
constant. For example, if L’= g(WividitWoyod2) then gi 
and ¢» particles will clearly have the same mass. Never- 
theless, the invariance operations ¥ — irw, ¢— ire 
and yy — r3, ¢— ¢ give a reducible A¥. However, the 
self-energy would also be the same for L’=g(Wyidi 
—wYwo2) so that it is effectively invariant under 
v— wv, 6 — rao and ir, and 7; are irreducible. 

When we want to express the distinction principle in 
formal terms we have to remember that the different 
components of y and ¢ in a one-particle state get mixed 
by virtual processes like p — n+2*. It is conventional 
to characterize the physical particle by some invariants 
T,. Of course, not all of them can be diagonalized 
simultaneously nor are they all needed for specifying 
a particle. For instance, for V=3 one of the ¢ and for 
N=4 one of the s and one r can be used. The sample 
boxes of our heuristic argument in the last section will 
be represented by external Bose fields acting on the 
physical particles.’ In an external Bose field the number 
of invariants is reduced but in our cases there will be 
always enough left over to specify the particles. In 
meson theory, for instance, they will be the isotopic 
spin in the direction of the external field and the number 
of nucleons. With those explanations we shall say that 
a theory does not satisfy the distinction principle if 
even in the presence of arbitrary external fields there is 
an invariance operation which exchanges two or more 
physical particles. Our example (1) for instance, is 
invariant under ¥1 <> ¥r1 even in external Bose field. 
In a theory which satisfies the distinction principle 
like electrodynamics an external field enables us to 
distinguish the two kinds of particles. This does not 
mean that any combination of the y’s can be dis- 
tinguished from any other. For instance, it is well 


7 That bosons and fermions are not treated on the same footing 
has its origin in the form of the coupling, as will be seen later. 
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known! that ¥/0) and y2/0) cannot be distinguished. 
But they do not diagonalize the charge and are mixed 
by an external field. The (Y¥i+-iy2)|0) diagonalize the 
charge and correspond to the physical particle. Those 
actually behave differently in an external field. In 
most cases which do not satisfy the distinction prin- 
ciple it happens that there is always an invariance 
operation which exchanges two groups of particles and 
lets one particular 7, go over into its negative. This 
implies also that this 7, is not an observable quantity.® 
The corresponding 7,” must clearly be zero since the 
external Bose field is fixed. The different position of the 
Bose fields in this formulation of the distinction prin- 
ciple has its origin in the fact that the theories we are 
considering do not allow for an invariance operation 
with 7’=0. Thus an arbitrary set of external sources 
will destroy any invariance connected with the Bose 
fields and will, therefore, enable us to identify all bosons. 


3. CLASSIFICATION OF THEORIES 


In this section we shall investigate the symmetry 
properties of all theories of the form (2.2) and (2.5) 
with V;<4 and NV, <3. It is convenient to group them 
according to increasing symmetry. The group A con- 
tains all theories where the A are a reducible set of 
matrices, in which case not all the masses will remain 
degenerate. Theories of group B have no mass splitting 
but satisfy the distinction principle. This group will 
be subdivided using as criterion whether or not the 
theory has an additive invariant containing only 
fermions. Finally, theories violating the distinction 
principle constitute group C. This classification is com- 
piled in Table I, where x means that the corresponding 
criterion is not relevant in this case. 

Considering the M q,' as a set of V, matrices V;X Vy 
we see that we have to study all such sets of matrices 
for the Vy and .V, within our limits. Sets which can be 
transformed into each other by an orthogonal trans- 
formation lead to equivalent theories and need not be 
considered separately. Furthermore, those linear com- 
binations of the M‘ which correspond to an orthogonal 
transformation of the Bose field give nothing new either. 
Also a factor common to all M* can be absorbed in g. 
Since the M‘ have to be even or odd it is convenient 
to represent them by a basic set of independent even 
or odd matrices which have a simple transformation 
property under the standard transformations (2.10) to 
(2.17). For the different dimensions we take 


odd ire: 1 
even 1, 71, 73: 5 
odd e: 3 
even 'd{e,e.s;=exn: 6 
odd: s, r: 6 
even 1, six: 10 


® This observation will serve as useful criterion for showing 
that a theory belongs to (C). 


N=2 


N=3 


N=4 
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Taste I. Classification of theories. 








A Bi B: ¢ 





I. A’s irreducible no yes 
II. Fora A 7,=0 T;40 x yes 
III. Violates distinction principle <x no 


yes 
yes 
yes 





In Table II we shall summarize the properties of the 
theories under consideration. If a coupling can be 
written as the sum of two parts such that each part 
has the same or higher symmetry properties than the 
sum, the sum will not be mentioned separately. Since 
we are not interested in class A, some cases belonging 
trivially to A will not be listed. The material we arrange 
so that we give first the matrices M‘ which characterize 
the theory. Then we quote all independent invariance 
operations and abbreviate a continuous operation by 
rot. and a discontinuous operation by ref. Finally, on 
the right in boldface we tell the class to which the 
theory belongs, like “(C)” and say why unless it is 
obvious. If a coupling is one of the usually considered 
ones we shall mention it. 

Naturally most couplings belong to (A). (Bz) con- 
tains only three couplings; the two odd ones of this 
class are N,.=1, Ns=2, M=ire and N,=2, Ns=4, 
M),2=1p2, t¢2. The first one is the coupling e-y or u-y 
and the second one is created from it by a doubling 
process. We shall see in the following paper that this 
process creates from any theory of class (Bz) another 
theory of the same class with twice as many particles. 
The even coupling of class (Bz) is the symmetric x-N 
interaction.® 

Many theories have no continuous invariance group 
but enough symmetry to give no mass splitting. Since 
they do not have any additive invariant they all belong 
to (B;). It is good to keep in mind that it is the existence 
of additive invariants and not the mass degeneracy 
which allows one to infer the invariance under a rotation 
group. 

Of the ten theories belonging to (C) none is realized 
in nature. The theories with the largest invariance 
groups belong to (C). For instance, for N;=4, N,=3 
the coupling with M=S§ has an invariance group iso- 
morphic to the four-dimensional rotation group. It 
belongs to (C) since, in conventional language, it does 
not distinguish between nucleon and antinucleon. ® 


4. ELECTRIC INTERACTIONS 


We shall finally investigate the possibilities of intro- 
ducing an electromagnetic interaction in the conven- 
tional way into the systems considered previously. 
They require the existence of a current 7‘ which satisfies 
j\s=0. Such a current is only available in theories 
with a continuous invariance group. Systems with a 
finite invariance group only cannot have an electro- 

* Note that our result implies that the space-time form of the 


pion-nucleon coupling must be 1, ys, ywys. It cannot be, for 
instance, a vector coupling. 
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TABLE II. Properties of the theories. 


Type of theory 


Invariance operations 





N,=1 


Ny=2 odd: 


N;=3 odd: 


even 


N,;=4 odd: 


even: 


odd: 


even: 


ref. y — m1, ¢— —$¢ 


0 ; : 
b in diagonal form) 


~ rot.y > e'?*Y, ¢ > 
tefl. por, ¢—>¢ 


0 
a rot. none 


ref. PtH, ¢ 
y—TW,¢— —¢ 


M =v:-t is equiv. to M=« 


rot. y > ey, 6 


a 0 0 
M= (0 b 0 } (in diagonal form) 
00 ¢ 


M =y,-r+v2's is equiv. to ase+bre 
aX0 rot. py — etre tney 4+ 
b+0 ref. Y— prow 
a=0 or b=0 is equivalent to M =p: 
rot. y — e'P24y 
ee 
ref. ¥ — 2rw o> —¢ 


 — —¢ reduc. 


M,=a, M:=6 is equiv. to M,=1, M2=0 
M,=ir2=M2X const. 


M,=1, M2=7; is equiv. to L’=ywiditWaed2 no rot. 


ref. Yi > +y2, $1 + o2 


This theory is exceptional as it gives obviously no mass-splitting 


although Az is reducible 
M,=7 M2=7:: 
rot. y — e*2¢/*y, 6 — eq, 
ref. y — rw, ¢— —T2d, 
M,=y;-t, M2=v2't 
M,=1, M2=be;? 
M,=e?, M2=be? 
Mi = 612, M2=bes; 
M,=v,'8, M2=v2-s or v2'F 
yreery, g—e' ig 
¥y—exp(r-n)y,¢—>¢ 
ref. y— 2siy, o— Td 


M,=51, M:2=S:2: rot. 


M, =S2, M:2=r2 
v aly etry 


rot. y > eirmey ,o—-¢ 


yt T ely, 4+ np 
ref. 


¥ — ary, o— Tx 








(B:), is electron-photon coupling 


Belongs to (A) except for |a| =/b 


(C) since for ref. ¢ > @ but T, — —T, 


(B,) 


(A), is similar to pion-photon system 


Belongs to (A) except for |a| = || 
this case it is (C) 


(A) 


(C) since, for instance, y > 2s, ¢ > ¢, 


Tn — —Tnz 


Belongs to (A) except for |a| =|b| =|c| =|d]; 
in those cases it belongs to C) (neutral r—N 
theory) 


(A) 
All theories with M,; = M2 const. belong to (A) 


(Bi) 


(B,) 


(A) 


(A) Even for b=1 the invariance operations 
are reducible 


Belong to (A) except for: 


(C) Since there are operations 


T.— -TIn¢—>¢ 
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TABLE II.—(Continued). 


Invariance operations 


Type of theory 





Not belonging to (A) are 
M,=1, Me=n\51 


even: 


M,=re3, Mz2=r3S2_ no rot. 


ref. ¥ 
¥ 


yo 


M,=rPro5s, Me=ros) 


rot. (y 
Wy 
ref. (y 
Wy 


M,=res3, Mo=n51, 


Y — pl, 6 > Tp 
o— —49, 
Yow, do 


>» @t720/ ¥, o — e'7%y 
ree"), b—>o 

| . 
— aw, > 7; 

1¥, 9 ap (Ter 
>pv,o¢—7o 


no rotations 


» —T,) 


ref. y > ow 


i 


¥ > tow 








(C) is a doubling of N,=2, N;=2, 
M,=1, M2=7;3 


(B;) 


(C) (Charged x-N theory) 


This is again exceptional since Ag is reducible but there is no mass- 


splitting since L’=y (0361 +-oxpsh2)¥ 
N»=3 


N;= 1 and N;= 2 
N;=2 


odd, belong trivially to (A) 


even: M,=1, M:=17, M3=7:3: 
ref. y = ni, 
N;=3 odd: 


Not to (A): M=e: 


rot. y —> et T2@/2 4 = ety 
o3— —ds 


rot. y — exp(e-n)y, d > exp(e-n)d 


(A) since Ag=reducible 


(B;) 


ref. none independent of y — —y 


not to (A): 


Mi =e), M.=e?, , 
Mi=eP+e2, Mr=e2+e2, Ma=et+e? 


M2=€23, Ms=4;3 


M=S, 


M,=e2, 


Not to (A). 


M,=S,;, M2=S:2, Ms=rz belongs to (A) 
not to (A) 
M=n:s y — exp(s-n)y, ¢ > exp(e-n)¢ 
‘Woe, o— ¢, 

ref. y — 2rw, o¢—--¢ 
M=rxXs: 
M,=15;, Mo=res52, Ms=r353. No rotations 
ref. ¥ — $(1+2s3)(1+2rs)¥, $1 2 

¥ — $(14-2r2)(1+2s2)Y, $1 os 


magnetic interaction. In theories with a continuous 
invariance group of several parameters there are several 
independent currents satisfying the continuity equation. 
Correspondingly, the introduction of the electric inter- 
action is not unique in this case. Any linear combination 
of the currents can be used without leading to formal 
inconsistencies. To get some restriction we postulate 
that the distinction principle has to hold for the electric 
interactions separately. To show how this works we 
consider the case Nr=4,Ng=3, even: the pion- 
nucleon interaction. There are four additive invariants, 
isotopic spin and nucleon number. Correspondingly the 


rot. y — exp(s-n)y, ¢ > exp(e-n)d 
¥—exp(r-n’\y,¢—7¢ 


rot. ¥y — exp[(r+s)-nl¥, ¢ — exp(e-n)¢ 


no rotations 

ref. ¥1 + W2, $1 > $2} 
¥2© Ys, $2 3; 
¥3 f1, o3 © $1; 


(C) since for all three n’ there is an operation 
Tn; —Tn';, o¢—¢ 


(Bz) (sym. x-N theory) 


(Bi) 
(B,) 





current can generally be 
ji=Pa;(ast bro~+¢, ia: ep, 


where a and 6 are 4 arbitrary numbers. We shall now 
show that a=0 or b=0 is forbidden by the distinction 
principle when required for the electric interaction 
separately.” For b=0 we characterize the particles by 
the nucleon number and the isotopic spin in direction 
of a. L’=eAj will then be invariant under the operation 
¥— 2rs3),¢—@ which changes the sign of nucleon 


1 This means, as mentioned before, that we can distinguish 
all particles using an external electric field only. 
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number. Similarly we see that for a=0 the distinction 
principle is violated. It is clear that for p, m positive 
and p, # negative and z neutral, the electric field cannot 
distinguish all particles. Thus the distinction principle 
forces the center of charge of the nucleons to be dis- 
placed. However, any other current with a~0 and 
b+0 would satisfy the distinction principle. To get the 
observed interaction we have to postulate that g 
=a-S+0 has the eigenvalue +1, 0 or g=g. This re- 
quires |a|=|b|=1, which gives the neutron and anti- 
neutron charge zero." There seems to be at present no 
theoretical argument why g* must be g. It would, for 
instance, be mathematically possible to have an addi- 
tional charge which is proportional to the nucleon 
number. Why this is absent seems not to be understood, 
although several people thought about this point.!* 
Let us finally try to couple to the electric field this 
theory of (B.) which is not realized in nature. This was 
Ny s=4, No=2 with L'=y (1261+ 522). Correspondingly 
j in L”=eAj will be Yaq with g=aret+bs2. g=q is 


1 Thus the distinction principle for the electric field is satisfied 
only if the pion-nucleon interaction exists and gives the neutron 
a magnetic moment. 

12 See T. D. Lee and C. N. Yang, Proceedings of the Fifth Annual 
Rochester Conference on High-Energy Physics, 1955 (Interscience 
Publishers, Inc., New York, 1955), p. 66. 
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satisfied for a=0, |b| =2, b=0, |a| =2, |a| =1, |b| =1. 
This gives two nonequivalent cases g= 2r2 and g=r2+5e. 
A short consideration shows that both do not satisfy 
the distinction principle. 

To summarize we can say the following. The theory 
of multicomponent fields, being a phenomenological 
description of different particles, is too wide a frame- 
work to lead uniquely to the observed particles and 
interactions. Some conditions have to be added to ex- 
clude many possibilities which are not realized in 
nature, though they are mathematically possible. One 
might hope that those conditions can be formulated in 
a simple fashion like the quantum conditions in Bohr’s 
theory. We have seen that for the systems we con- 
sidered this is actually possible. The requirement of a 
conservation law for fermions, g*’= g and the distinction 
principle lead to the observed systems. A more funda- 
mental theory which leads to our principles and renders 
any other theory inconsistent requires, of course, an 
entirely new approach. 
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Based upon Feynman’s over-all-space-time point of view, a general method for dealing with bound- 
state problems is presented. In this paper we are mainly interested in the properties of Green’s functions 
that should be satisfied in the field theories with bound states. First the Chew-Low or Lehmann-Symanzik- 
Zimmermann equations are generalized so as to include composite particles. Then we examine the possi- 
bility of distinguishing between elementary and composite particles. Finally, an investigation is made of 
how the S matrix elements for processes involving composite particles are related to those involving no com- 
posite particles. This problem is illustrated by the relation between p+) > n+p+a* and p+p —~d+n"*. 





1. INTRODUCTION 


HE scattering problems of composite particles in 

quantum field theory involve serious complica- 
tions as compared with those in particle mechanics. 
Even the scattering problems of elementary particles 
already bare essentially these same complications. In 
particle mechanics the asymptotic form of the scatter- 
ing amplitude is governed by the free part of the Hamil- 
tonian which is obtained from the total Hamiltonian 
by dropping the potential acting between particles 
separated in distance in the remote future. In field 
theory the interaction between a particle and its self- 
field should be retained even when the particle is sepa- 
rated far from other particles, and when composite 
particles are involved in the final state the nuclear 
forces responsible for the formation of the composite 
particles should also be retained, whereas the inter- 
action between two separated particles should be 
switched off in the asymptotic form. Thus the question 
is raised as to whether it is possible or not to decompose 
the whole interaction into two parts, one to be retained 
and the other to be switched off in the asymptotic 
form. In field theory, however, this is in general not 
possible in contradistinction to the case of particle 
mechanics. Since a creation or a destruction operator 
in the interaction Hamiltonian specifies only the 
momentum, spin direction, and similar quantities of the 
created or destroyed quantum but nothing about its 
history, we do not know beforehand whether it con- 
tributes to the self-interaction or to the nuclear force 
acting between two separated particles. From this 
standpoint the renormalization problem is essentially 
of the same nature as the bound-state problem. To be 
more precise, we shall illustrate this situation by 
nucleon-nucleon scattering. Suppose that the nucleon 
“1” emitted a virtual meson. If this meson is absorbed 
by the nucleon “2” it gives rise to the nuclear force 
which is to be switched off in the asymptotic form. On 
the other hand, if it is reabsorbed by the first nucleon 
it contributes to the self-interaction and is to be re- 
tained even when the two nucleons are separated far 
from one another. When the two nucleons form a com- 


* On leave of absence from Osaka City University, Osaka, Japan. 
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posite particle in the final state, then even the nuclear 
force has to be retained in the asymptotic form. One 
does not know beforehand which of these alternatives 
will be realized, but quantum-mechanically all these 
three modes can take place with certain probabilities. 
For this reason the Hamiltonian formulation describ- 
ing the temporal development of the system by means 
of the Schrédinger equation cannot give a clear-cut 
solution to this problem. It is clear that the time-inde- 
pendent formulation is also not suitable for the present 
purpose. In order to overcome this difficulty we shall 
employ Feynman’s over-all-space-time point of view.! 
In this description, one sums up the amplitudes over 
all possible histories in order to calculate the transition 
amplitude. Since in each history the role played by a 
virtual meson is definite, it is clear whether one has to 
switch on or off the corresponding interaction in the 
asymptotic form. This is one of the possible reasons 
why the Feynman method was so successful in dealing 
with renormalization problems and we might hope that 
this is also the case for bound-states problems. 

There are, however, some exceptional cases in which 
the time-independent description succeeds in consist- 
ently renormalizing the theory, for example, in Chew’s 
extended-source meson theory.? This example does not 
contradict our general argument since it results from 
the special assumption that there is only one nucleon 
and hence all virtual mesons are self-field mesons. 
Indeed when there is another nucleon or an additional 
antinucleon, one has to refer to the over-all-space-time 
point of view in order to give a clear-cut renormalization 
procedure.’ 

Based on this viewpoint, we shall give an intuitive 
derivation of the S matrix in terms of Feynman ampli- 
tudes in Sec. 2. Then in Sec. 3 we shall examine the self- 
consistency of the formulas obtained in Sec. 2. In 
Sec. 4 various possible forms of the S matrix are given 
in connection with the description of composite par- 
ticles. Finally in Sec. 4 the relation of the S-matrix 
elements between the two reactions p+) — n+ p+ 


1R. P. Feynman, Phys. Rev. 76, 749, 769 (1949). 

2G. F. Chew, Phys. Rev. 94, 1748, 1755 (1954) ; 95, 1669 (1954). 
as Nishijima, Suppl. Progr. Theoret. Phys. Japan No. 3, 138 

956). 
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and p+p— d+n* is discussed as an application of the 
results of Sec. 4. 


2. FEYNMAN AMPLITUDES AND THE S MATRIX 


Following the prescriptions given in the previous 
section, we discuss an intuitive derivation of the scatter- 
ing matrix elements for processes involving composite 
particles. As for the mathematical consistency of this 
method we refer to Sec. 3. 

We first introduce two complete orthonormal sets of 
state vectors {®,} and {®,“}. The superscripts 
(+) and (—) refer to the outgoing-wave and incoming- 
wave boundary conditions, respectively. Furthermore, 
each element of the two sets can be written as 
P, ‘+ =a) Xa2X--- Xa,‘*’, OF simply Paja9---a,'*. (2.1) 
By this notation is meant that the stationary scattering 
state , is formed by stable particles a;, a2, ---, dn 
coming into collision, and @,~ has a similar interpreta- 
tion. Needless to say, they are physically meaningful 
only when all individual particles a), a2, ---,a@, form 
wave packets. 

The S matrix is defined as the transformation matrix 
between these two sets: 


Spa= (Pg 82) or ,£H =) pSpePp™. (2.2) 


The Feynman amplitude of a given state ®, is defined by 


(Q, TL ¢(x1) gies: ¢(Xn) }a), (25) 
where 7 is Wick’s time-ordering symbol and 2 is the 
vacuum state. ¢(x) is the field operator of a neutral 
spinless field in the Heisenberg representation. 

By combining (2.2) and (2.3) we get 


(Q, TL ¢(x1)- ++ e(%n) Pa) 
=D a(Q, TL ¢(m)- op ¢(%n) }Ps—) Spa, 


which serves as the basic formula in the derivation of 
the S matrix. In order to derive the explicit form of the 
S matrix, it is necessary to introduce the asymptotic 
forms of both sides of the above equation. The asymp- 
totic form of the Feynman amplitude is obtained by 
letting the particles propagate to the remote future and 
then bringing them back to the present after switching 
off the interaction between dressed particles. In general, 
there can occur various kinds of final states as a result 
of the creation and destruction of particles in the course 
of collision processes, and in order to derive the asymp- 
totic form of a Feynman amplitude it is necessary to 
specify the constituents in the final state. For example, 
in neutron-deuteron collisions at low energies, there are 
two possible final states, a state consisting of a neutron 
and a deuteron and the other consisting of two neutrons 
and a proton, and we have to evaluate the asymptotic 
forms separately for these two components. 

We denote the asymptotic form of the Feynman 


(2.4) 
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amplitude corresponding to a component y by 


lim?(Q, TL ¢(a1)- + + e(%n) Jha). (2.5) 


When the momenta and spin directions of the constitu- 
ents are not specified, but only the species of the con- 
stituents are specified, we shall denote the component 
by (vy). Since we know the boundary condition at 
t—» © for an incoming state $3, we can readily 
evaluate the expression 


lim(Q, TL e(a1)- ++ ¢ (an) Ps). (2.6) 
Namely, this state turns out in the remote future to be 
a component which consists of freely propagating wave 
packets by, be, +++, bm (8=bib2---bn), and the above 
expression survives only when y=8. Hence we get from 
(2.4), (2.5), and (2.6) the formula 
lim*(Q, TL ¢(x1) ep ¢(%n) }®_'+) 

=lim*(Q2, TL e(x1)- ++ o(%n) }Ps)Sga. (2.7) 


Since is arbitrary we shall choose the most convenient 
n for the derivation of the S matrix. 

(1) When §£ consists only of m elementary particles 
we shall choose n=m; then we get 


lim®(Q, TL e(a1)- - + etm) }Pb1-- bm) 


DX (2, o(x1)P01)-- *{Q, ¢(Xm)Pbm). 


perm. 


(2.8) 


Since ®,?=,~ for a stable single-particle state }, 
we need not write the superscript (+) or (—). 

(2) When 8 consists of m elementary particles and of 
a composite particle B satisfying 


(Q, o(x)bg)=0, (Q, TL e(x1) ¢(x2) bs), 


then we choose n»=m-+2. In this case we get 
lim*(Q, TL ¢(x1) The ¢(Xm+2) Pa) 
—_ 2 (Q, ¢(x1)P0,)- Sie: (Q, 0(4m)Pbm) 


XQ, TLe(emss) (m2) Fa). (2.9) 


The generalization of the above formulas to more 
general cases is clear. 

If we choose n smaller than those given above, both 
sides of Eq. (2.7) vanish. If on the contrary we choose 
n greater than those given above, both sides survive 
but it leads to an unnecessary complication. For the 
details on this point we refer to the discussions in Sec. 4. 

It is worthwhile to notice that the asymptotic forms 
satisfy the Klein-Gordon equation with respect to the 
elementary-particle coordinates and the Bethe-Salpeter 
equation with respect to the composite-particle co- 
ordinates. This property shows that the self-inter- 
actions, like the nuclear force holding a composite 
particle together, are not switched off in the asymptotic 
form. 
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Our next task is to find out the procedure for evaluat- 
ing the asymptotic form of the Feynman amplitude for 
an outgoing wave state ®,*). To begin with, we shall 
first rewrite (2.7) in the following form: 


lim‘ (Q, TL ¢(a1)- ++ ¢(xn) }Pat) 
=> «sy lim4(Q, TL ¢(x1) nae ¢(Xn) }s' 


In order to evaluate the left-hand side of the above 
equation, we may use the graphical method. The ex- 
pression on the left-hand side represents in terms of 
Feynman graphs the amplitude for a class of histories 
in which the wave packets a, ds, +--+, @: (a=a,-- +a) 
collide and then the collision products are annihilated 
at points x, -- 

Let us first consider the case in which the component 
(8) consists of elementary particles alone and choose 
n=m. Choose arbitrarily one point from 2, -+-, ,, say 
a1, and trace back the graph starting from x,. Then 
there are three possible cases. 

In the first case, the line ending at x will begin at 
one of the incident particles, say at a;, without being 
connected with any other of the x’s and a’s. Then the 
line connecting x; with a; clearly represents a self- 
energy type graph and the Feynman amplitude corre- 
sponding to this graph can be factored to give 


\Sge. (2.10) 


Bas 


(Q, ¢(x1)a1)X function of xe, +++, Xn. 


Since one can factor the operation lim“? as 


n 
lim =] lim®, 


i-l xine 


we have only to establish the operation lim for an 
elementary-particle component 6. In the present case 
one may write 


lim® Q, ¢(x)®a)= (Q, o(x)#a). 


z~ @ 


(2.11) 


Since the interaction of an elementary particle with its 
self-field should be retained, there is no difference be- 
tween the true Feynman amplitude and its asymptotic 
form. 

In the second case the line originating from x, will be 
connected to more than one of the a’s and at least one 
other of the x’s, and this graph generally involves a 
self-energy part starting from 2, and ending at x’. 
Therefore the corresponding Feynman amplitude will 
involve a factor (Q, 7[ ¢(x1) ¢(x1') JQ) representing free 
propagation from x’ to x, after suffering a true inter- 
action with other particles. In order to get the asymp- 
totic form in this case we shall refer to the following 
formula: 


lim®(Q, TL e(x1) ¢(a1’) JQ) 
=P 6)(Q, 9x1) Po) (Ps, o(x1')2). 


This formula is derived as follows. First, letting 4, tend 


(2.12) 
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to + we may drop the 7 symbol, and because of the 
destructive interference among continuous states we 
have to retain only the discrete levels in the summation 
appearing in the right-hand side of (2.12). This drop- 
ping of continuum intermediate states is also justified 
by the requirement that the asymptotic form should 
satisfy the Klein-Gordon equation with respect to the 
coordinates 2}. 

In the third case, the 2; may be connected in different 
ways from what we gave above. Generally they do not 
contribute to the asymptotic forms because of the con- 
servation of energy and momentum. 

(2) Next let us consider a case in which a composite 
particle B participates in the final state. By an argument 
similar to that given in the previous case, one can derive 
the following relations: 


‘2, TL ¢(x1) ¢(x2) }Pe) 
=(2, TL ¢(x1) ¢(x2) Pz), 
lim® (Q, TL (x1) (2x2) ¢(a1’) o(x2’) JQ) 
ig =P ¢a) (2, TL e(x1) ¢ (x2) Je) 
X (bp, TL e(x1’) o( x2") JQ). 


lim © 
(x1,%2)~ @ 


(2.13) 


(2.14) 


These relations have already been derived and utilized 
in previous papers.‘ The generalization of the above 
method to other cases is clear. 

The above rules are general enough to calculate the 
asymptotic form of an arbitrary Feynman amplitude. 
However, there is one thing about which one has to be 
careful. The operation lim“? is expressed by the product 
of lim operations, and in order to get a unique result 
the latter operations should be commutative with each 
other. This is, however, not the case in general, and a 
simple example is given by 


lim® lim (Q, TL (a1) ¢(x2) JQ) 


x1~ 2 X2~@ 


=> @)(Q, ¢(x2)Pp)(Pro, o(41)Q), 
lim® lim (Q, TL (a1) ¢(x2) J2) 
=> (Q, ¢(x1)P,) (Pp, ¢(x2)Q). 


In order to overcome this difficulty, one has to define 
the Feynman amplitude after subtracting such dis- 
connected parts from the T product of field operators.‘ 
For this purpose we redefine the Feynman amplitude 
in terms of the normal product of field operators, 
namely by 


(Q, NL e(a1)--- (an) J). 


Then the operation lim? is unique when applied to the 
new Feynman amplitude. 
For the sake of later convenience we shall give the 


(2.15) 


‘K. Nishijima, Progr. Theoret. Phys. Japan 10, 549 (1953); 
12, 279 (1954); 13, 305 (1955). 
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definition of the normal product.® Let Q(x) be a c 
number source and define the functional UV by 


U=T exp| —if 


—2 


zx 


(dx) o(x)Q(x) | (2.16) 


where (dx)=d‘x. Then the T product of field operators 
is given by 


6"l 
TL ¢(x1)--- otea]=i4 —-—— | 
50 (x1) died 60 (Xn) Q=0 


(2.17) 


Next put W=U/(Q, UQ); then the V product is given by 


aw 
NLela)--- ex ]=0- 2 =! (2:8) 
60 (x1): - -6O (xn) Jano 


Thus the S matrix is uniquely determined by 
lim‘®(Q, NL g(a) +++ o(an) Pa) 


=> og) lim*(Q, NL o(a1)- ++ o(n) p)Spa. (2.19) 


In previous papers‘ the applications of the above rules 
to the Bethe-Salpeter equations were discussed in de- 
tail and in this paper we do not enter into this question. 

In the case of the Bethe-Salpeter approach the above 
rules were quite useful, but this is no longer the case for 
the general description of field theories. In order to 
apply formulas like (2.12) and (2.14), one has to factor 
the Green’s functions from the Feynman amplitude, 
but this is generally not an easy task. Therefore in 
what follows we shall improve the rules so that one can 
apply them without factorization of the Feynman 
amplitudes. For this purpose the following formulas*® 
are quite useful: 


faeyae aa: m)K»™Q, TL ¢(x’) ¢(y) J2) 


=> a (2, o(x)#,)(P,, o(y)Q), (2.20a) 


fara ae M) 


XKa™Q, TLe(x’ +34) ¢(x’— 2£) ¢(91) o(y2) J2) 
=P (2, TLe(x+38) ¢(x—}£) |p) 
X (bp, TL e(y1) ¢(y2) JQ), (2.20b) 


where the normalization of the Feynman amplitudes for 
single particle states is given by 


LX (2, o(x)Po)(Po, o(y)Q)=1A (x—y: m) 


m= (on) f (dp)e‘” =”) (po)5(p?+-m?). 


5 E. Freese, Nuovo cimento 11, 312 (1954); P. Kristensen, Kgl. 
Danske Videnskab. Selskab, Mat.-fys. Medd. 28, No. 12 (1954); 
Z. Maki, Progr. Theoret. Phys. Japan 15, 237 (1956). 

6K. Nishijima, Progr. Theoret. Phys. Japan 17, 765 (1957). 
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Hence we get from (2.12) and (2.14) 


lim (Q, TLe(a)e(9)0)= f (dx’)a a2 m) 


x~@ 


X Ky", TLe(x’) ¢(y) JQ), (2.21a) 


limQ, TL ge(at+3£) o(a— 3) (91) ¢(y2) JO) 


a J (dx’)A“ (x—a': M)Ke™ 


XQ, TL g(x’ +38) ¢(x’— 48) (91) e(y2) JQ). (2.21b) 
By making use of these formulas, one can express the 
asymptotic operation in a compact form. However, the 
above operation is not a complete substitute for the 
lim operation, since we get 


fara e-z: m)K2™Q, o(x’)?,)=0, 


as a result of the Klein-Gordon equation for single- 
particle states, whereas the ‘‘lim”’ operation gives, when 
applied to single-particle Feynman amplitudes, 


lim (Q, ¢(x),)= (Q, o(x)#,). 


x~@ 


Hence one can substitute the above operation for lim 
only for contributions from such Feynman graphs that 
do not involve freely propagating particles. It is also 
worth noticing that the new operation always gives a 
unique result when applied to 7-product Feynman 
amplitudes in contradistinction to the “lim” operations, 
since the nonunique parts vanish by this operation. 

In this way we get the following expression for the S 
matrix : 


fax (dary’)- -- A (xy— ay: mA (x2— 22/2 m)- + - 
-Q, TL e(x1') p(x2’)- - - Pa) 
=D (6)Spa’Fa(x1,%2,--+), (2.22a) 


XK Ka2y"Kxo™: ‘ 


where 
F'3(x1,X2,°° -) 


= L Q, o(x1)hr1)(Q, o(x2)Hr2)---. 


perm. 


(2.22b) 


In the above formula we considered only elementary 
particles in the final state, but composite particles can 
also be included without difficulty. Sgqa’ is obtained from 
Sga by dropping the contributions from graphs involv- 
ing freely propagating particles, either elementary or 
composite. The relation between S and S’ is given by 


Spa’ =>a(—1)Sapn, ar or Spa=Dr5B)r, alr’: (2.23) 


The division of a state by a single-particle state is 
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defined generally by 


Pa} -- x 5(a;b)Pa}-- 


i=] 


‘On sp! *Oj—10j41°°°@ 


and 
Spr, air= (Pan, Pan). 


As an example, for the process p+p — d+7", one has 


foe )(d2'\AW (x— 2x’: M)A (s—2': p) 


XKa™"K, OQ, TLV. (* +3é WW p(x’ — 4) o(s’) bpp) 
= FC (OT Walxt4evo(a—48) 1b.) 
(d),(x*) 
2)®,*)S(p+p— d+n*). 


K(Q, ¢( (2.24) 


The formula (2.22a) refers to a special class of matrix 
elements, but one can readily generalize this formula to 
a wider class of matrix elements. For instance, we get 
feename-z: m)K "bs, T(x1-° 

= > ow Q, ¢(2) Pr) { (Pap ' my & (oe 
—(bg—, T(xy---4n) Pap}, 


; Xp2')Pq'*) 
Xn) Pat) 
(2.25a) 


where 6 is an elementary particle and T(x,:-+,x,) is 
the abbreviation of 7[ ¢(x1)---¢(«n)]. This formula 
was first derived by LSZ’ using the asymptotic condi- 
tion. When B is a composite particle, we get 


ibe M)K:,,“ 


XK (Pg, T (ays Xn, o +E, 2’ — FE) Oa) 
=P (a), T(s+4é, s—}3£)’p) 
X (Psp, T(x1- + +n) Pat) 

—(@3—, T(x: 


*Xn)Pajp?)}, ( 2.25b) 


where M is the rest mass of B. The proof of these 
formulas will be given in Appendix A. 

When some of the factor states a, do, --- are identi- 
cal, Paja2---/b is generally not properly normalized, but 
the formula (2.25) holds for the unnormalized state 
vector. Now making use of the formula 


iA (g—2’: m) => w)(Q, o(2) Po Ps, o(2’)2 
one can simplify (2.25a) by division to obtain 


Xn) Pa) — (Bp, T(x1- + Xn) Pao) 


(2.26) 


(Pg,—, T(x He 


= ~if (an(e v(z)Q) 


XK {Pe—, T (x1 ++ 4nt)Pa). (2.27a) 
7Lehmann, Symanzik, and Zimmermann, Nuovo cimento I, 
205 (1955); G. F. Chew and F. E. Low, Phys. Rev. 101, 1570, 


1579 (1956). 
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For (2.25b) one cannot apply such a simple division, 
but instead one needs a special device. Inserting the 
relation 


- PB e'PR°*, 


(p?+M?=0) 
2(27)3 (B) P 


into (2.25b) 


—1 
atk esons f(as'yen *Ky™ 
2(2m)8 


9 T (x1: . 


, we get 


XK (Pe 
=(Q, T( 


‘Xn, +48, 2’ 
wee: 22) 3 
S+3&, S— 2 


ip, 


tb, 


T (x1 2 


(+) 
\p){ (Psp ar 


T (1+ + + Xn)Payp)}. 


Xn) Pq‘t?) 
(2.25b’) 


From the translational invariance of the theory, the 
z-dependence of the Feynman amplitude for the bound 
state B is given by 


(Q2, T (z+38, s—4}£)bpg)=e'?s*F p(£). 
Now choose a function fz(z,£) of the form 
fa(2,£) =e7'?2*Bp(), 


which is quite arbitrary except for the normalization 
condition 


2(27), 


J (dean(oFoe é)= 
then integrate (2.25b’) with respect to ¢ after multiply- 
ing by fz(z,é) on both sides. Then one finds 


(Pop . T (x: . *Xn)Pqt)— (Pg “ T (x1: . 


—i fe) (dol, K" 


> L(a1° ++ Xn, SHE, 3—FE\PQ), 


; Xn)Pajp?) 


x (bp! (2.27b) 


for an arbitrary function fg(z,¢) which satisfies 
[inte )(Q, T (s+ Zé, s—3£)bg)(dt)=1/2(2r)*, (2.28) 


The recursion formula of the form (2.27b) has already 
been discussed before,® and it is has been proved that 
the normalization condition (2.28) is an inevitable con- 
sequence of Eq. (2.27b). What is essentially new in the 
eS paper is the recognition that the function 
fe(z,é) can be quite arbitrary exc ncept for the normaliza- 
tion condition. 

Corresponding to (2.28) we introduce ancthiee func- 
tion fp(z,é) satisfying 


)(dé)=1/2(2m)*. (2.29) 


[toler T (2+3é, z—4£)2 
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If the CPT theorem holds, we get for spinless composite 
particle B the relation 


fn (z,t)=fe(—2,£). (2.30) 


3. SOME THEOREMS ON THE 
RECURSION FORMULAS 


The main results obtained in the previous section 
are the recursion formulas (2.27a) and (2.27b) which 
correspond to the asymptotic conditions in the LSZ 
theory.’ In connection with the problem of meson- 
nucleon scattering, these formulas were also utilized 
by Chew and Low.’ In the previous section these for- 
mulas were derived in an intuitive manner, and it 
seems to be worth while to examine their self-consist- 
ency. Without loss of generality we consider only a 
neutral spinless field. We shall give here some basic 
assumptions which form the basis of the following 
discussions. 

Assumption I.—The theory is invariant under the 
proper inhomogeneous Lorentz transformations. 

Hence we may introduce the energy-momentum 
four-vector P,. The vacuum state © satisfies the 
equation 

PQ=0. (3.1) 
Let a single particle state a, either elementary or com- 
posite, satisfy the eigenvalue equation 


P,®.= (Pa), Pa; (3.2) 


then a general state ®a;---a,‘* satisfies 


P,Pa- -a,,' = (payt---+pan) Pay: @,'~’. (3.3) 
From the completeness of the set {®’} or {@~}, the 
positive energy condition is always satisfied. 


Assumption I1.—The local commutativity condition 


[y(x), e(y)J=0 for (x—y)?>0 (3.4) 
is satisfied. 

Assumption IiI1.—The asymptotic conditions are 
satisfied. By asymptotic conditions we mean the re- 
cursion formulas (2.27). 

Assumption IV.—If an operator O satisfies 


[O, ¢(x)]=0 


at any space-time point x, then O is a c-number. 
shall call this property the irreducibility condition. 

For later convenience we shall recapitulate 
asymptotic conditions. 


(6,—, T(x: . Xn) Part) — (Pan . T (x- . Xn)’, '*) 


F -if (dy)(Q, (y) Pe) 


XK fPs™, T(x1---xny)Pat’), (3.6a) 
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(Pg,—, T (x1: : Xn) Pq) — (Pg, T(x1- ° Xn) Pain") 


= ~i f (a2), (z)Q) 


XK Ag, T(x1- ++ Xn2)Pa"t). (3.6b) 


Equation (3.6b) is the same as (2.27a), and (3.6a) is 
derived in a similar way to (3.6b) but by making use 
of the rules for obtaining the asymptotic forms for 
t—+ —«. For a composite particle B, we get similar 
formulas. In the formula corresponding to (3.6a) one 
has to use fg, whereas in the one corresponding to 
(3.6b) one needs fg. In the latter case the precise form 
has been given by (2.27b), and so we do not explicitly 
write them down. 

Next, applying complex conjugation to (3.6a), one 
finds 


(Par, T(x1- + +n) Pp) — (a, T(x: 


=i f (ay), ¢(y)2 


XK ba, Tay: --x03)%2), (3. 


Xn)Pg 1y 


7) 
and a similar one from (3.6b). 7 is the antichronological 
ordering operator. We shall call (3.6) and (3.7) the 
recursion formulas for T products. In what follows we 
introduce recursion formulas for retarded products and 
for advanced products. The retarded or R-product is 
defined by® 


R(x: x1-++%n)= RE ox): o(a1)--- o(xn) ] 
= 2 (—1)"0(x—21)0(x,— x2): + -O(x, 1" Xa) 


perm. 


XL---[Le(x), (x1) Je(x2))- ++ ern), 


where 6(x)=1 for xo>0, 0(x)=4 for xo=0 and 6(x)=0 
for xo<0, and the summation should be taken over all 
possible permutations of 21, a2, :--, %,. We introduce a 
functional yp(x) by 


er(x)=U"T[Ue(x) ], 


where U is the functional defined by. (2.16). Then 
¢r(x) is the generating functional of R-products as 
given by 


(3.8) 


(3.9) 


5" oR(x) 
R(x: xy-- 2)=|— ————— | . (3.10) 
80(x1) + + -60(2n) Jano 


From (2.17), (3.9), and (3.10) one can readily derive 
R(x:a---xn.)= YO (—1)"(-—1)4 


comb. (2;) 


XT (xy: + a4) T (xan: +%n). (3.11) 


® See reference 6. Also see Lehmann, Symanzik, and Zimmer- 
mann, Nuovo cimento 6, 319 (1957); Glaser, Lehmann, and 
Zimmermann, Nuovo cimento 6, 1122 (1957). 
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Hence one gets 


(gy, R(x: x1° + -Xny)Pa 


(4+ =>" y (—12)"+1(—1) 
y comb 

X (bs, T (ar: + -a4)b,—) 

x (0, & re T (x%441° oe 


— (PB, PS T(x; ee 


Xny)Pq**) 
. ry) P, \ ) 


xX, C ey (XXp41° -+2,)b,¢ )J 
Now, applying the operation /(dy)(Q, ¢(y)®,)-K, on 
both sides of the above equation and making use of 


(3.6) and (3.7), one finds 


Ply) Py) K (Pg*), R(x xy- + enya 


fa) Q 


(+ 


=(Pg  Rixiay-- 


‘Xe Por 


— (Pg, R(x: x1: -+4n)Pe"t), (3.12) 


and similarly 


Jarre g(s)Q)K (Pg, R(x: xy: ++ x,2)Pq"t 


=(De,, R(xi x: + -xn)O,¢ 


-—(Dzg rh. R(x: 2x): v,)Pq a * (3.12b) 
We call these the recursion formulas for R-products. 
One can also easily derive similar formulas for com- 
posite particles. 

The advanced or A-product is defined by 
Afg(x): ¢(xn) | 
= > ( —1)"0(x, —x)O(xXe— Xi)°° 


perm 


o(x)):-- 


O(x,— 


XC: + [Le(x), o(a1) Jo(a2)]+ ++ e(an)). (3.13) 


In an analogous way to the case of R-products, one can 
derive the recursion formulas for A-products. 
(Dg— ia A(x: + Xn)Par' ‘ 


— (Pg/p 


=~ fi dy){Q, (y)Ps) 


XK Pe! * A(x 


) A(x2 a1 + Xn) Pa 


2X17 * Xny)Pat’), (3.14a) 


sl-+m 
Xn) +i 


W(X: yxy: + Xn)—r(ys xx: 


comb. (24) lm 1!m 
[Ku 
KAS (4 — 01) - AM (up — 1) A (Xy— Vi: Exm)-- 
Ra-+-Keal sr: 


*KupK xy: ++ Kxmr (er eye + egy M1, 2 


*KymP (Yt Cegas Xn °°, 


Xi+361, X1—341, -° 
-AM(X,,— I} 


Yi+}m, Y;— m1, ade 
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(gp, A (a1 2+ + Xp) Pa) 


— ($3 " A(x: rs ee “Xn)Pa/p 


— f (any, ¢(z)Q) 


XK Abs, A( X_2)Pa). (3.14b) 
It must be noticed that (3.12b) and (3.14b) are ob- 
tained by applying complex conjugation to (3.12a) and 
(3.14a). This is in general the case even when composite 
particles participate in the theory, but this property 
in turn imposes a restriction on the possible choice of 
the function /g(z,é). Indeed the recursion formulas 
(3.12) and (3.14) cannot be proved for an arbitrary 
choice of the function fg(z,£), but one has to choose a 
function f(z,£) such that it satisfies 


Frn(2,¢)=fa*(z,€). 


Because of the local commutativity condition the above 
relation can be satisfied if we assume a function of the 
following type: 


fe(z,é)=0 for &<0. 


Hence we arrive at the following theorem: 

Theorem 1.—The recursion formulas for R- and A- 
products follow from those for 7-products if one chooses 
a function f»(z,é) such that it vanishes for time-like &. 

The theorem that states the inverse of Theorem I is 
as follows: 

Theorem I1.—The recursion formulas for the T7- 
products follow from those for R- and A-products 
provided that the irreducibility condition is satisfied. 
In this case too, the function fs(z,£) should be chosen 
under the condition given in Theorem I. 

The proof of this theorem is elementary but rather 
tedious, and is given in Appendix B. 

Whenever we are concerned with the relations be- 
tween different kinds of products, we have to choose a 
special type of fp(z,£). We shall call this special choice 
the space-like gauge, since the function fz(z,£) does not 
vanish only for space-like &. 

Next we shall examine the self-consistency of the 
recursion formulas, and we begin with the following 
theorem: 

Theorem I11.—If the recursion formulas for R- 
products hold, then the vacuum expectation values of 
the R-products of field operators should satisfy the 
following set of integral equations: 


> ill =i (du) (dv;) mf dX ;)(dY;) (dé;) (dnj) 


s Xuattin, Xn— 3m) 
‘es Emm) 


Vn+3 51m, } m — 31m) — (xey) ]=0, (3.15) 
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where r(x”: 21° + +%n)=(Q, R(x:a- - -x,)Q), and the Klein- 
Gordon operators K, and K, refer to the elementary 
particle and Kx and Ky refer to the composite particle. 
The function A‘*)(u—v) also refers to the elementary 
particle, and A*)(X—Y: £) is defined by 

iAWM (2 


X—V:&)=L fa(X,£)fs*(¥,n). 


(B) 


The boundary conditions to be imposed upon the 
above equations are 


(1) r(x: xi 
(2) r(x: 21° 


(3) r(x: x4- 


-X,) is symmetric in %, ---, Xn. 
Ser is a real Lorentz-invariant function. 
-+%,)=0, if x<-x; for any 2;. 


If there are no bound states, the equations are reduced 
into much simpler ones.*® 


r(x: yxXy--*Xn)—7 (yi xx" + Xn) 


+H E- “Th (du;) (dv;) 


comb. 1 


 [Kuy: ++ Kug (x: xy: + xytty- + 2) 


XA (u,—2)) ited AWM (u,—0,) Ko: - ‘Koy 


X (yt tegae + Mad + +01)— (xy) J=0. (3.16) 


Since this theorem has been proved for the simpler case 
(3.16), we shall briefly sketch the proof. We start from 
the recursion formula: 

R(x: yxi- ++ Xn) —R(y: xx1- + + Xn) 


+i > [Rlaram-- 


comb. 


Xn) ]=0, (3.17a) 


xx), R(y: Xe41° e- 


R(x: yxi---x,)=0 if x<y. (3.17b) 
This is equivalent to the definition of the R-product 
provided that it is symmetric in the variables standing 
to the right of the colon. Take the vacuum-vacuum 
matrix element of (3.17a); then the second term 
involves a summation over all possible outgoing- 
wave stationary states {@,}. By the repeated use of 
the recursion formulas, one can express the matrix 
element of an R-product between vacuum and an out- 
going wave state @,*? in terms of the vacuum expecta- 
tion value of the R-product. 


(Q, R(x: x1--- (+)) 


Xn)Pay---am 
= f (ay: se (dy¥m)Ky1- ° Kun 


Ym)2) 
XQ, ¢(y1)Pa})- -(Q, (Vm) Pam), 


XQ, R(x: X1°° "Xai" ° 
(3.18a) 
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(Bay-+-am, R(x: 21° + + X_)Q) 


= f (as 8 (dZm)Kzy- + Kem 


X(Q, R(x: 1° + + XnZ1* + + Sm)Q) 


X (bay, o(21)2)-- (3.18b) 


(Pam, ¢(Zm)Q). 
Inserting the above expressions into the vacuum-vacuum 
matrix element of (3.17a), one arrives at (3.15). The 
extension of (3.18) to composite particles is clear. 

What is important in the present formulation is the 
inverse of Theorem III. 

Theorem IV.—If a set of functions {r(x:21---2x,)} 
satisfying Eqs. (3.15) as well as the three boundary 
conditions be given, then one can construct a field 
operator g(x) so as to satisfy the recursion formulas 
for R-products. We shall again only briefly sketch the 
proof. Introduce the following notations: 


Do= { (as )(Q, ¢(2),)K,, D b= f (ds) ¢(2)Q)K,, 


D, P= =f (dz) (dé) fn(2,8)K™ 


D,.?= -{ (ds) (d8) fo* (2,8) K™, 


and further 


D§=D%... Dm, Ps= Dr... Dom 
when B= 6,---b,. Unless there might be some confusion 
we shall spare the subscript z or z, §. Then with this 


notation, Eq. (3.18) assumes the form 


(Q, R(x: x1- + Xn) Pa) = D*Q, R(x: x1 -+)Q). 


By the repeated use of the recursion formula, we get 
(bg, o(x)ba) =F D2 DINQ, R(x: -++)Q). (3.19) 


Now when Eggs. (3.15) are satisfied by {r(x: x1---x,)}, 
we shall define the field operator g(x) through 


(Og, o(x)b,P)=Y)De* DF r(x: +--+); (3.20) 
then with the help of mathematical induction one can 
prove in a straightforward manner that the recursion 
formulas for R-products are satisfied. In this connection 
we shall notice that the theorem is true independently 
of the form of the function fg(z,é) provided that the 
normalization condition is satisfied. As for the details 
on this point we shall refer to Sec. 4. 

Thus the self-consistency of the recursion formulas is 
reduced to the existence of the solution of the integral 
equations (3.15). 

Theorem V.—The recursion formulas for A-products 
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are equivalent to those for R-products provided that 
the CPT theorem holds. 

Proof: As has been proved in the previous two theo- 
rems, the recursion formulas for R-products are equiva- 
lent to the integral equations (3.15). Similarly one can 
prove the equivalence between the recursion formulas 
for A-products and corresponding integral equations for 
the functions {a(x:%1---%,)}={(Q, A(x: ay: + +4, )Q)}. 
It is important that the functions a satisfy exactly the 
same equations and boundary conditions (1) and (2). 
The third boundary condition turns out to be 


a(x: x,---x,)=0 if x>x, for any x. 


Now the CPT theorem in Jost form is given by 


(Q, o(41)- ++ o(an)Q)=(Q, o(—an)- ++ e(—41)Q), (3.21) 


from which the following relation is derived: 


mm). 20) 


a(x: a+ ++ %,)=(—1)"*(—x: —x, -- 


One can directly check that if the functions 
{r(x:a,:--x%,)} satisfy the integral equations (3.15), 
then so do the functions {(—1)"*%(—x: —a,---—x,)}. 
It is necessary, however, to choose the space-like gauge 
for fx(x,é) so that one can utilize 


A+(X—Y: &) =A (X—-Y: 8), 


which results from the choice that gpe(t)=f2(0,é) 
=¢~'?p'*fp(z,t) is a real even function of & As has 
been proved by Jost,’ (3.21) follows from the assump- 
tions I, II, and the positive energy condition. 

Hence, combining Theorems I, IJ, and V, we get: 

Theorem V1.—Under the assumptions I, I, and IV 
all three kinds of recursion formulas for 7-, R-, and 
A- products are equivalent to each other, so that Eqs. 
(3.15) guarantee the existence of two sets {®@} and 
{@—} and consequently the existence of a unitary S 
matrix. 

4. DEVIATION OF THE S MATRIX 


The explicit form of the S matrix follows from the 
recursion formulas for 7-products. Before entering into 
the question how one can express the S matrix we shall 
first discuss related problems. We shall first discuss the 
arbitrariness of the function fg(z,£), and for this pur- 
pose we generalize Eqs. (2.20). 

Let a be a stable particle either elementary or com- 
posite; then generally we get 


fenare—e M,)K,* 
53 +&m, Vie + Yn)Q) 
-3+£m)Pa) 

X (Pa, T(y1° es 
Lv &=0. 


®R. Jost, Helv. Phys. Acta 30, 40 (1957). 


XQ, T(2’ +h, -- 
=P a2, T(z+&1, ‘*. 


where 
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Or, taking a special Fourier component, one can derive 
—4 

———¢ ime (as!)eFim* Ke 

2(2m)* 

‘2’ +£Em, yie° *Vn)Q) 


Stim) Pa KPa, T(y1° dag )Q) 


XQ, T(z'4 
=(2, T(e+éh, -: 
for the upper sign, 
=(2, T(y1- + -Yn)PaXPa, T(2+ 81, +++ 2+Em)Q) 


for the lower sign. (4.1’) 


The recursion formula for the composite particle B is 
given by 


, (x1: + Xn) Pas) —(Pgp™, T (x1: xn) Pe) 


= =i f (as) ds) flo) Ke 


, F(x" * Xn, S458, Z—FE)Pa*). (4.2) 


(Pg 


X (Pg 


Now we shall prove the arbitrariness of the function 
fr, and without loss of generality we shall show this 
arbitrariness in the case ®g =Q. 

Take arbitrarily an fg’ that satisfies the normaliza- 
tion condition 


f (d&) fa’ (8a, T(s+28, 5: 
then what we have to prove is the relation 


=i f(s) (ds) fal (2) Ke" 
X(Q, T (x1 + Xn, 3+ 3E, 3—FE)Pa") 
‘ ’ T (x1: ° “Xn)Pap' ic) 2 


With the help of the recursion formula and the 
notation D* introduced in Sec. 3, .we have 


(Q, T (x1: + + Xn, 3+ 3, Z— FE)Pa) 


= (—i)*D°Q, T (x1: ++ Xn, 238, 3— FE, V1" * * a)L), 


where the y’s are the arguments upon which D* oper- 
ates. Now applying JS (dz) (dé) fx’ (z,f)K.” to the above 
equation, we have with the help of (4.1’) 


(—i)*D*.(— i) f (a2) ae) fo! Ke 


X(Q, T (x1 + Xn, St HE, S— 2E, V1" * *Va)Q) 


=(—i)*D*. (20%) (dé) fr’ (2,8) 


X (Pp, T (s+ 3é, 2—é)Q ) (Q, T (x1- + XnV1" + Va)Pp) 


= (—i)*DX(Q, T(x1- + Xai *Ya)Pp) 
=(Q, T(x1° i *Xn)Pap). 
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Thus the arbitrariness of the function fg is proved. 
Eventually f, can also be an operator as we shall discuss 
in the next section. The arbitrariness of fg can also be 
proved in the case of R- and A-products with the aid of 
relations like 


fsyaoe-z M,)Kz* 


¥ s'+-E., 4 ie “yn)Q) 
*y 3+ tm) Pa) 
X(@a,, R(x: > Fal -¥n)Q), 


XQ, R(x: 2’ +h, Stes 
=i" a2, T(s+hi, -- 


or 


fears: M,)Kz* 


X(Q, R(x: 2’ +1, +++, 2 Sm, Y1° + Yn)Q) 
= (—i)™ F ¢a)(Q, R(x: y1- - - yn) Pa) 
X (Pq, T(2+£1, «++, st+&m)2). 


Next let us consider two interacting neutral spinless 
fields g and y. Suppose that we have 


(Q, TL (x) (y) Pa), 


where ®, represents a one ¢-quantum state. The usual 
recursion formula for the ¢-field is given by 


(b,‘+), T(- . aa?) — (Og), T(- , -)b, +) 
=-j J (dz)(Q, o(z)®_)K2* 


X(e—, TL--- (sz) Pa), = (4.3) 


but in this case one can also derive 


(bg, T(-++)®aa)— pe, T(- + +)Ba) 
_— f (dz) (d8) fa(2,8)Ke* 


Xs, TL: c ‘V(s+ 3E)p(s— >t) }®,), (4.4) 
provided that the normalization condition is satisfied, 
i.e., 


f (dt) fa(2,2) 
X (Be, TLp(2+48)v(2— 38) 0) = 1/2(2m) 


Equation (4.4) can be proved using exactly the same 
technique as that used in the proof of the arbitrariness 
of fg. The recursion formula (4.4) shows that within 
the framework of our formulation the ¢-field quantum 
can be treated also as a composite particle consisting of 
y-field quanta. Therefore the integral equations (3.16) 


(4.5) 
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for two fields without bound states can be transformed 
into the integral equations (3.15) for a single field with 
bound states. What is interesting is the fact that the 
inverse is also true, namely a composite particle can 
always be described as the quantum of a new field. The 
problem is to prove (4.3) starting from (4.4), and since 
we have to prove it also for other products we shall 
choose the space-like gauge for the function fz. Hence 
we have 
fa(s,£) =e'™ *ga(é), 


where gq(¢) is a real even function of ¢ and survives 
only for space-like . Now in order to carry out this 
program we take a special form of ga(é): 


Sa(E)=5(E)Ga(E), 


where G,(£) is a Lorentz-invariant function of & and 
pa. Then the normalization condition turns out to be 


f (d8)3(2)Ge(8)(@a, TLYE¥(— 38) 10) 
=limGu( (bo, TV GW(—1)10)=1/202R)* 


The function G,(£) should be so chosen as to cancel the 
singularity of (@,, 7[y¥(3£)~(—43£) JQ) at <=0, and the 
limit should be taken for space-like € in conformity 
with the space-like gauge. A possible choice of G,(£) is 


Ga(t)=0(8)[2 (2x), TLY(2)W(—38) 12). (4.6) 


If we insert this function G,(£) into (4.4), we get (4.3) 
again with the help of (4.1’), provided that g(x) is 
defined by 


1 NOW(x+28)¥(x—-24)] . 
lim ——_————, (47) 


(., TLV(30¥(— 48) 10) 


where again the vector £ whould approach to zero from 
a space-like direction. We took here the normal product 
of field operators in accordance with the relation 
(Q, ¢(x)Q)=0 required from the recursion formuia. The 
independence of the field operator g(x) on the direction 
fa is guaranteed if the limiting value (4.7) is inde- 
pendent of the direction in which ~ approaches to zero. 
Since we choose the space-like gauge, the same argu- 
ment applies to R- and A-products. Similar results have 
been obtained also by Zimmermann” and by Haag.” 


g(x) scan ni IE: ilies 


(2(2m)*)4 


Irreducible Set of Fields 


As shown above, there is no essential difference be- 
tween elementary and composite particles, and it is to 
some extent a matter of convention to call a particle 
elementary or composite.’ Therefore we shall look for 
a substitute for the concept of elementary particles. 


10 W. Zimmermann (private communication) ; R. Haag (private 
communication). 
1 The author is indebted to Professor W. Heisenberg for valu- 


able discussions on this point. 
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Let us consider a set of fields (¢1,¢2,---,¢n), then 
some of them might be treated as composite in the 
sense mentioned above. Now choose a subset (¢,,¢2,°* +) 
from the whole set, and if the equation 


[O, ¢a(x) ]=[0, gr(x)J=---=0 


which holds at any space-time point x requires that O 
be a c-number, we shall call this subset an irreducible 
set. In general there are many ways to select an irre- 
ducible set. For instance, a set consisting of an irre- 
ducible set and some other fields is also an irreducible 
set. If the whole set is divided into two subsets S; and 
Ss, one can regard the quanta belonging to S;, as ele- 
mentary and those belonging to S2 as composite only 
when 5S; is an irreducible set, since otherwise Assump- 
tion IV of our formulation is violated. For example, 
take the pion field ¢ and the nucleon field y. If there is 
no interaction between them, the only irreducible set is 
(gw), while if there is an interaction of the Yukawa 
type the possible irreducible sets are (¢,W) and (y). In 
the former case both the pion and the nucleon should 
be regarded as elementary, while in the latter case the 
pion might be regarded as composite. 


(4.8) 


Field Equations 


In our formulation the equation of motion is given by 
(3.15), and once the field operators are decided on, one 
might hope to obtain the field equations of the usual 
type. It is, however, not clear if it is always possible, 
since local field equations involve products of field 
operators at the same space-time point and hence 
bring about divergent constants in the equations. In 
this respect our equations involving no divergent con- 
stant seem to have a great advantage over the field 
equations. The defect of our approach consists in the 
lack of knowledge of the detailed nature of interactions, 
but the author hopes that it might be overcome to 
some extent. Indeed it might be possible, at least in 
special cases, to determine the theory almost uniquely 
by imposing some additional restrictions upon the 
integral equations. For instance, in quantum electro- 
dynamics it might suffice to assume the nonexistence 
of bound states and gauge invariance, as suggested by 
perturbation theory.® 


Quantization 


Finally it must be noticed that our theory is quantized 
through the recursion formulas which give relations 
between fields and particles. It is not yet clear if our 
quantization procedure leads to the usual one, namely 


[ o(x), ¢(y) ]=c-number (4.9) 


for equal time. 
Now we are in a position to write down the explicit 
form of the S matrix. By the repeated use of the re- 
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cursion formulas for 7-products we get 
Soa=Lx(—1)*(—i) 9D DMG, T(---)2), 
Spa=D(— i) *DI/MQ, T(- , Pat) 


=La(—1)*9°D*MBan, T(-++)0). 


(4.10) 
(4.114) 
(4.11b) 


In (4.11a) and (4.11b) the 7-products can be replaced 
by the normal products to achieve the same results as 
shown in Appendix B. The arguments in the 7-product 
upon which D and D operate are spared for the sake of 
simplicity. The operator D is defined in the proof of 
Theorem IV in Sec. 3, and the operator D is not the 
same as D but the former is obtained from the latter by 
substituting fp for fs*. 

In order to prove the unitarity of the S-matrix we 
start from the functional equation U'U=1. By dif- 
ferentiating this relation with respect to the external 
field Q(x), we get 


~ (-7"(-1)' 


comb. (7; 

XT (xi -ax)T (teps Xn) =0. (4.12) 
Apply D«D¢ on the vacuum-vacuum matrix element of 
the above equation, then we get with the help of the 
recursion formulas for T products the desired relation 
S'S=1. The conjugate equation SSt=1 follows from 
UUt=1. 


5. RELATION TO THE S-MATRIX THEORY 
OF BOUND STATES 


As we have seen in the previous section the function 
or eventually an operator fg for bound states can be 
arbitrary except for the normalization condition. Mak- 
ing use of this property it seems to be possible to relate 
the S-matrix elements for reactions involving composite 
particles to those involving no composite particles. To 
illustrate the problem, we discuss the relation between 
the following two reactions: 


ptp—nt+ptn, (5.1) 


pt+p—d+rn*. (5.2) 
The answer to this question is that if one knows the 
analytic forms of the S-matrix elements of (5.1) and 
of the scattering process 


n+p— pn, (5.3) 


one can derive the S-matrix element for (5.2), pro- 
vided that these S-matrix elements satisfy certain 
analytic properties. Generalizing this statement one 
may infer that the S-matrix elements for reactions in- 
volving only the quanta;of an irreducible set would 
determine the entire S matrix. 

For the sake of simplicity we shall! consider that all 
particles participating in (5.1) and (5.2) are spinless. 
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The S-matrix elements for these reactions are given by 
Siptp—ntpta)=(—i} f (dei) (dz\ (dy) 
X (Pa, on*(z1)QKPp, Gp*(z2)QMKPs, os*(y)Q) 
X Kay"Ke2?K y*(Q, TL on(Z1) ¢p(22) ¢4(¥) Ppp), (5.4) 
Siptp—dtnt)=(—i} f (as) ae) ay) 


X fa(z,E)(@r, ox*(y)Q)K.*Ky* 
(2, TL en(+3é) ¢n(s— 36) ¢2(9) op). (5.5) 
Now choose such a fg as 
fa(z,t)=Za(2,t)Ka"Kes?, (5.6) 


where z;=2+3, z2=z—}é, namely 


10 0d\? lo 0d\? 
Kur=(- —+—) —m,?, Kz?= (-—-—) —M,’, 
20s o€ 20s dé 


and Zz is a suitable function, then (5.5) turns out to be 


(—ip f (ass) (dss) dy) Basu) 
X@,, o*(y)Q)K.4Key"Keo?K,* 
XQ, TL en(21) ¢p(Z2) or (y) Ppp). 
This expression is very similar to (5.4) and if we had put 


Za(21,22) =CPn, Gn*(21)QKPy, Gy*(22)2), — (5.8) 


(5.7) 


the similarity would have been complete. In order to 
interpret (5.8) let us denote the momenta of neutron 
and proton by p, and p,, respectively ; then they satisfy 


pre+m’= p,?+m’*=0, (5.9) 
where m is the nucleon rest mass. Put 
P=pithp, k= (pa— pp)/2, 


then P has to satisfy P?+M*=0, M being the rest mass 
of the deuteron. Equation (5.9) is expressed in terms 
of P and k by 


1P?+k?+m’=0, k-P=0. 
The second equation shows that & is a space-like vector 
and the first equation implies 
k?= (M/2)?—m?<0. 


Hence k cannot be a real vector. Assume that the 
S-matrix element for (5.4), denoted by S,p(P,k), can 
be analytically continued to such a complex value of k 
and has a pole at the value of k given by (5.11), then 
the relation between (5.4) and (5.7) is given by 


Sa=—ic lim (P?+M”)S,,(P,k), 


P-P4 


(5.10) 


(5.11) 


(5.12) 
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where Sq is the S matrix element for (5.5). Of course P 
and & are not independent of one another but related 
through (5.11). With the help of (5.11) one also writes 
(5.12) as 

Sa=4ic lim(k?+7”)Snp(P,k), (5.13) 
where y?= (m—3M)(m+3M)=mB, B being the bind- 
ing energy of the deuteron. This formula shows the 
possibility of relating (5.5) to (5.4), and the problem is 
reduced to the determination of the normalization con- 
stant c in Eq. (5.8). This problem is answered in the 
following way: we start from the equation 


—§ 
2(2x)8 
X on(x’+3£) on* (ytd) op*(y—3n) J2) 

" 2, TL ¢p(x— 28) en(x+3£) }Pr4) 


X(@pt, TLen* (y+) ¢p*(y—4n) 2), 


where ®p? represents a deuteron state with momentum 
P. Next we introduce fa and fa satisfying the normaliza- 
tion condition 


J (dx’)e'P-(-2 Ka MQ, TL p(x’ — 38) 


(5.14) 


} (dé) Fa(x,t) 


X(Q, Th ep(4— 3) en(x+38) Pp?) =1/2(20)*, 
(5.15) 


f (dn) falyn) 


X (a, TLen*(y+30) ep" (y— 90) J2) = 1/2(27)} 


Multiplying (5.14) by fa(x,¢) and fa(y,n) and integrat- 
ing over ¢ and n, we get from (5.15) 


f (dx’)eiP (2-2) KM f (dé) (dn) fa(x,) 


XQ, TL ep(x’ —3£) on(x’+36) 
X gn*(yt+4n) op*(y—4n) JO) fa(y,n) =1/2(2r)!, 


where we have interchanged the order of integration 
between «’ and &, n. 
If fa and fa are of the form (5.6) and (5.8), one 
arrives at 
~—2(2e)- lim (P?-+M2)S(P,k) =i/2(2m)8, 


PP4@ 


(5.16) 


where S(n+p— p+n)=6'(P;—P,)S(P,k). In the cen- 
ter-of-mass system S(P,k) is the function of k alone 
and we denote it by S(k), then (5.16) is rewritten as 


—4ica lim (k’+~7’)S(k)=1, (5.17) 


|k|-iy 


from which the normalization constant c is determined. 
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Equation (5.17) shows, in agreement with the S-matrix 
theory of bound states, that S(k) has a pole at | k| =7y. 

Thus the problem is formally answered. In the S- 
matrix theory’? the levels of bound states could be 
obtained as the poles of the S matrix, but in the present 
theory not only the levels of bound states but also the 
S-matrix elements of reactions involving composite 
particles can be derived. In this sense the present 
theory exhibits a possible generalization of the S-matrix 
theory of bound states. 

In what follows we shall illustrate this method by 
assuming the possible form of S,,(P,k) phenomeno- 
logically. From now on, we go over to spinor nucleons; 
then we have to replace the Klein-Gordon operators 
for nucleons by Dirac operators.® So far as only non- 
relativistic nucleons are concerned, however, the for- 
mulas given above are still useful and we shall deter- 
mine the normalization constant c in the nonrelativistic 
approximation. In the normalization employed in this 
paper the § matrix in the *S state is given by 


eis 


m 
S(k)=S(k)=——, 
k 2 


T 


(5.18) 


where 6 is the phase shift in the *S state. For simplicity 
we dropped the *D state and retained only the *S state 
to describe the deuteron state. In the effective-range 
theory," the phase shift 6 is given by 


(5.19) 


Pr 3 
k cot6é= —-+-1rok?. 
oe 


Combining (5.17) and (5.19), we get 
wm 1i—rey 


e=-—— (5.20) 
8 my 
The cross sections for (5.1) and (5.2) are given by 


4? 


dq dp, dp» 
—(Ps— Pi) |Sapl', 
B qo Pno Pro 


4x” rdq dP 
oa=— | — —S*(Ps— P,)| Sal’, 
B go Po 


(5.21) 


Onp 


(5.22) 


where g is the four-momentum of the produced pion and 
B is given in terms of the four-momenta p“ and p 
of the incident protons by 


B= [- (pup, —_ pu? Yp,(1))2/4]8 
=[(pMWE®— p@E®)2— (p®x p@)2 4. 


From (5.22) the differential cross section for pion 


12W. Heisenberg, Z. Physik 120, 513, 673 (1943); Z. Natur- 
forsch. 1, 608 (1946). 

13 C, Mller, Kg]. Danske Videnskab. Selskab, Mat.-fys. Medd. 
23, No. 1 (1945); 24, No. 19 (1946). 

4 J. M. Blatt and J. D. Jackson, Phys. Rev. 76, 18 (1949). 
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production is given by 
(5.23) 


where E is the total energy of the system in the center- 
of-mass reference, and g denotes the absolute value of 
the three-vector q. Then in order to simplify (5.21) let 
us study the kinematics of the system. Let M be the 
rest mass of the n+ system; then the total four- 
momentum of this system is given by 


P=(—q, (M*+q?)*). 
Since & is orthogonal to P, we get 
ko= —k-q/(M?-+q2)!. 


Upon inserting this result into the first equation of 
(5.11), it follows that 


— (M?/4)+m?+ k?— (k- q)?/(M?+q’)=0. 


Since the final nucleons are assumed to be nonrela- 
tivistic, we make an approximation ko~0. Then we have 


M?=4(m?+k*), Po=[4(m?+k*)+q?]}. 

In this approximation the differential cross section is 
given by 

Ponp 42° 4rkg 


_ Sap|', 


dgd2 B Py 


(5.24) 


where k= |k]|. & and go are not independent, but they 
are related to one another by 


go= (E?+p?— M’)/2E, 


which follows from the conservation of energy. M is a 
function of k, and we have 


(G0) max— o= (M?— Mmin®)/2E= 2k*/E, 


T.—T=2k?/E, (5.25) 


where T is the kinetic energy of the produced pion and 
To is the maximum value of T. 

In order to compare the present theory with Watson’s 
theory,’® we make a nonrelativistic approximation for 
the produced pion to get 


q= (2uT)}. 
To simplify the formula, we may roughly put 
Po= E-—qo~ E=2m. 


We shall further assume that this reaction takes place 
mainly in the following states: 


pt+p—ntpts, (5.26) 
is sp 


18K. M. Watson, Phys. Rev. 88, 1163 (1952). For the compari- 
son of Watson’s theory with experiments, we refer to A. H. Rosen- 
feld, Phys. Rev. 96, 139 (1954). 
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at least at low energies. Then we may take the g- 
dependence of S,, as linear: 
Sap= QR. (5.27) 
Thus we finally get 
Pony 40? 4nv2y'T!(To— rT) 
— \R 


dT B am 





[3 (5.28) 





We do not know the precise form of R, but Watson’s 
theory on the final-state interactions yields the basis 


for assuming 
A 
R=-—__., (5.29) 
k(coté—i) 


where A is a constant for a fixed angle. Thus for a 
fixed angle one obtains 


Pon, V2 m\* sin*6 
-—(“) rTe-1)(—)6, (5.30) 
dodT w\u ‘ 


4a? (49? Ay 
eo) 
B m* 


and G is generally a function of the angle between the 
momenta of the incident proton and the produced pion. 
Sa is now readily obtained as 


where 


(5.31) 


Sa=—8cy lim (k—ty)Snp 
oy 
i (5.32) 


=—8cygA ' 
1—rgy 


Inserting the expression for c’, (5.20), into this relation 


we have 
Sry / gA? 
sina tH) 
m \1—roy 


doa 7¥(q/u)° 

“(1a 

dQ 1—roy 
Watson’s formula for dog/dQ agrees completely with 
(5.34), and although in both theories (5.28) and 
(5.29) were assumed for the reaction (5.1), this agree- 
ment still seems to be very interesting. In his derivation 
Watson utilized Heisenberg’s method of normalizing a 
bound-state wave function. Namely, let the asymptotic 
form of a bound state wave function be 


(5.33) 


(5.34) 


dd 


; (5.35) 
2nrv2 


¥~C 
then the normalization constant C is given by 


IC|?= g ak S(R). 


(5.36) 
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One readily notices that (5.36) corresponds to (5.17) 
in the present formulation. In (5.17), c? was inversely 
proportional to the residue of the S matrix, but this 
does not contradict (5.36) since what really corresponds 
to the wave function y is not fa but the Feynman 
amplitude (Q, T(~»W»)®a) which is inversely propor- 
tional to fa. 

Rigorously speaking, the results obtained in this 
section are just conjectures, since it still remains to be 
justified that the analytic continuation of the S-matrix 
elements to the complex values of & is really possible. 
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APPENDIX A. DERIVATION OF THE 
RECURSION FORMULAS 


In this appendix we shall derive the recursion for- 
mulas (2.25) by generalizing the relation between the 
Feynman amplitudes and the S$ matrix. 

Let D be a finite space-time domain, and we introduce 
an external source Q(x) in this domain. Since D is 
finite, we may assume that the asymptotic conditions 
at + + are not invalidated. The S matrix is then 
a functional of the external source and is given by 


Spal OJ = sO], a0). (A.1) 


The state vectors @‘*) cannot be time-independent 
because of the interaction with the external source; so, 
choosing a definite space-like surface o, we shall fix 
them by 


$,>[O]= U(c, = © )b,), 


$p[QJ=U(%,0)*hg~, (A.2) 


where 
U (02,01) =T exp( i f (ds)Hau(2)), (A.3) 
“¢e} 


and ®,‘+) and &s~ are the state vectors in the absence 
of the external source. 
Hence we obtain 


SpalQ]=(Ps™, U(x, —©)®.). (AA) 


The occurrence of U(«,—®) does not damage the 
asymptotic condition, since 


U(, -«)=Tep(-if Hax(2) (ds) ), 
D 


where D is a finite domain. 
In what follows we assume H/,x:(x) to be of the form 


Hex(x) = ¢(x)Q(x) ; (A.5) 





FORMULATION OF 


then, expanding (A.4) in powers of Q(x), one obtains 


SpalQ]=(s™, &.) 
~i f anor xi)(Pg—, g(a) PQ' 


Pica 
: (dx1) (dx2)O(x1)O (x2) 


x(a, TL o(x1) o(x2) oa?) + (A.6) 


Corresponding to (2.22), we get in this case the equation 


fan (dx9') 


(QOL), TLee(a1’) ¢q(x2’) 
= PB Spa’ LO |F a(x1,%2, hehe iP 


(B) 


A (x;—2y'JAP (x9— a9!) + - 


-+ 6.0) 
(A.7) 


X K2y'Ki2':- 


where ¢a@(x) is defined by 
¢q(x) =U (02,0) ¢( 


= U(e,02z) ¢(x)U(e,02)™ 


x)U(ez20) if o.>0 


A.8) 
if oz<o, 


and as for 2[Q0],@.[0], SLO] we refer to (A.2) 
and (A.4). Inserting (A.8) into (A.7), one finds 


tea (dx’) + AG (x, —41/)AM (x2— x2’) 2s 


X K2y'Kx’- + -(Q, TLU(%, — ©) (21) o(x2")- «+ Pa) 
=> (a) Spa' lO |F 9(x1,%2,° : -), (A.9) 


where S’[Q] is related to SLQ] by (2.23). 
Expanding both sides of (A.9) in powers of Q(x), we 
arrive at 


fix (dx9")- a 


KAM (ay —ay/)AP (x2— 49") + + + Kxy'Kxo’* ++ 
XQ, TL e(s1)- ++ elem) ¢ ¢(a2’)-- + Jb, +) 
=DVsLr(—DNPsr™, tsi ++ (Sm) Pan) 
X Fa(x1,%2,--+), (A.10) 
from which we immediately get (2.25a). In a similar 


way we can derive (2.25b) from the rules for evaluating 
the asymptotic forms for — —. 


APPENDIX B. PROOF OF THEOREM II 


Let the slice of Minkowsky space [11,f2 ] be called D, 
and let 9 be the ring generated from field operators 
whose arguments belong to the domain D. For an 
operator O of St we define the Rp product by 


FIELD THEORIES 1009 


Rp[O: (x): “s 
- & 


perm. (zi) 
XL---[LO, ¢(x1) ]e(x2)]- ++ olan) J. 


For this new kind of product, we have the following 
lemma: 

Lemma.—lIf the recursion formulas for R-products 
hold, then the following relation holds for an arbitrary 
element O of 2: 


fi anees ¢g(2)Q 


X (bp, RoLO: g(r) ++ o(xn) o(2) Pa) 
uJ ee R,[O: (x1) ios ¢(%n) }ba +) 
Rp[LO: o(x1)+ ++ oan) Pap). 


(Proof) If Eq. (B.2) is true for O; and Oz, then it is 
also true for c,O;+c202. Then making use of the relation 


Rp[O02: M1°° Xn] 
= - Rp[Oi: x 


comb. (z;) 


9(%n) | 


(— i) "6 (ty — X1)0 (2 —_ X2) "9 ‘O(X,-1—- Xn) 


(B.1) 


= (Pgp' 


—(b,, (B.2) 


++ +a |Rp[Oo: Xe+1°° Xn |, (B.3) 


one can prove that it is also true for the product O0,0x. 
Therefore if (B.2) is true for g(x), where x belongs to 
D, then (B.2) is true for an arbitrary operator O of 
the form 


O=cot f ala)ola)(ds)+ f C2(%1,X2) 
D D 


X (x1) ¢ (a2) (dx) (dx2)+---, (B.4) 


and hence for an arbitrary element of . So we shall 
prove (B.2) for O= ¢(x), x being an element of D. Let 
us assume f;>4%1, «++, 4, in (B.2), since otherwise both 
sides of (B.2) vanish and the statement becomes trivial. 
Then, for O= g(x), xeD, the right-hand side is rewritten 
by the ordinary R-product, 
[right-hand side of (B.2)] 
= (Pg, R(x: x1- + + Xn) Pq) 
— (bg, R(x: 41+ ++ Xn) Pap), (B.5) 


while the left-hand side is also equal to the usual 
R-product except for the case x»>29>t, and can 
generally be written 


(left-hand side) = f (dz)(p, ¢(2)2) 
K KADg™, R(x: xy + nz) by) 


- f (as) ¢(2)Q)K{[0(x—z)—0(t4;—2) ] 
X (bg, R(x: x1°+ ans) by )}. 
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Since the first term is equal to (B.5), one has to prove 


[anv ¢(2)Q)K.{[0(x—s) —0(t;—z) ] 


Xp, R(x: x1 + -xnz)Pa)}=0. (B.6) 


This expression remains only for xo > 20> 1, and in this 
case 2>%1,°-+,%, holds. Hence the R-product in 
(B.6) is given by 


) » 6(s—x)- : O(Xn-1— Xn) 
perm. (z;) 
XL-- -LLe(x), ¢(2)Je(x)J-- + o(xn)]. 


Therefore it suffices to prove the lemma if one can show 
that the Fourier transform of [@(x—z)—@(4:—z2) ] 
X[¢(x), ¢(z)] with regard to z has no pole at p?+m? 
=(0. However, this is easily proved since z can move 
only in the finite time interval (29 >2%0>¢,). This argu- 
ment is also true for composite particles. It is clear 
that a similar lemma holds for A-products. 

Next we shall introduce the generating functionals 
of R- and A-products by 


er(x:Q)=U“T[V (x) ], 


ga(x:Q)=T[U g(x) JU, (B.7) 


from which we have 
ga(x:Q0)U=Ugr(x:Q). 


In a similar way one can introduce Or(Q) and O4(Q), 
for an operator O of §, satisfying 


Oa(Q)U=UOR(Q), (B.9) 


with the understanding that under the time-ordering 
operation O is regarded to have the time coordinate 4. 
By differentiating (B.9) with respect to Q, we get 
E (-1)"-d 
comb. 

XQ, A v[O: x1° + + Xm JT (Xm41, ++, Xn) 2) 

=F (—1)Q, T(a1- - -2)RpLO:x141- + + Xn JQ). (B.10) 


comb. 


(B.8) 


We apply D¢=]]D* on this equation, then due to the 
positive energy condition only the term n=™m survives 
on the left-hand side, which is given by 


(Ps, O) 


as a result of the lemma. The right-hand side is given 
again with the help of the lemma by 
EY (-ADog, T(---)b,) 
BiXBe=B 
x Dib, Ro[O: -- + }Q) 
= LF LZ (—AdaDng, T(-- -)by)(bre2, OO) 
BixXbe=B vy 


= > > (-i" DQ, T(---)br/oP)(O,, O2) 
BixXfe=B 7 
=2LT p(y, 02), (B.11) 
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where 73, is defined by 
Tsy= SY (—i)*DA(Q, T(-+-)by/62). 


biXBe=B 


(B.12) 


By comparing (B.11) with 


(3, 02)= LPs, d,)(,%, OQ) 
(B.13) 
=D 5 8r7(P,, O2), 
we get 


(S—T)O2=0. (B.14) 


In the limit 4; > —®,lz—-+ ©, state vectors of the 
form OQ span the whole Hilbert space, i.e., 


Ro=H. (B.15) 


This follows from assumption IV. To prove (B.15) let 
us first assume its inverse. Namely we assume that 
RL is a true subspace of H; then the projection operator 
to this subspace commutes with ¢(x) at every space- 
time point x. Hence it must be a c-number, and this 
contradicts the fact that RQ is a true subspace of H. 
From (B.14) and (B.15) there follows the relation 


S=T. (B.16) 
The explicit form of the S matrix is given by (B.12), i.e., 
Spa=LrD9MO, T(-- +) Pan), (B.17) 


where &(x,---,4n)= (—1)"T(a1,°++,Xn). 
from 


If we start 


‘galx: Q)W=Wor(x:0), 


instead of (B.8), one can prove that the 7-product in 
(B.17) can be replaced by the normal product. 

From (B.7), or more explicitly from U¢gr(x:Q) 
= T[U ¢(x) ], one can derive 


T(xxy---an)= YO Tay: ++ am) R(x Xmg1° + Xn). (B18) 


comb. 


Therefore, one has 


DA(Q, T(x: - -)b,) 


=> DIK, Z(- 7 -)b,%)- Do, , R(x: o -)@, +) 
AY 


= > Dena, Z---)e,)(—1) 

murs X @y,, o(x) Pay) 
= L Dio, T(---)&y)(—1) 

h=ursy Kb, o(x) Pay) 


box > Spyus V(P,), ¢(x) Pay) (— 1)* 


A=ur,Y 


= » 2 1)*(Oay,., ¢(x) Pay), 
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where for the sake of simplicity the arguments upon 
which D® operates are omitted. By mathematical in- 
duction this result can be generalized to yield 


DAQ, T(x: **Xn°° -)b, +) 


=D .(—1)*(Pp,,' (B.19) 


Ms 2 (x1° ' “Xn)Pq a y 
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and similarly 
D*{P3™, Z(x° . *Xa° . -)Q) 
=h.(- 1)*(Pgy., T(x: . *¥n)Pajp). (B.20) 


The recursion formulas for 7-products are the direct 
consequences of (B.19) and (B.20). 
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Foldy-Wouthuysen Transformation. Exact Solution with Generalization 
to the Two-Particle Problem 


ERIK ERIKSEN 
Institute for Theoretical Physics, University of Oslo, Oslo, Norway 
(Received April 14, 1958) 


The Dirac Hamiltonian for a particle in a nonexplicitly time-dependent field is converted to an even 
Dirac matrix by means of a single canonical transformation. When the interaction term is an odd Dirac 
matrix, the transformed Hamiltonian is expressed in a very simple form. An exact transformation is also 
found for two-particle wave equations of Breit’s type. The transformed Hamiltonian is then a uU-separating 


matrix, in Chraplyvy’s sense. 


In the nonrelativistic limit expansions in powers of 1/m or 1/c are made. The approximate wave equations 


are in agreement with previous transformation results. 


INTRODUCTION 


SPIN 3 particle in interaction with various types 

of external fields is described by a spinor y 
satisfying an equation of the Dirac type.'~* For different 
purposes it is of interest to have this equation converted 
to a two-component equation of the Pauli type. This 
was earlier achieved by an elimination method that 
gives an equation for the large components of ¥. In 
this equation, however, there are terms nonlinear in 
0/dt and non-Hermitian interaction terms like the 
imaginary electric moment term. Furthermore, the 
exact interpretation remains in terms of the four- 
component wave function. 

A different treatment is due to Foldy and Wouthuy- 
sen.‘ By means of a canonical transformation of the 
wave equation, a representation is found where the 
Hamiltonian is an even Dirac matrix. Then the Dirac 
equation splits into two uncoupled equations of the 
Pauli type, describing particles in positive- and nega- 
tive-energy states, respectively. When the particle is 
free, the transformation is exhibited in a simple, closed 
form. In the presence of interactions, however, a 
transformation in closed form has not been found, but 
an infinite sequence of transformations can be made, 
each of which makes the Hamiltonian even to one 
higher order in the expansion parameter 1/m. 


1W. Pauli, Revs. Modern Phys. 13, 203 (1941). 

?L. L. Foldy, Phys. Rev. 87, 688 (1952). 

3.W. A. Barker and Z. V. Chraplyvy, Phys. Rev. 89, 446 (1953). 
‘L. L. Foldy and S. A. Wouthuysen, Phys. Rev. 78, 29 (1950). 


Progress on this point has been made by Case® who 
found the transformation in closed form for spin 3 
particles and spin 0 particles in time-independent 
magnetic fields. 

The Foldy-Wouthuysen transformation method has 
been extended ‘to two-particle wave equations by 
Chraplyvy,®’ who found that in the case of equal 
masses, the postulate of an even-even transformed 
Hamiltonian is too far-reaching. When the less stringent 
requirement of a uU-separating (or an /lL-separating) 
Hamiltonian was introduced, a whole class of usable 
transformations could be found, but none of them is 
given explicitly. 

In the present paper it is found that the exact 
transformation of the Dirac equation for one particle, 
can easily be generalized to two-particle wave equations 
when Chraplyvy’s less stringent requirement is used. 


SUMMARY OF THE FOLDY-WOUTHUYSEN 
TRANSFORMATION 


The wave function in the Dirac theory is a column 
matrix with four components y,, where y; and 2 are 
called upper components and w; and y¥4 lower compo- 
nents. w satisfies the wave equation, 


ih(d/dt)~=Hy, (1) 
the Hamiltonian being a Hermitian four-by-four matrix, 
H=6mc?+ca: p+interaction terms. 

"6K. M. Case, Phys. Rev. 95, 1323 (1954). 


6 Z. V. Chraplyvy, Phys. Rev. 91, 388 (1953). 
7Z. V. Chraplyvy, Phys. Rev. 92, 1310 (1953). 
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The nonvanishing elements of the matrix @ are 
Bi11=B22=1 and B3;=84,=—1. It anticommutes with 
the a-matrices. 

A matrix w is called even if w,,=w:,=0, and odd if 
W@uu=wu=0, where u=1, 2 and /=3, 4. The product of 
two even or two odd matrices is an even matrix, and 
the product of an even and an odd matrix is an odd 
matrix. If the Hamiltonian were a sum of even matrices 
only, the Dirac equation would split into two sets of 
equations, one for the upper components and one for 
the lower components. A necessary and sufficient condi- 
tion for a matrix to be even (odd) is that it commute 
(anticommute) with 8. Thus the a matrices are odd, 
and ca: p is an odd operator. 

Any Dirac matrix w can be written as the sum of an 
even and an odd matrix, 


w=} (wt Bw8)+3(w— Bw), 


where the first term on the right is the even part of w, 
and the second term the odd part of w. 
The Hamiltonian is put in the form, 


H=8mc?+ &+ 0, 


where 6& is an even operator and © is an odd operator. 
In the present paper both of these are assumed to be 
nonexplicitly time-dependent. Now consider the canon- 
ical transformation, 

y’=e'p, 
the operator S being Hermitian and nonexplicitly 
time-dependent. Then y’ satisfies the wave equation, 


ih(d/dt)y’=H'y’, 
H’=e'SHe-‘*S 
=H+i[S,H]—3(5,[S,HJ}+---. 


Putting S= —i80/2mc*, we obtain with 1/m as expan- 
sion parameter, 


8 
H'=B6m?+ &6+——(0?+[0,6]) 
2mc 


1 
m*c4 


The lowest order odd term is of first order, i.e., of one 
order higher than in the original Hamiltonian. By a 
sequence of further canonical transformations, the 
generator of the transformation at each step being 
chosen to be : 


S=— (1/2mc)8X (odd terms in the 

Hamiltonian of lowest order in 1/m), 
we can make the Hamiltonian even to any desired 
order in 1/m. 


When the particle is free, the Hamiltonian is con- 
verted to an even operator by a single transformation, 


H'=e'S (Bme+ca: p)eS=B(m'ct+cp")', (2) 
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where S is odd and Hermitian, 


S=—(i/2p)Ba-ptan(p/mc), p=(p*)!. (3) 


We note the property, 
e~*88= (cosS—i sinS)8=8(cosS+i sinS)=Be'S. (4) 


TRANSFORMATION IN CLOSED FORM 


If the operator U is unitary and not explicitly time- 
dependent, the transformation 


y’=Uy, H'=UHU* 
leaves Eq. (1) in the Hamiltonian form, 
ih(d/dt)y’=H'yp’. 


In order that H’ be even, it is necessary and sufficient 
that 
[38,UHU*]=0. 


Multiplying from the left by U* and from the right 
by U, the condition reads, 


[U*BU,H |=0, (5) 


where U*8U (like 8) is an Hermitian operator with 
eigenvalues +1 and —1. 

Now one may ask: Do we know any Hermitian 
operator which commutes with H and whose only 
eigenvalues are +1 and —1? If we do, it may be 
possible to identify it with U*8U. An operator of this 
type is: 

\=H(H*)-4. (6) 
If we assume that zero is not an energy eigenvalue, 
d is defined in the energy representation by, 


\We=H(F*)-We=E|E|—We, 
which gives +We when E>0 and —Wz when E <0. 
Obviously, we have the operator identities 
M=1 and A= *. 


(H*)-4 can be represented by a binomial! expansion, 


, © —3} H— Do" os 
(P)4= EAS ( \(— ~) — 
n=0\ n E? 


with Ey a positive number. Operating on a wave 
function y, this expansion will produce convergent 
results provided that all energies E in the spectrum of 
y satisfy 
—1<(F—-E?)/E?<i, ie., O<|E| < Ew. 

In the nonrelativistic limit one should put Eo=mce’. 
Then (H?—E,?)/E,?? will be “small” and of first order 
in 1/m. 

We also mention a representation of (H?)~! in terms 
of the Poisson integral: 


N 
(H?)-$= tim f dn exp(—17’H?). 
No or) 
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The exponential operator is defined by means of its 
Taylor expansion. This form will give convergent 
results for all finite E¥0. 
Now we look for a unitary operator U’ with the 

property 

U*BU=). (8) 
We also postulate 

U*B=B,U, (9) 


which is true for the free-particle Foldy-Wouthuysen 
transformation, Eq. (4). Then Eq. (8) reads 


U?=Ay. (10) 


Here the operator ) is unitary, 
(8d) (BA)*=BAAB= B= 1, 


and the eigenvalues are consequently on the unit circle 
in the complex plane. As a result an explicit, convergent 
solution is intricate to attain. The following solution 
has, however, been found: 


U=3(1+Gd)[1+3(GA+d3—2)}, (11a) 


i.e., 


U*=3(1+28)[1+3(BA+.B—2)F4. (1b) 


The —4 root operator is defined by the binomial 
expansion in powers of }(GA+A8—2). 

To examine the convergence, let us consider an 
eigenfunction us; for BA, 


Bdus=e us. 
Multiplying from the left by e~“A8, we get 


NBus=e~ us, 4(BA+AB—2)us= 4} (cosd—1) us. 


Thus, the expansion will produce convergent results 
when 
cosé> — 1. 


—1<}(cosi—1)<1, ice, 


If we take it for granted that —1 is not an eigenvalue 
of BX (which is always true when the particle is free or 
when the interaction term is odd), then the expansion 
for U is well defined. 

In order to prove that the U given above is a solution, 
we note that BA and AB commute. Then 


U?=3(1+d)*[1+4 (GA+A8— 2) T 
= AC1+3(6d+8— 2) ][1+4(GA+A8—2) F'=BAr. 


From (11) we see that U* can be written 


U*=)gU, 
Hence, 
U*U=)\8U?=)6BA= 1. 


Furthermore, U satisfies the postulated relation (9). 
This is easily seen from the expressions for U and U* 
when one notes that the —} root operator is even. 
Hence, we can conclude that the transformed 
Hamiltonian H’= UHU* is an even operator. 


Let us summarize the properties of U, 


Puppy, UU*=1, U*B=psv. (12a,b,c) 
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Furthermore, by pure algebra, 
U*BU =i, UBU*=BdB, BU = UA=XAU* = U* 8. (13a,b,c) 
The even character of the transformed Hamiltonian 
can now be easily verified by direct calculation, 

BH’ =BUHU*= UXHU* = UHMNU* = UHU*B= HB, 
i.e., [8,H’]=0 and H’ is even. 

As a consequence of (13b) we have a simple expression 


for the transform of 8mc*, which is the predominating 
term in the nonrelativistic limit 
(Bmc?)’=m2UBU*= mcprsg. (14) 
If U is written in exponential form, 
U=e'S=cosS+i sin, 
with S Hermitian, we get the following equations for S: 
i sinS=3(U—U*) 
=1(8\—)B)[1+3(BA+AB—2) TF}, (15a) 
(15b) 


cos.S = 4(U+U*)=[1+4(BA+A8—2) }}, 


or 
sin2S=2 sinS cosS=4i[\,6], 


cos2.S=2 cos*S—1= 41,8 |. 


(16a) 
(16b) 
Since cos is a positive-definite operator, S can always 
be expressed by means of the first set of equations as a 
sin-' function (or a tan™ function, but then with a 
reduced domain of convergence). If cos2S is positive 
definite, the second set can be used as well. This is true 
when the particle is free or when the interaction term 
is an odd operator, say. 


TRANSFORMATION WHEN INTERACTION 
TERM IS ODD 


The Hamiltonian can then be written H=6mc?+ 0, 
and the following operators are even: 


H?=mic'+ ©, 
(H?)-}= (m?c!+ ©*)-4, 
\H = (mict+ ©7)!. 
For the operator \8+ A we find 
H (H*)*8+ BH (H?)-*= (H8+8H) (H?)-*= 2me?(H?)-4, 


which shows that the —} root operator in U commutes 
with H. Furthermore, 


H(1+)8)= H+ H\8= H+B8HAA= (1+6d)H, 
and consequently 
HU*=UH. 


For the transformed Hamiltonian we get the following 
exact result: 


H'= UHU*=U°?H =B\H =B (m+ ©*)§. (17) 
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For purposes of illustration let us consider an 
electron in a magnetostatic field H=curlA, 


H=6mc?+- a: (cp—eA)=8mce+ 0, 
H'=8[ m’c'+ (cp—eA)*—ehco-H}!, e=—}iaXea. (18) 
For a neutron in an electrostatic field E, we use a Dirac 
equation amplified with a Pauli! interaction term, 
H=6Mc+ ca: p+inBa- E=BMC+0, 

where yu is the magnetic moment and M the neutron 
mass. 
H’=6[ M?+- 2p*’—phcB divE 

—ycBo- (EX p— pX E)+p°E*}}. 


If we write U in exponential form, U=e'S, then S 
shall satisfy 


(19) 


sin2S=437[\,8 ]= —i80(H?)-}, 
cos2S=43[\,8],=mce(H?)-4. 
Here cos2S is positive-definite so we have the solution, 
S=—}3 sin“ [i80(H*)-*], (20) 
or, with a reduced domain of convergence, 


S=—} tan (i80/mc). (21) 


If we put O=e-(cp—eA), then the last expression 
gives the transformation found by Case.5 For A=0 
we get 


S=—} tan“(iBa- p/mc), 

which is equal to the operator given by Foldy and 
Wouthuysen!: 

S=—(i/2p)Ba-ptan(p/mc), p=(p*)'. (3) 
This can be seen by means of the power expansion for 
tan“! and the relation (a: p)*= p’. 
TRANSFORMATION IN THE NONRELATIVISTIC LIMIT 

In the Hamiltonian, 


H=6mc+ &+ 0, 


Bmc? is now the predominating term. We take 1/m as 
expansion parameter and assume & and © to be of 
zeroth order in 1/m. Choosing Ey= mc? in the expansion 
(7) for (H?)-}, we have to third order: 


B 1 
BA=1+—0+——([0,6]-— ©”) 
mc = 2m*c* 


B 
+——([0,L0,6]]—[6,L0,6]]—20%). (22) 
4mc6 


If we put 


Br=1+4, B=1+4¢"*, 


i.e., 
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then g and g* are “small” and of first order. In terms 
of g and g* the transformation matrix reads 


U=(1+39)1+h(gt+9*) Tb". 


Since g+q*=—dgq*, the term }(¢+9*) is actually of 
order (1/m)? so we have, to second order, 


U=(1+39)[1—-$(g+9*) +--+] 
=1+2q-8(qt+9*)+:-: 

1 
(L0,6]—20). 


4m?c4 


8 
=1+——0+ (23) 


2mc? 


By means of the expansions written down here, H’ 
can be found to second order: 


H’= UHU*=mcp=\g+ U (&+ 0)U* 


1 
Lo,Lo,é]], 


8m?c4 


B 
= Bmce+ 6+—_0— (24) 


2mc* 


which is in agreement with the Foldy-Wouthuysen 
expansion for the transform of a nonexplicitly time- 
dependent Hamiltonian. 


TWO-PARTICLE PROBLEM: TERMINOLOGI 
AND NOTATION | 


We consider the wave equation for two Dirac 
particles, 
th(d/d1)p=Hy, © 


with the Hamiltonian written in the form 
KH=B'm2+BUmyce+ (&&)+ (60)+(08)+(00). (25) 


Quantities referring to each of the two particles are 
labeled by Roman numbers I and II, respectively. The 
wave function has sixteen components ¥x« with k, K 
=1, 2, 3, 4. The lower case subscript refer to particle I 
and the capital index to particle II. The components are 
classified as upper-upper ~uv, upper-lower ¥.z, lower- 
upper ¥iv, and lower-lower ¥iz with u, U=1,2; 1,L 
=3,4. The Hamiltonian is composed of terms which 
are direct products of Dirac matrices, labeled by I and 
II, respectively. When a matrix is single, the direct 
product with the unit matrix is understood. We 
distinguish even-even terms, even-odd terms, odd-even 
terms, and odd-odd terms. (&&) stands for the sum of 
all even-even terms, (60) stands for the sum of all 
even-odd terms, and so forth. 

When a matrix w'w! acts on y, the first matrix 
affects the index k, and the second matrix affects the 
index K. 


(whol) an=On'onk' Wir. 


Thus, any Dirac matrix labeled by I commute with 
any of those labeled by II. 

According to Chraplyvy,’ a matrix Q** is called 
uU-separating when the components (Q“Y),v are 
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expressed by ¥,v only; whereas, (Q"*Y) uz, (Q“W)iv and 
(Q"Y),, do not depend on yxv. If the Hamiltonian 
were a uU-separating matrix, there would be a separate 
four-component equation for the upper-upper compo- 
nents of y, and all other components could be put 
equal to zero. 


TWO-PARTICLE PROBLEM: TRANSFORMATION 
;IN CLOSED FORM 


We shall limit our considerations to the problem of 
finding a transformation in closed form which makes 
the Hamiltonian «l/-separating. 

According to Chraplyvy,’ the most general expression 
of a uU-separating matrix is 


Q*=2—3(1+ 8") (14+6"2—410(1+84 (1+8") 
+$(1+6) (14+6")2(1+6) (1+8"), 


with Q an arbitrary matrix. 
As a consequence we have the commutation relation 


[ (1+ 6") (1+ 6"), Q«"]=0. (27) 


This is also a sufficient condition for a matrix to be 
uU-separating because if 2 is a matrix which satisfies 
this commutation relation, then 2 can be expressed in 
terms of itself as the right-hand side of the general 
expression. 

Now we put 


(26) 


(1+') (1+8") =2B+2, 


B=}(8'+6"+h'B"—1). (28) 


Then, a necessary and sufficient condition for a matrix 
to be uU-separating is 


[B,Q“*]=0. (29) 


The role played by B in the two-particle theory is 
analogous to that played by @ in the single-particle 
theory. By means of (28) one can easily verify that 
B=1, 

We make a canonical transformation of the wave 
equation by means of a unitary matrix Ul’, such that 
the transformed Hamiltonian, 


K’=UKU*, 
becomes uU-separating, which means that U3U* 
commutes with B, or, equivalently, 


[U*BU,K ]=0. (30) 


As in the single-particle theory we look for an 
operator which can be put equal to U*BU. The only 
eigenvalues must be +1 and —1, and the operator 


must commute with 3. We put 
U*BU=P(P*)=A<, (31) 


where P= P(3) is a real function of 3. The eigenvalues 
of P are assumed to be different from zero. Operating 
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on an energy eigenfunction yz, A gives +Wz when 
P(E) is positive and —yz when P(£) is negative. 
Furthermore, we postulate the property, 


U*B=BU, (32) 


which then gives the equation, 


BU?=A or U*=BaA. (33) 


As in the one-particle theory, we have the solution 
U=43(1+BA)[1+}(BA+AB—2) F', (34) 


which is unitary with the property (32), and which is 
convergent when —1 is not an eigenvalue of BA. The 
properties which were summarized in (12) and (13) 
can be directly translated to the two-particle transfor- 
mation matrix by putting B for 6 and A for X. 

We want P to be a function of 5¢ such that 


P(30)—B when X-6'm2+68U myc. 


Then in the nonrelativistic limit the predominating 
term of BP and P? will be 1. 

The simplest function having this property is a 
polynomial of third degree, 


M? my— my \? 5K se \F 
SES) 
4mymy M Me Me 


aC 3 
+( ) I M=m+my. (35) 
Me 


For equal masses there is a solution of second degree as 


well: 


3K zc \? 
P=—-1+ +( ) , M=2m. (36) 
Me Me 


TWO-PARTICLE PROBLEM : NONRELATIVISTIC LIMIT 


In the case of equal masses the transformed Hamil- 
tonian has been calculated to second order in 1/c under 
the assumption that (6&) and (00) is of order c® and 
(&0) and (0&) of order c'. The calculation was done 
for each of the two polynomials above. Use was made 
of the fact that any matrix M can be written as the sum, 


M=}(M+BMB)+3(M—BMB), 


where the first part commutes and the second part 
anticommutes with B. P was written in the form, 


P= B+ e+, 


where « commutes and w anticommutes with B. For 
either of the polynomials ¢« was of second order and w 
of first order in 1/c. In this notation, to fourth order, 


BA=1+ Bw— }w?— 4 Bw*+4[w,€ | 


+jo't+ 7Blo,[o,€]], (37) 
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}(BA+AB— 2) = —}w*+3,0'+ $BLo,[o,€ ]], (38) 


U=1+ 3 Bwo— }o*— 3; Bu*+}[w,€ ] 
+ (11/128)w'+-75BLw,Lo,€ J]. 


The following expression for the transformed Hamil- 
tonian, correct to second order, was obtained: 


(39) 


H’=Ha' +H’ +K-', (40) 


where 
e\(1+8") 
—(06&)* 
4mc 
81 (1+,!) 1+," 


4mc mc 


1+! +") 
+ ple), (868) ], (s0)}-— (0s) 


mC 


Ha’ =8'me?+BUme+ (é&)+ 


B(1+8") Bi+pt 
— ———(&0)!+———__(00)?, 
16m*c® 8mc? 


6'+46U+ 3,18" 
m 
64m?*c* 
481+ 61+ 3g1gH 
+————_——_—_{[(&0),(00) ],,(0&) ], 
64m?*c4 
_ all 


+——IL(08), (00) ],(60) ] 
64 


m’c4 


(40a) 





[[(08),(©0) },,(&0) ], 


1-8! 
+—§_{[(&0),(00) ],(©&) ] 
64m?c4 


HR =+3( 
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B'+al+ agian 
+—_—____—_ [(08), (0)? 
64m'c® 
_ 3428+ 2pn+8 BN 
64m*c6 
3+46'+,'g" 


+—__—__—(§&@)(06&)*(&0) 
64m*c8 


3+48+ eI 
+——__—_—_—_——(08&)(&0)?(06), 
64m*c6 


1—6')[(S0) +X NeoJ+3( 


—[(06)?,(80)"], 


(40b) 


1—8")[ (08) 
> Sah 


A large number of terms of even-odd, odd-even and 
odd-odd type are only indicated by means of the 
symbols > Meo, 2. Noe, and D> Noo, respectively. The 
terms (40c) will not be present in the reduced wave 
equation for the upper-upper components at all, because 
of the left multipliers which give zero. 

For either of the two polynomials which define P, 
the transformed Hamiltonian can be written as the 
expression above, but }> N.. is not the same in the 
two cases. The difference is of second order. 

Putting mj=my,=™m in the Hamiltonian found by 
Chraplyvy’ by means of the “least change’ ’ transfor- 
mation, one will find complete agreement between 
(40a) and corresponding terms in Chraplyvy’s Hamil- 
tonian. Terms corresponding to (40b) will also be found, 
but with different left multipliers. Identical results are, 
however, obtained when ! and 8"! are set equal to 1. 

Thus, for equal masses and to second order, the 
reduced wave equations will agree. 


(40c) 


+¥ Noe] +3(1—B'8")[(00)+ 














